
G-CROSSED BRAIDED TENSOR CATEGORIES OF TWISTED MODULES

SHUN XU

Abstract. Let V be a strongly rational vertex operator algebra and G ≤ Aut(V ) a finite group.
We prove Huang’s conjecture that the categories of g-twisted V -modules, for g ∈ G, form a
G-crossed braided fusion category. This category is faithfully G-graded, with tensor products
representing the complete twisted intertwining operators of Du–Huang, the canonical pullback
G-action, and crossed braiding. In particular, the associativity, coherence and rigidity required
by the conjecture all hold.

1. Introduction

1.1. Twisted modules and Huang’s conjecture. The representation theory of a vertex
operator algebra governs the chiral sectors of a conformal field theory. For a finite automorphism
group, orbifold theory relates three kinds of objects: modules for the original vertex operator
algebra, modules for the fixed-point algebra, and twisted modules attached to group elements.
The orbifold computations of Dijkgraaf, Vafa, Verlinde and Verlinde already show that the
twisted sectors are not organized by an ordinary braided tensor category: the sector label changes
when insertion points are exchanged [6]. The expected structure is therefore a G-graded tensor
category equipped with a G-action and a crossed braiding.

The algebraic foundations of twisted modules were established by Dong, Li and Mason. They
developed the finite-order twisted-module theory, introduced twisted Zhu algebras, and proved
the correspondence between simple modules for those algebras and simple admissible twisted
modules [7]. Their modular invariance theorem for twisted trace functions provided further
finiteness results under rationality and cofiniteness hypotheses [8]. These works supply the basic
representation-theoretic framework for orbifold sectors.

The tensor theory for untwisted modules was developed by Huang and Lepowsky [23], and later
extended by Huang, Lepowsky and Zhang to suitable logarithmic settings [24]. In this theory
tensor products represent intertwining operators at prescribed insertion points, while analytic
continuation produces the associativity and braiding isomorphisms. Huang’s differential-equation
and regular-singularity results provide the convergence and extension properties needed for
the construction [19], and his rigidity theorem yields a modular tensor category under strong
rationality hypotheses [20].

On the orbifold side, Kirillov described G-equivariant modular categories and pointed to twisted
modules as a fundamental example [26, Example 5.5]. He also asked for a direct construction
of the monoidal structure in terms of twisted modules themselves [26, Remark 5.6]. Huang
formulated the corresponding finite-group conjecture [22, Conjecture 6.2]: if V is strongly rational
and G ≤ Aut(V ) is finite, then the twisted sectors should form a G-crossed tensor category.

The fixed-point approach starts from a suitable category of V G-modules. Carnahan and
Miyamoto proved regularity for fixed points of a finite-order automorphism, and consequently
for finite solvable groups [4]. Given an ambient vertex tensor category of V G-modules containing
V , McRae constructed the crossed category and proved that its equivariantization recovers that
ambient tensor category [28].

Tan established differential equations and convergence for particular twisted-intertwiner
configurations with an untwisted first input and a fixed twisted second input [32].
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The present paper follows a direct twisted-module route. Du and Huang introduced twisted
intertwining operators, proved their skew-symmetry and contragredient isomorphisms, and
constructed universal binary tensor products together with crossed commutativity maps under
suitable hypotheses [10]. They restated the finite-group conjecture in this analytic language [10,
Conjecture 1.2]. Passing from their binary constructions to a G-crossed braided fusion category
requires four further steps: finite-dimensional control of the relevant Ward quotients, regular
singularity near collisions, reconstruction of the intermediate twisted modules from collision data,
and coherence of the resulting associativity and crossed braiding isomorphisms.

1.2. The main result. Recall that V is strongly rational if it is simple, of CFT type, self-
contragredient, rational and C2-cofinite. Here CFT type means V =

⊕
n≥0 Vn with V0 = C1,

rationality means complete reducibility of admissible untwisted modules, and C2-cofiniteness
means

dimC V/ span{u−2v : u, v ∈ V } <∞.

For g ∈ G, let Cg be the category of grading-restricted generalized g-twisted V -modules, and
set CG :=

⊕
g∈G Cg. The grading restriction means that the generalized L(0)-eigenspaces are

finite-dimensional and their real parts are bounded below. We write ⊠ for the tensor product
to be constructed. The categorical conventions for G-crossed braided categories are recalled in
Section 2.4, and the Du–Huang complete twisted intertwining operators are given in Definition 2.3.

Theorem 1.1. Let V be strongly rational and let G ≤ Aut(V ) be finite. The category CG has a
natural structure of a faithfully G-graded, G-crossed braided fusion category. Each sector Cg is
nonzero. Its tensor product sends Cg × Ch to Cgh and represents the complete twisted intertwining
operators of Definition 2.3. The unit is V , the action is the strict pullback YTkX(v, x) =
YX(k−1v, x), TkTl = Tkl, and for X ∈ Cg the crossed braiding is cX,Y : X ⊠Y −→ TgY ⊠X. The
associativity isomorphisms have the defining product–iterate identity on their original overlap,
and the braiding has the Du–Huang upper-half-plane normalization. The pentagon, triangle, both
crossed hexagons and action equivariance hold. The category is rigid; a dual of a g-twisted object
lies in the g−1-sector.

The theorem establishes Huang’s finite-group twisted-module tensor-category conjecture [22,
Conjecture 6.2] directly in the category of twisted modules, with tensor products representing
the complete class of Du–Huang intertwining operators.

1.3. Outline of the proof. The construction begins with the finite-order representation theory
of V . Strong rationality implies g-regularity for each g ∈ G, so the categories Cg are finite
semisimple and their simple objects are ordinary twisted modules (Proposition 2.2). This permits
the use of restricted duals and genuine homogeneous intermediate-weight sums. It also reduces
the construction of tensor products and the verification of identities to finitely many simple types,
without presupposing an associativity theorem for products of twisted intertwining operators.

The first analytic input is a finite differential Ward quotient. We realize twisted mode actions
as residues of equivariant currents on a based, framed Hurwitz cover, retaining the local roots
and the action on the output restricted dual. Finite-state current generation, cyclic spanning,
and control of principal parts make the seed Ward quotient finite over the configuration space
(Proposition 3.14). Saturating its relations under the placement derivatives gives a finite-rank
vector bundle with an integrable connection (Theorem 3.19). Original three-point intertwining-
operator functionals satisfy these Ward identities. Their factorization through the finite quotient
bounds fusion rules (Proposition 4.1), and semisimplicity then gives the universal P (z)-tensor
products (Theorem 4.3). The units and the crossed commutors are fixed by the module vertex
operators and the Du–Huang skew transformations, with their stated logarithm branches.

The next step concerns analytic continuation of the original, rather than merely formal, multi-
input channels. We extend the prescribed framed covers across collision divisors by balanced
admissible covers and compare the relative-weight integral current lattices. This establishes
regular singularity of the canonical Ward connection (Theorem 5.11); its logarithmic extension
controls the local exponents and gives convergent expansions (Theorem 5.14). For actual products
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and iterates we separately identify the four original three-point sources, their inherited roots, the
output restricted dual, and the common comparison paths (Lemma 6.3). The corresponding full-
state Ward identities and their differential saturation (Theorem 6.9), together with the covariant
continuation of the original E0 functionals (Theorem 6.12), connect the finite connection to
normally convergent original weight sums. Thus a formal horizontal solution is not substituted
for the originally specified product or iterate.

Collision expansions yield coefficient kernels with a common discrete lower support (Propo-
sition 7.3). We propagate V -insertions on the normalized components and use the complete
residue identities, including the output contragredient action, to construct the intermediate
weak twisted modules (Theorem 7.13). Finite-dimensionality and twisted regularity identify
their ordinary summands and recover complete three-point intertwining operators at the node
(Proposition 7.15). The remaining comparison is coefficientwise: balanced global sections realize
prescribed node jets (Lemma 7.16), and the resulting mode identities identify the two node
actions on each collision coefficient (Theorem 7.18). These identifications give factorization by
actual iterates with the original physical-coordinate normalizations (Theorem 7.19), rather than
only a formal decomposition of the collision kernel.

For three inputs, exact factorization and the binary universal property give a natural epimor-
phism between the two bracketings (Lemma 8.1). The finite-orbit argument, using the crossed
commutors and the finite grading, upgrades it to an isomorphism (Lemma 8.2 and Theorem 8.3).
The product–iterate equality on its positive overlap determines the associator, including its
parallel-transport normalization. The unit triangle and the strong monoidal G-action are checked
against the original universal operators (Proposition 8.4 and Proposition 8.5). For the pentagon,
the five four-input channels are compared on one based cover and one common analytic domain;
normal convergence permits the original two-grade sums to be compared before their equality
is transferred to module morphisms (Theorem 9.7). For the two crossed hexagons, the actual
exchange paths, full translation covariance, root phases and prescribed skew normalization
identify the respective routes (Theorem 9.12).

Finally, restricted contragredients supply nonzero pairings compatible with the G-action
(Lemma 10.1). The equivariantization CG

G is finite semisimple and braided, with a strong
monoidal forgetful functor; the pairings give the required non-negligibility of its simple objects
(Lemma 10.2). Applying the Etingof–Penneys rigidity criterion there and transferring duals
through the forgetful functor proves rigidity of CG (Proposition 10.3). Together with the preceding
coherence results and nonvanishing of each sector, this proves Theorem 1.1.

1.4. Proof dependencies. The first diagram displays the analytic results leading to exact
iterate factorization, and the second records their use in the construction of the crossed braided
structure and in the rigidity argument. In particular, regular singularity, the full-state Ward
identities for the original E0 channels, and coefficientwise node matching enter separately into
the factorization theorem.
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Finite-state seed
Ward quotient

Proposition 3.14

Finite integrable
Ward connection

Theorem 3.19

Regular-singular extension
Theorem 5.11

Finite fusion rules
Proposition 4.1

Universal binary
P (z)-products
Theorem 4.3

Convergent local expansions
Theorem 5.14

Actual E0 sources, roots, paths
Lemma 6.3

Full-state Ward and saturation
Theorem 6.9

Uniform collision
coefficient kernels
Proposition 7.3

Propagated node modules
Theorem 7.13

Complete node intertwiners
Proposition 7.15

Balanced global node jets
Lemma 7.16

Coefficientwise mode matching
Theorem 7.18

Exact spanning
by actual iterates

Theorem 7.19

Figure 1. Analytic control and node reconstruction. The original channel Ward
identities, the regular-singular expansion, and the balanced node-mode comparison
jointly support exact iterate factorization.

Binary universality
Theorem 4.3

Actual iterate factorization
Theorem 7.19

Du–Huang skew and transport
Lemma 4.4

Finite-orbit isomor-
phism argument

Lemma 8.2

Natural product–
iterate epimorphism

Lemma 8.1

Crossed commu-
tors and unit maps

Lemma 4.4

Associativity isomorphism
Theorem 8.3

Unit triangle and
monoidal action

Propositions 8.4, 8.5

Four-input compar-
ison and pentagon

Theorem 9.7

Framed exchanges;
crossed hexagons

Theorem 9.12

Contragredient unit pairings
Lemma 10.1

Braided equivariantization
Lemma 10.2

Rigidity and
inverse-sector duals

Proposition 10.3

Huang’s conjecture
Theorem 1.1

Figure 2. From exact factorization to the G-crossed braided fusion structure.
Coherence is proved using original channel identities before the rigidity argument
via equivariantization.
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2. Preliminaries

2.1. Vertex operator algebras and twisted modules. Put N = Z≥0 and C∗ = C \ {0}.
For a formal Laurent series, Resx f(x) = [x−1]f(x); set δ(x) =

∑
j∈Z xj and δi,j = 1 if i = j,

0 otherwise. We use
(η

0
)

= 1 and
(η

j

)
= 1

j!
∏j−1

k=0(η − k) for j ≥ 1. The binomial expansion of
(x− y)η is in nonnegative powers of y.

A vertex operator algebra (V, Y, 1, ω) has V =
⊕

d∈Z Vd, dim Vd < ∞, Vd = 0 for d ≪ 0,
1 ∈ V0, ω ∈ V2, and Y (u, x) =

∑
n∈Z unx−n−1 ∈ End(V )[[x, x−1]] with unv = 0 for n≫ 0. The

vacuum, creation and Jacobi identities are Y (1, x) = id, Y (u, x)1 ∈ u + xV [[x]], and

x−1
0 δ

(
x1 − x2

x0

)
Y (u, x1)Y (v, x2)− x−1

0 δ

(
x2 − x1
−x0

)
Y (v, x2)Y (u, x1)

= x−1
2 δ

(
x1 − x0

x2

)
Y (Y (u, x0)v, x2).

For Y (ω, x) =
∑

n∈Z L(n)x−n−2,

[L(m), L(n)] = (m− n)L(m + n) + cV

12 (m3 −m)δm+n,0 id, L(0)|Vd
= d id,

and Y (L(−1)u, x) = ∂xY (u, x). Here cV ∈ C and wt(u) = d for u ∈ Vd. A V -submodule
is a subspace stable under all un; V is simple if its adjoint module is simple. The group
Aut(V ) preserves 1, ω and Y . The CFT-type condition is V0 = C1, Vd = 0 for d < 0. Define
C2(V ) = span{u−2v : u, v ∈ V }; C2-cofiniteness is dimC(V/C2(V )) <∞.

Fix g ∈ Aut(V ) with N = ord(g) <∞ and put

V (r) = {u ∈ V : gu = e2πir/N u}, V =
N−1⊕
r=0

V (r).

A weak g-twisted module (M, Y g
M ) is a vector space with Y g

M (1, x) = idM and, for u ∈ V (r),
Y g

M (u, x) =
∑

n∈r/N+Z unx−n−1, where unw = 0 for n≫ 0 and each w ∈M . The twisted Jacobi
identity may equivalently be written as the following mode identity [7, Section 3]: for u ∈ V (r),
v ∈ V (s), m ∈ r/N + Z, n ∈ s/N + Z, p ∈ Z, and w ∈M ,∑

j≥0

(
m

j

)
(up+jv)m+n−jw =

∑
j≥0

(−1)j

(
p

j

)(
um+p−jvn+jw

− (−1)pvn+p−jum+jw
)
.(2.1)

On the left, up+jv ∈ V (r+s mod N) is computed in V ; every remaining mode acts on M . Truncation
makes each sum finite on w. Write Y g

M (ω, x) =
∑

j∈Z LM (j)x−j−2. Then the Virasoro and
translation relations hold on M , and for u ∈ Vd, [LM (0), un] = (d−n− 1)un. A submodule of M
is stable under all twisted modes; M is irreducible if it has no proper nonzero submodule, and
cyclic if M = span{u(1)

n1 · · ·u
(k)
nk w : k ≥ 0} for some w ∈M . Morphisms commute with all modes.

For λ ∈ C put M[λ] =
⋃

r≥1 ker(LM (0)−λ)r. A generalized g-twisted module is a weak g-twisted
module with M =

⊕
λ∈C M[λ]. It is lower bounded if M[λ] = 0 for ℜλ < B for some B ∈ R, and

grading restricted if moreover dim M[λ] <∞ for every λ. It is ordinary if LM (0) is diagonalizable;
then Mλ = M[λ]. In particular, unM[λ] ⊆ M[λ+d−n−1], u ∈ Vd, wt(M) = {λ : M[λ] ̸= 0}. For a
generalized homogeneous vector 0 ̸= w ∈M[λ] write wt(w) = λ. The canonical projections are
πM

λ : M → M[λ]. For grading-restricted M set M ′ =
⊕

λ M∗
[λ] and M =

∏
λ M[λ], with pairing

⟨w′, w⟩ = w′(w), extended componentwise to M ′ ×M . A weight-preserving f : M → N induces
f : M → N . The restricted dual separates M .

The contragredient M ′ has the g−1-twisted vertex operator [7, Section 3]

(2.2)
〈
Y g−1

M ′ (u, x)w′, w
〉

=
〈
w′, Y g

M (exL(1)(−x−2)L(0)u, x−1)w
〉
.

For u ∈ Vd, (−x−2)L(0)u = (−1)dx−2du and L(1)ru = 0 for r ≫ 0. Morphisms are trans-
posed contravariantly, f ′ : N ′ → M ′, and the evaluation map yields M ≃ M ′′. For V ,
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self-contragredience is equivalent to a nondegenerate invariant bilinear form ( , ) satisfying
(Y (u, x)v, w) = (v, Y (exL(1)(−x−2)L(0)u, x−1)w).

An admissible g-twisted module has an additional grading M =
⊕

j∈N−1N M(j), unM(j) ⊆
M(j + d− n− 1) for u ∈ Vd, with M(t) = 0 for t < 0. g-rationality means semisimplicity of this
admissible category; g-regularity means that every weak g-twisted module is an algebraic direct
sum of ordinary irreducible g-twisted modules. Rationality and regularity mean the respective
assertions for g = 1. Strong rationality means that V is simple, of CFT type, rational, C2-cofinite
and self-contragredient. Henceforth V is strongly rational and G ≤ Aut(V ) is finite. Its invariant
form is normalized by (1, 1) = 1.

Let Cg be the category of grading-restricted generalized g-twisted modules, with

HomV (X, Y ) = {f ∈ HomC(X, Y ) : fY g
X(u, x) = Y g

Y (u, x)f}.

Let CG =
⊕

g∈G Cg denote the external direct sum, with HomCG
((g, X), (h, Y )) = 0 for g ̸= h.

An object of CG is a finite direct sum of labeled objects (g, X). For k ∈ G define Tk(g, X) =
(kgk−1, ϕkX), YϕkX(u, x) = Y g

X(k−1u, x). On underlying vector spaces and morphisms Tk is the
identity; as functors TkTl = Tkl and T1 = id [10, Section 2].

To compare this formal convention with the analytic convention of [10, Section 2], for z ∈ C∗

and p ∈ Z set ℓp(z) = log |z| + i arg z + 2πip, 0 ≤ arg z < 2π. For a vector space U , write
U{x}[log x] for formal series with complex exponents and polynomial logarithmic coefficients,
with finite logarithmic degree for every fixed input. A series F (x) =

∑
n∈C

∑Kn
j=0 an,jx−n−1(log x)j

has the p-th branch F p(z) obtained from x−n−1 = e(−n−1)ℓp(z), log x = ℓp(z) whenever the
branch is defined. For a finite-order g, the analytic twisted-module equivariance axiom is
(Y g

M )p+1(gu, z) = (Y g
M )p(u, z), p ∈ Z, z ∈ C∗. The analytic definition also requires its duality,

L(0)-grading and L(−1)-derivative axioms; equivariance alone does not imply the twisted Jacobi
identity.

Lemma 2.1. If gN = 1, every finite-degree logarithmic coefficient in a g-twisted vertex operator
satisfying the preceding equivariance condition is independent of log x. For u ∈ V (r), its nonzero
modes have indices in r/N + Z.

Proof. Let gu = e2πir/N u, and fix w ∈M and n ∈ C. Write the coefficient of x−n−1 in Y g
M (u, x)w

as Pn(log x) ∈M [log x]. Equivariance gives e2πi(r/N−n−1)Pn(t + 2πi) = Pn(t). Since Pn(t + 2πi)
and Pn(t) have the same leading coefficient, Pn ̸= 0 implies e2πi(r/N−n−1) = 1, hence n ∈ r/N +Z.
Now Pn(t + 2πi) = Pn(t); comparison of the next-to-leading coefficients forces deg Pn = 0. □

For grading-restricted analytic generalized twisted modules, the duality axiom of [10, Section 2],
together with the finite-order reduction above, gives the formal twisted Jacobi identity (2.1) by
the product/iterate coefficient comparison of [21, Theorem 2.4 and its proof]. Conversely, the
classical twisted Jacobi identity gives the three convergent expansions of the same finite-branched
rational matrix coefficients, hence the analytic duality axiom. Indeed, after multiplication by
suitable powers of z1, z2 and z1−z2, the two-point matrix coefficients against M ′ are finite Laurent
sums in z

1/N
1 , z

1/N
2 ; expansion in the three chambers gives the required identities. The argument

uses finite-support restricted-dual vectors and the generalized weight decomposition, but not
semisimplicity of LM (0). Thus the two notions coincide in the grading-restricted finite-order
setting.

Write Irr(C) for the set of isomorphism classes of simple objects of a category C, and Ob(C)
for its objects.

Proposition 2.2. For every g ∈ G, Cg ̸= 0, and every weak g-twisted module is a direct sum
of ordinary irreducible g-twisted modules. Moreover, | Irr(Cg)| <∞, and each grading-restricted
generalized or cyclic weak g-twisted module is a finite direct sum of ordinary irreducibles.

Proof. By [1, Theorem 4.5], V is regular. The hypotheses of [4, Corollary 5.26] hold: V is
simple, regular, nonnegatively graded and has a nondegenerate invariant form, while ord(g) <∞.
That corollary gives g-regularity, including complete reducibility of unrestricted weak g-twisted
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modules. Finiteness of irreducible types follows from g-rationality and [7, Theorem 8.1] (cf. [9,
Theorem 2.6(2)]).

Suppose W =
⊕

i∈I Si is grading restricted, with every Si ordinary irreducible. For each
isomorphism class [S], choose λS ∈ wt(S) and let mS = |{i ∈ I : Si ≃ S}|. Then mS dim SλS

≤
dim W[λS ] < ∞. There are finitely many [S], hence |I| =

∑
[S] mS < ∞. If W = ⟨w⟩ is cyclic,

then w ∈
⊕

i∈I0 Si for a finite subset I0 ⊂ I. Since the latter is a submodule, W =
⊕

i∈I0 Si.
Finally, [8, Theorem 9.1] applies because V is simple and C2-cofinite, and supplies a nonzero
irreducible ordinary g-twisted module; thus Cg ̸= 0. □

Choose a set Sg ⊂ Ob(Cg) containing one representative of each class in Irr(Cg) and put
S =

⊔
g∈G Sg. Let M be any simple ordinary g-twisted module and NM = ord(g). If 0 ̸= w ∈Mλ,

then the submodule it generates has weights in λ + N−1
M Z; irreducibility and lower boundedness

imply the existence of hM ∈ λ + N−1
M Z with

MhM
̸= 0, M =

⊕
a∈N−1

M N

MhM +a, hM ′ = hM .

For T = M ′
0 ⊗M1 ⊗ · · · ⊗Mm with Mi ∈ S, take D ∈ N>0 divisible by every NMi . On a

homogeneous pure tensor w′
0 ⊗ w1 ⊗ · · · ⊗ wm, with w′

0 ∈ (M ′
0)λ0 and wi ∈ (Mi)λi

, define the
nonnegative integer

ε(w′
0 ⊗ w1 ⊗ · · · ⊗ wm) = D

m∑
i=0

(λi − hMi) ∈ N.

Here λ0 is the weight of w′
0, and M ′

0 has the same weight spectrum as M0. The quantity ε is an
energy grading of homogeneous tensors, not a linear functional on T .

For M ∈ Sg, q ∈ C∗ and a fixed logarithm ℓ(q), let qLM (0)−hM = eℓ(q)(LM (0)−hM ). For
b ∈ Vd ∩ V (r) and n ∈ r/NM + Z, qLM (0)−hM bnq−(LM (0)−hM ) = qd−n−1bn, qa = eaℓ(q). This
follows from bnMλ ⊆ Mλ+d−n−1; for finite direct sums the formula is applied on each simple
summand with its own lowest weight.

2.2. Analytic branches and twisted intertwining operators. For r ∈ Z≥1 put Mr =
Fr(C∗) = {z = (zi)r

i=1 ∈ (C∗)r : zi ̸= zj (i ≠ j)}. A multivalued analytic function on Mr is
an analytic germ continued along paths in Mr; a maximal continuation has a germ at each
endpoint on every admissible path. For a base point z0, π1(Mr, z0) is the group of endpoint-fixed
homotopy classes of loops; continuation induces monodromy on germs. A braid is a homotopy
class of collision-free point motions; it is pure if each labeled endpoint equals its starting point.
Below σi is the clockwise half-exchange of the i-th and (i + 1)-st labeled points (a lower half-turn
of their difference); products of braid symbols are read in chronological order. See [10, Section 2].

For two variables, let M0
2 denote the cut domain obtained from M2 by cuts along z1 ∈ R>0,

z2 ∈ R>0 and z1 − z2 ∈ R>0, with boundary values approached from the corresponding upper
half-planes [10, Section 2]. Its preferred logarithms are ℓ0(z1), ℓ0(z2) and ℓ0(z1 − z2) as defined
in Section 2.1. Write fe for the preferred branch on M0

2. With a retained logarithm L,
zλ := eλL,

(
e±πiz, log(e±πiz)

)
:= (eL±πi, L ± πi). All branch substitutions below refer to the

indicated logarithms, not solely to the complex-number arguments.
We use three absolute convergence chambers A1 = {|z1| > |z2| > 0}, A2 = {|z2| > |z1| > 0}

and A3 = {|z2| > |z1 − z2| > 0}. Their preferred comparison regions are

D1 = A1 ∩M0
2 ∩ {| arg(z1 − z2)− arg z1| < π/2},

D2 = A2 ∩M0
2 ∩ {−3π/2 < arg(z1 − z2)− arg z2 < −π/2},

D3 = A3 ∩M0
2 ∩ {| arg z1 − arg z2| < π/2}.

Thus branch comparisons specify both inequalities of absolute values and actual logarithms.
Let r ≥ 1, z = (z1, . . . , zr) be a row vector, A ∈ GLr(C), β ∈ Cr, and

η = zA− β, z = (η + β)A−1, δ ∈ {0,∞}r, ξi =
{

ηi, δi = 0,

η−1
i , δi =∞.
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For ϵ = (ϵi) ∈ Rr
>0 put ∆×

ϵ = {ξ : 0 < |ξi| < ϵi (1 ≤ i ≤ r)}. Define ξλ =
∏

i ξλi
i for λ ∈ Cr and

(log ξ)m =
∏

i(log ξi)mi for m ∈ Zr
≥0, using a fixed branch of each logarithm. The corner η = δ is

component-isolated if ∆×
ϵ lies in the analytic domain of f((η + β)A−1) for some ϵ. It is regular if

there are finite Λ ⊂ Cr, B ∈ Z≥0 and coefficient functions F b
λ,m holomorphic at ξ = 0 such that

each branch b near that corner has the absolutely convergent expansion

(2.3) f b((η + β)A−1) =
∑
λ∈Λ

∑
m∈Zr

≥0
0≤mi≤B

ξλ(log ξ)mF b
λ,m(ξ),

where the exponent set Λ and bound B are common to all branches b; the holomorphic functions
and convergence radii may depend on b. This is the local power-series reformulation of the
exponent sets Di =

⋃
j(αij + Z≥0) (at 0) or Di =

⋃
j(αij − Z≥0) (at ∞) in [10, Definition 2.6].

For a single-valued meromorphic f , a pole of order ai along ξi = 0 means ξai
i f is holomorphic

and ai ∈ Z≥0 is minimal.
Let D be a branch domain, and write K ⋐ D for a compact subset. For scalar weight

contractions indexed by a set W of internal weight tuples, absolute convergence is
∑

µ∈W |aµ(z)| <
∞. Normal convergence means uniform convergence of this series on every compact K in the
branch domain, equivalently,

∀K ⋐ D ∀ϵ > 0 ∃F ⋐ W : sup
z∈K

∑
µ∈W\F

|aµ(z)| < ϵ,

where F ⋐ W means that F is finite. Each aµ is the full finite-dimensional contraction at a fixed
weight tuple. A domain U ⊂ Cr is complete Reinhardt if z ∈ U and |wi| ≤ |zi| for all i imply
w ∈ U . On such a domain, holomorphic Taylor expansions at 0 converge absolutely and normally
on compact subsets; see Lemma 5.15.

We give the operator definition used throughout the paper. Fix X ∈ Cg, Y ∈ Ch and Z ∈ Cgh.
A typed operator or channel has its input and output modules, their ordered sector labels, and
its bracketing specified; at each vertex the output label is the ordered product of the input labels.

Definition 2.3. A twisted intertwining operator of type
( Z

X Y

)
, in the sense of [10, Definition 2.8]

for generalized twisted modules without chosen group-element actions, is a linear map

Y : X ⊗ Y −→ Z{x}[log x], Y(a, x)b =
∑
n∈C

K∑
j=0
Yn,j(a)b x−n−1(log x)j

with the following four properties (the coefficient truncation and branch conditions are part of
the definition).

(i) For a ∈ X, b ∈ Y , fixed n ∈ C and j, Yn+l,j(a)b = 0 for all sufficiently large integers l ≥ 0.
(ii) For every u ∈ V , a ∈ X, b ∈ Y and z′ ∈ Z ′ there is a maximally continued multivalued

function f on M2, with preferred branch fe, such that

S1 =
∑

λ

⟨z′, YZ(u, z1)πZ
λ Y(a, z2)b⟩,

S2 =
∑

λ

⟨z′,Y(a, z2)πY
λ YY (u, z1)b⟩,

S3 =
∑

λ

⟨z′,Y(πX
λ YX(u, z1 − z2)a, z2)b⟩

converge absolutely on A1,A2,A3, respectively. Their sums equal fe on D1,D2,D3, respec-
tively.

(iii) For each k ∈ Z≥3, states u1, . . . , uk−1 ∈ V , and a, b, z′ as above, the series∑
λ1,...,λk−1

〈
z′, YZ(u1, z1)πZ

λ1 · · ·

· · ·YZ(uk−1, zk−1)πZ
λk−1Y(a, zk)b

〉
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converges absolutely for |z1| > · · · > |zk| > 0 and has maximal multivalued analytic
continuation fk on Mk. For each zk ∈ C∗ and each choice

(Mij)1≤i<j≤k−1 ∈ Z(k−1
2 )

>0 , xMij Y (ui, x)uj ∈ V [[x]] (1 ≤ i < j ≤ k − 1),

every component-isolated corner η = (z1, . . . , zk−1)− β = δ, β ∈ Ck−1, δ ∈ {0,∞}k−1, of∏
1≤i<j≤k−1

(zi − zj)Mij fk(z1, . . . , zk−1, zk)

is regular in the sense of (2.3). The quantifier agrees with [10, Definition 2.8(3)]: the latter
also specifies Mij for i ≥ j, which do not occur in the product; for every prescribed set
(Mij)i<j , those unused entries can be chosen sufficiently large by the lower truncation of
Y (ui, x)uj .

(iv) The formal derivative satisfies d
dxY(a, x)b = Y(L(−1)a, x)b.

The four conditions are those of [10, Definition 2.8]; the restriction Z ∈ Cgh is our ordered-sector
convention. We call (ii) the one-V duality axiom and (iii) the multiple-V analytic-extension
axiom. Put I

( Z
X Y

)
= IZ

X,Y . The fusion-rule multiplicity is dimC IZ
X,Y , whose finiteness is proved

later. In each contraction, πM
λ is the projector from Section 2.1; the summand at a fixed weight

lies in a finite-dimensional weight space. Only finite sums of homogeneous components are needed
for each algebraic input.

Since gω = hω = ω, one-V duality with u = ω, followed by the usual residue calculation for
zm+1

1 , gives, for m ∈ Z≥−1,
(2.4)

[LZ(m),Y(a, t)]Y,Z := LZ(m)Y(a, t)− Y(a, t)LY (m) =
m+1∑
j=0

(
m + 1

j

)
tm+1−jY(LX(j − 1)a, t).

Indeed, setting ξ = z1 − t, one has

Resξ (t + ξ)m+1YX(ω, ξ)a =
m+1∑
j=0

(
m + 1

j

)
tm+1−jLX(j − 1)a.

The commutator is defined here between a map Y → Z and the respective Virasoro operators.
In particular,

LZ(−1)Y(a, t)− Y(a, t)LY (−1) = Y(LX(−1)a, t) = ∂tY(a, t),
LZ(0)Y(a, t)− Y(a, t)LY (0) = Y(LX(0)a, t) + t∂tY(a, t).

This derivation uses only the one-V duality and the conformal-vector modes, independently of
product–iterate associativity for general twisted intertwining operators (cf. [10, Definition 2.8
and the remarks following it]).

Lemma 2.4. Let X, Y, Z be ordinary, a ∈ Xα, b ∈ Yβ, z′ ∈ (Z ′)γ, and Y ∈ I
( Z

X Y

)
. Then

⟨z′,Y(a, t)b⟩ = Cz′,a,b tγ−α−β, Cz′,a,b ∈ C, with no nonconstant powers of log t. Consequently,
πZ

γ Yn,j(Xα)Yβ = 0 unless j = 0, −n− 1 = γ − α− β.

Proof. Pairing the m = 0 instance of (2.4) with z′ ∈ (Z ′)γ and applying it to a ∈ Xα, b ∈ Yβ

yields (t∂t − (γ − α− β)) F (t) = 0, F (t) := ⟨z′,Y(a, t)b⟩. Write F (t) =
∑

n∈C t−n−1Pn(log t),
Pn ∈ C[s], with finite logarithmic degree. Comparing the formally independent powers t−n−1

gives P ′
n(s) +

(
−n− 1− γ + α + β

)
Pn(s) = 0. If −n− 1 ̸= γ − α− β, the polynomial differential

operator ∂s + (−n− 1− γ + α + β) has trivial kernel; otherwise P ′
n = 0. Thus only the exponent

γ−α−β remains, with logarithmic degree 0. Since every Zγ is finite-dimensional and Z ′ =
⊕

γ Z∗
γ

separates weight components, the coefficient assertion follows. □

A formal map is weight compatible if Yn,j(Xα)Yβ ⊆ Zα+β−n−1 (n ∈ C, j ≥ 0). For ordinary
X, Y, Z, Lemma 2.4 proves this directly (with j > 0 identically zero). All modules of CG are
ordinary by Proposition 2.2.
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For Y ∈ I
( Z

X Y

)
, X ∈ Cg, Y ∈ Ch, define the skew transforms on the underlying vector spaces

by

(2.5) (Ω±Y)(b, t)a = etLZ(−1)Y(a, e±πit)b.

The logarithm in the right side is log t ± πi. The transformations have types Ω+Y ∈
I
( Z

Y Th−1 X

)
, Ω−Y ∈ I

( Z
TgY X

)
. These are isomorphisms of operator spaces by [10, Theorem 3.1

and the immediately following corollary], for generalized twisted modules without actions of
the twisting automorphisms. Here the pullback Tk is the functor ϕk of [10, Section 2], not the
distinct φk construction requiring an action of k on the module. For a labeled object W ∈ Cq

put tw(W ) = q (the label is retained in the external sum CG). Then

tw(Y ) tw(Th−1X) = h(h−1gh) = gh, tw(TgY ) tw(X) = (ghg−1)g = gh.

In particular Ω−Ω+Y = Y = Ω+Ω−Y with the corresponding source/target identifications.
The contragredient transformations are defined by

⟨(A±Y)(a, t)z′, b⟩ =
〈
z′,Y(etLX(1)e±πiLX(0)t−2LX(0)a, t−1)b

〉
.

Here log(t−1) = − log t. Their types are A+Y ∈ I
(TgY ′

X Z′
)
, A−Y ∈ I

( Y ′

X Tg−1 Z′
)
. Theorem 3.3 of

[10] proves that these operators satisfy the four analytic axioms of Definition 2.3 and have the
displayed types. Their sector labels satisfy

tw(TgY ′) = gh−1g−1, tw(Tg−1Z ′) = g−1(gh)−1g = g−1h−1,

and hence g(gh)−1 = gh−1g−1 and g(g−1h−1) = h−1. No action of G on an individual twisted
module is required for these transformations; only the pullbacks of Section 2.1 occur. For a ∈ Xλ,
e±πiLX(0)t−2LX(0)a = e±πiλt−2λa. Since LX(1) lowers weight by 1 and X is lower bounded,
etLX(1)a is a finite sum. The etLZ(−1) in (2.5) acts in Z: for fixed output weight µ, its projection
involves finitely many inputs from the weights µ− j, j ∈ N.

For X ∈ Cg, the module field Y g
X gives an intertwining operator in I

( X
V X

)
, with the multiple-V

property supplied by the twisted-module correlation-function rationality (cf. [10, Sections 2–3]).
Since T1 = id, its Ω−-transform is the creation operator

ΓX(w, t)v = (Ω−YX)(w, t)v = etLX(−1)YX(v, e−πit)w ∈ I
(

X

X V

)
.

In particular ΓX(w, t)1 = etLX(−1)w.

2.3. P (z) products, transport and channels. Fix g, h ∈ G, X ∈ Cg, Y ∈ Ch, Z ∈ Cgh, z ∈ C∗,
and L ∈ C with eL = z. For Y ∈ I

( Z
X Y

)
, its evaluation at L is the linear map

evL(Y) = IY,L : X ⊗ Y −→ Z, IY,L(a⊗ b) = Y(a, x)b
∣∣
xρ=eρL, log x=L

.

The evaluation is defined componentwise in Z =
∏

δ Zδ. Indeed, for a ∈ Xα, b ∈ Yβ, and
δ ∈ wt(Z), Lemma 2.4 gives

(2.6) πZ
δ Y(a, t)b = e(δ−α−β)(log t−L)πZ

δ IY,L(a⊗ b).

Thus evL is injective. Conversely, (2.6), extended linearly over the finite homogeneous decomposi-
tions of a, b, recovers the unique operator whose evaluation is a given map in im(evL). Following
[10, Section 4, definition of twisted P (z)-intertwining maps], put

IP (z),L

(
Z

X Y

)
:= im

(
evL : I

(
Z

X Y

)
−→ HomC(X ⊗ Y, Z)

)
.

A P (z)-intertwining map means an element of this image; no arbitrary linear map into Z is
thereby declared to be an intertwining map. The notation P (z) corresponds to the ordered
marked points (∞, z, 0).
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Definition 2.5. A P (z)-product of (X, Y ) is (U, I) with U ∈ Cgh and I ∈ IP (z),L
( U

X Y

)
. A

morphism (U, I)→ (W, J) is f ∈ HomV (U, W ) such that f ◦ I = J . A P (z)-tensor product is an
initial object in this category of products; when it exists, denote it by (X ⊠P (z) Y, Iz

X,Y ).
Equivalently, for every W ∈ Cgh, the map

(2.7) HomV (X ⊠P (z) Y, W ) ∼−−→ IP (z),L

(
W

X Y

)
, f 7−→ f ◦ Iz

X,Y

is a bijection, natural in W [10, Section 4]. If f : X → X̃ and q : Y → Ỹ are module maps
and the two P (z)-tensor products exist, their tensor-product map is uniquely specified by
f ⊠P (z) q ◦ Iz

X,Y = Iz
X̃,Ỹ
◦ (f ⊗ q). Hence idX ⊠P (z) idY = idX⊠P (z)Y and (f2f1) ⊠P (z) (q2q1) =

(f2 ⊠P (z) q2)(f1 ⊠P (z) q1), by (2.7). Existence in Cgh is proved in Theorem 4.3; put X ⊠ Y =
X ⊠P (1) Y , with log 1 = 0. For each chosen pair (z, L), define the associated universal formal
operator by Yz

X,Y := ev−1
L (Iz

X,Y ) ∈ I
(X⊠P (z)Y

X Y

)
.

Let γ : [0, 1]→ C∗ satisfy γ(0) = z1, γ(1) = z2. Fix the logarithm L2 used for Iz2
X,Y and let Lγ

1
be its continuation from z2 to z1 along the reverse of γ; thus eLγ

1 = z1. For the universal formal
operator Yz2

X,Y ∈ I
(X⊠P (z2)Y

X Y

)
, define the parallel transport Tγ by

(2.8)
Tγ : X ⊠P (z1) Y

∼−−→ X ⊠P (z2) Y,

Tγ ◦ Iz1
X,Y = evLγ

1
(Yz2

X,Y ).

The right side is a P (z1)-intertwining map, so (2.7) determines Tγ . The inverse-path construction
gives Tγ−1 = T−1

γ ; for composable paths γ1, γ2, Tγ2∗γ1 = Tγ2 ◦Tγ1 . These statements use analytic
continuation of the logarithm and the universal property, as in [10, Section 4, parallel transport].
The resulting map depends only on the endpoint-fixed homotopy class. In the common formal
representative of Theorem 4.3, Tγ = id when z1, z2 > 0 and γ is the positive-real interval, with
its real logarithms.

For X ∈ Cg, the operators Y g
X ∈ I

( X
V X

)
and ΓX = Ω−Y g

X ∈ I
( X

X V

)
from Section 2.1 and (2.5)

induce, by (2.7), the module maps

(2.9)
lX : V ⊠ X −→ X, lX ◦ I1

V,X(v ⊗ w) = Y g
X(v, 1)w,

rX : X ⊠ V −→ X, rX ◦ I1
X,V (w ⊗ v) = ΓX(w, 1)v.

Here ΓX(w, 1)1 = eLX(−1)w; Lemma 4.4 proves lX and rX are isomorphisms.
For X ∈ Cg, Y ∈ Ch, and z = eL, set L− = L + πi, so eL− = −z. The target TgY ∈ Cghg−1

gives (ghg−1)g = gh; moreover, Tg−1(TgY ) = Y . Define Z := ev−1
L−

(I−z
TgY,X) ∈ I

(TgY ⊠P (−z)X
TgY X

)
. By

[10, Section 3, skew symmetry, and Section 4, crossed commutativity], Ω+Z ∈ I
(TgY ⊠P (−z)X

X Y

)
.

Thus (2.7) gives an isomorphism

(2.10)
Rz

X,Y : X ⊠P (z) Y
∼−−→ TgY ⊠P (−z) X,

Rz
X,Y ◦ Iz

X,Y (a⊗ b) = evL(Ω+Z)(a⊗ b) = e
zLTgY ⊠P (−z)X(−1)

I−z
TgY,X(b⊗ a).

The inverse is induced by Ω− together with Ω−Ω+ = id; neither transformation requires an extra
G-action on the underlying twisted modules. For γ from −1 to 1 through the upper half-plane,
log(−1) = πi is the backward continuation of log 1 = 0, and cX,Y := TTgY,X

γ ◦R1
X,Y : X ⊠ Y

∼−−→
TgY ⊠ X. This is the branch normalization of [10, Section 4].

For the channel notation used below, let τ be a finite rooted binary tree; each internal
vertex v has ordered children vL, vR. Define its anchor recursively by p(v) = p(vR) and let
rv = p(vL)− p(vR); the anchor of each leaf is its marked position. Translate all positions so that
p(root(τ)) = 0. On the configuration domain where every rv ̸= 0, put

R = rroot(τ), uv = rv

rparent(v)
(v ̸= root(τ)), rv = R

∏
w∈path(root(τ),v)\{root(τ)}

uw,
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where the product runs over the nonroot vertices on the unique root–v path. The same chart
is restricted further to pairwise distinct leaf positions; only its nonzero, collision-free locus is
used. Each internal edge carries its specified output/input module M , and contractions use
πM

µ : M → Mµ, µ ∈ wt(M). For a basis {eµ,j}j of Mµ and its dual {e∗
µ,j}j , the finite-rank

projector is
πM

µ =
∑

j

eµ,j ⊗ e∗
µ,j in EndC(M),

where e∗
µ,j is extended by zero off Mµ. The full sum

∑
µ∈wt(M) πM

µ is used only coefficientwise
on M ; for completed channel contractions its absolute and normal convergence is established in
Sections 5 and 6.

For A ∈ Cg, B ∈ Ch, C ∈ Ck, M ∈ Chk, N ∈ Cgh, D ∈ Cghk, let

Y1 ∈ I
(

D

A M

)
, Y2 ∈ I

(
M

B C

)
, Y3 ∈ I

(
D

N C

)
, Y4 ∈ I

(
N

A B

)
.

For a ∈ A, b ∈ B, c ∈ C, and d′ ∈ D′, the two formal contractions are

ΦP (z1, z2) =
∑

µ∈wt(M)
⟨d′,Y1(a, z1)πM

µ Y2(b, z2)c⟩,

ΦI(z1, z2) =
∑

ν∈wt(N)
⟨d′,Y3(πN

ν Y4(a, z1 − z2)b, z2)c⟩.

Their positive-real comparison locus is z1 > z2 > z1 − z2 > 0, with log z1, log z2, log(z1 − z2) ∈ R.
No product–iterate equality or convergence is assumed in these definitions.

2.4. Monoidal and crossed braided categories. A C-linear category A has C-vector spaces
HomA(X, Y ) and C-bilinear composition. We work with additive categories (finite biproducts).
For functors F, H : A → B, a natural transformation η : F ⇒ H is a family ηX : FX → HX
satisfying H(f)ηX = ηY F (f) for all f : X → Y ; it is invertible if and only if every ηX is invertible.
Write Nat(F, H) for the set of natural transformations F ⇒ H. A bifunctor is biadditive if it
is additive in each variable. An idempotent p ∈ End(P ), p2 = p, splits if there are i : X → P
and r : P → X with ri = idX and ir = p. We call X a retract (direct summand) of P . Cauchy
completeness means finite biproducts and splitting of all idempotents.

For the C-linear abelian categories used below, finite semisimple means that Irr(A) =
{[S1], . . . , [Sm]} is finite, dimC HomA(X, Y ) < ∞ for all X, Y , and every object is a finite
direct sum of simple objects. Schur’s lemma gives Hom(Si, Sj) = 0 for i ≠ j and End(Si) ∼= C.
Every short exact sequence then splits, as does every idempotent. An object X is indecomposable
if X ≠ 0 and X ∼= A ⊕ B implies A = 0 or B = 0. A morphism f : X → Y is epic if ∀Z and
p, q : Y → Z, pf = qf ⇒ p = q; for the module categories here, this is equivalent to surjectivity.

A monoidal category (A,⊠, u, a, l, r) consists of a tensor bifunctor ⊠, a unit u, and natural
isomorphisms aX,Y,Z : (X ⊠ Y ) ⊠ Z

∼−→ X ⊠ (Y ⊠ Z), lX : u ⊠ X
∼−→ X and rX : X ⊠ u ∼−→ X.

Composition is read from right to left; for X, Y, Z, W ∈ A, the pentagon and triangle are
aX,Y,Z⊠W aX⊠Y,Z,W = (idX ⊠aY,Z,W )aX,Y ⊠Z,W (aX,Y,Z ⊠ idW ),

(idX ⊠lY )aX,u,Y = rX ⊠ idY .

For the module category the unit will be V . The symbol 1 ∈ V continues to denote its vacuum
vector.

A left dual of X is an object X∗ with evX : X∗ ⊠ X → u and coevX : u→ X ⊠ X∗ satisfying
rX(idX ⊠ evX)aX,X∗,X(coevX ⊠ idX)l−1

X = idX ,

lX∗(evX ⊠ idX∗)a−1
X∗,X,X∗(idX∗ ⊠ coevX)r−1

X∗ = idX∗ .

A right dual of X is an object ∗X with evR
X : X ⊠ ∗X → u and coevR

X : u→ ∗X ⊠ X, with

lX(evR
X ⊠ idX)a−1

X,∗X,X(idX ⊠ coevR
X)r−1

X = idX ,

r∗X(id∗X ⊠ evR
X)a∗X,X,∗X(coevR

X ⊠ id∗X)l−1
∗X = id∗X .
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Rigidity means that every object has a left and a right dual. A fusion category over C is a rigid
finite semisimple C-linear monoidal category with End(u) ∼= C and a C-bilinear tensor bifunctor
[13, Definition 4.1.1].

A strong monoidal functor F : (A,⊠, uA) → (B,⊠, uB) has natural isomorphisms JX,Y :
FX ⊠ FY

∼−→ F (X ⊠ Y ) and j : uB
∼−→ FuA, satisfying

F (aX,Y,Z)JX⊠Y,Z(JX,Y ⊠ id) = JX,Y ⊠Z(id⊠JY,Z)aF X,F Y,F Z ,

F (lX)Ju,X(j ⊠ id) = lF X ,

F (rX)JX,u(id⊠j) = rF X .

The maps J are called tensorators. A functor is faithful if it is injective on each morphism space,
and exact if it preserves short exact sequences. The opposite category reverses the arrows; a
contravariant functor is an ordinary functor from that opposite category.

We use the braided G-crossed convention of [13, Definition 8.24.1, (8.104)–(8.107)], equivalently
[11, Definition 4.41]. We impose TkTl = Tkl as underlying functors, so their monoidal action
compositors γk,l : TkTl ⇒ Tkl are identities; in general the tensorators Jk are not identities.

A G-grading of a C-linear monoidal category is CG =
⊕

g∈G Cg, with Hom(Xg, Yh) = 0 for
Xg ∈ Cg, Yh ∈ Ch, g ≠ h, Cg ⊠ Ch ⊆ Cgh and u ∈ C1. It is faithful if Cg ̸= 0 for all g ∈ G. A strict
underlying action is a family of autoequivalences Tk : CG → CG with TkTl = Tkl and T1 = id.
Each Tk is strong monoidal, with Jk

X,Y : TkX ⊠ TkY
∼−→ Tk(X ⊠ Y ) and jk : u ∼−→ Tku satisfying

the equations above and

(2.11) Jkl
X,Y = Tk(J l

X,Y )Jk
TlX,TlY

, jkl = Tk(jl)jk, J1 = id, j1 = id .

The grading condition is Tk(Cg) = Ckgk−1 (g, k ∈ G).
A crossed braiding is a natural family cX,Y : X ⊠ Y

∼−→ TgY ⊠ X (X ∈ Cg, Y ∈ CG), extended
additively in X. For all k ∈ G, equivariance is

(2.12) Tk(cX,Y )Jk
X,Y = Jk

TgY,XcTkX,TkY .

The common target is Tk(TgY ⊠ X), using Tkgk−1Tk = TkTg. For X ∈ Cg, Y ∈ Ch, Z ∈ CG, the
two crossed hexagons are

(idTgY ⊠cX,Z)aTgY,X,Z(cX,Y ⊠ idZ)
= aTgY,TgZ,X((Jg

Y,Z)−1 ⊠ idX)cX,Y ⊠ZaX,Y,Z ,(2.13)

(cX,ThZ ⊠ idY )a−1
X,ThZ,Y (idX ⊠cY,Z)

= a−1
TghZ,X,Y cX⊠Y,Za−1

X,Y,Z .(2.14)

In (2.14), TgTh = Tgh identifies both codomains with (TghZ ⊠X)⊠Y . Thus (2.11), (2.12), (2.13)
and (2.14), together with the monoidal functor identities, are precisely the specialization of [13,
Definition 8.24.1] to γk,l = id. If G = {1}, T1 = id, J1 = j1 = id, then cX,Y : X ⊠ Y → Y ⊠ X is
the usual braiding.

For the strict underlying action, a G-equivariant object is (X, (uk)k∈G) with uk : TkX
∼−→ X,

u1 = idX and ukl = ukTk(ul). A morphism f : (X, uX)→ (Y, uY ) satisfies fuX
k = uY

k Tk(f) for
all k ∈ G. The equivariantization CG

G has these objects and morphisms, with forgetful functor
U(X, u) = X [13, Section 2.7].

In a Cauchy complete C-linear braided monoidal category B with dim Hom(A, B) <∞ and
End(u) = C, an indecomposable X is non-negligible if ∃Y ∈ B such that u is a retract of Y ⊠ X;
equivalently, ∃ i : u→ Y ⊠ X, r : Y ⊠ X → u with ri = idu. It has moderate growth if ∃n ∈ Z>0
with dimC End(X⊠n) < n!. Under precisely these categorical hypotheses, [12, Theorem 1.1]
asserts

X indecomposable, non-negligible, of moderate growth =⇒ X rigid.

We apply this theorem only to B = CG
G , after the braided monoidal structure has been constructed.
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For a finite semisimple monoidal category D with simples S1, . . . , Sm, the Grothendieck ring
is K0(D) =

⊕m
i=1 Z[Si], with [X ⊕ Y ] = [X] + [Y ] and [X][Y ] = [X ⊠ Y ]. Write [X ⊠ Sj ] =∑m

i=1(NX)ij [Si]; then NX ∈ Matm×m(Z≥0). These matrices are used in Section 10.
For A, B in a locally small category, Yoneda gives Nat(Hom(B,−), Hom(A,−)) ∼−→

Hom(A, B), η 7−→ b := ηB(idB). Indeed, naturality yields ηZ(f) = fb for every f : B → Z, and
conversely b : A→ B gives ηZ(f) = fb. This fixes the variance and arrow direction used below.

2.5. Covers, currents and principal parts. Put O = C[[x]] and AutO = {f(x) =∑
j≥1 ajxj ∈ xC[[x]] : a1 ∈ C∗}. The action on O is by substitution; composition of the

induced point maps has the opposite order. For r ≥ 1, the r-jet group is AutO/{f : f(x) ≡ x
(mod xr+1)}. An operator is nilpotent if some positive power is zero; it is unipotent if its
difference from the identity is nilpotent. The subgroup Aut+O = {f ∈ AutO : f ′(0) = 1}
is prounipotent, with Lie algebra x2C[[x]]∂x. On the graded state space, fix the coordinate-
change convention dRV (xj+1∂x) = −L(j) (j ≥ 0) and RV (ax) = a−L(0) (a ∈ C∗), as in [14,
Sections 3–4]. Write f(x) = a1u(x) with u(x) = x + O(x2) and u(x) = exp(

∑
j≥1 cjxj+1∂x)x.

The cj are determined successively by the coefficients of u. In the ring-composition conven-
tion, RV (f) = exp

(
−
∑

j≥1 cjL(j)
)

a
−L(0)
1 . For the CFT-type VOA under consideration, put

V≤d =
⊕

0≤r≤d Vr (d ∈ N). Then L(j)Vr ⊆ Vr−j and L(j)|V≤d
= 0 for j > d; thus RV restricts to

V≤d and factors through a finite jet group. At an observation point x, a coordinate change f uses
the centered series fx(v) = f(x + v)− f(x). A homogeneous state is primary if L(j)u = 0 for
every j > 0. Its coordinate action is a weight character. For other states the same representation
includes the positive-Virasoro terms [14].

A flat module is one whose tensor product preserves exact sequences; a flat family has local
rings flat over the base. For the smooth relative curves considered here, the geometric fibers are
smooth one-dimensional curves and relative formal coordinates exist locally. An étale morphism
is smooth of relative dimension zero; over C it is locally a biholomorphism after analytification.
A proper morphism is separated, of finite type and universally closed. A projective morphism
admits a closed embedding into a projective space over its base. For a smooth relative curve C/S,
let ωC/S = Ω1

C/S be its canonical line bundle, abbreviated to ω when the base is fixed. The torsor
Coord(C/S) has, over each point, the set of formal fiber coordinates; the coordinate group acts
freely and transitively on that set. If A =

⊕
r(A ∩ Vr) ⊂ V is a finite-dimensional RV (AutO)-

stable subspace, put VA = Coord(C/S)×Aut O A, where the associated-bundle convention uses
the above RV . The current bundle is VA ⊗ ω; since RV (ax)|Vd

= a−d, its weight-d associated
graded factor has transition character a1−d, i.e. that of ω⊗(1−d) [14]. A gauge is a change of local
frame, expressed by an invertible matrix; a Laurent gauge has Laurent-series entries with a finite
pole bound.

The coarse marked curve is P1, with moving points (p1, . . . , pm) ∈ Fm(C∗), a fixed input at 0,
and output at ∞. Fix a subgroup H ≤ G. A principal H-cover of its punctured part is an étale
covering with a left H-action that is free and transitive on every fiber. Its branched extension is
an H-cover of the marked curve. A positive meridian is a counterclockwise loop about a marking,
conjugated into the chosen basepoint; at ∞ positivity is measured in z−1. We fix its based path
as follows. At a real reference configuration p1 > · · · > pm > 0, choose a basepoint to the right
of all inputs and a geometric system of based meridians in the input order

(2.15) (γp1 , . . . , γpm , γ0, γ∞), γp1 · · · γpmγ0γ∞ = 1.

Loop products are traversed from left to right. For a chosen unramified based lift b̃, define
ρ(γ) ∈ H by requiring that the lift of γ starting at b̃ end at ρ(γ)b̃; with the left deck action
this makes ρ a homomorphism. The reference paths are continued with the configuration. The
subscript 0 always denotes the geometric zero marking, not the first place in the ordered list.
Thus a binary channel at (z, 0,∞) uses (γz, γ0, γ∞) and labels (g, h, (gh)−1).

For a disk containing consecutive inputs, its based positive boundary is the product of their
meridians in this order. We retain the common boundary stem when the disk becomes a bubble.
For the lower half-turn in which the right input passes below the left one, comparison of the
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transported stems with the terminal ordered system gives

(2.16) (γi, γi+1) 7−→ (γiγi+1γ−1
i , γi), (a, b) 7−→ (aba−1, a).

Indeed, the stem of the input passing below is retained, while the other stem acquires its positive
meridian and inverse on its two sides; their ordered product remains γiγi+1. The inverse half-
turn gives (a, b) 7→ (b, b−1ab). These conventions also specify the based paths on normalized
components and along the exchange paths in Section 9. A change of a distinguished lift by h ∈ H
conjugates its label by h and replaces its module by ThM ; a root is always continued from its
initial choice.

The image g ∈ H of a marked meridian generates the cyclic inertia group Ip = StabH(p) = ⟨g⟩
at its chosen lift. Put N = |Ip|, ζN = e2πi/N and µN = {ζ ∈ C∗ : ζN = 1}. Fix a coarse
parameter x and a special root u with x = uN . We act on functions by (hf)(P ) = f(h−1P ),
with the convention gu = ζ−1

N u.
The Riemann existence correspondence identifies finite topological covering spaces of a smooth

complex algebraic variety with finite étale algebraic covers [15, Exposé XII, Theorem 5.1]. For a
finite cover of a smooth proper curve punctured at finitely many points, normalization extends
the cover uniquely as a finite normal cover. In characteristic zero its completed local map is
C[[x]] ↪→ C[[u]], x 7→ uN , with N equal to the inertia order. An isomorphism fixing a based lift
fixes the connected principal cover. A nilpotent thickening X ⊂ X ′ is a closed inclusion defined
by an ideal sheaf whose sufficiently high power is zero; it preserves the underlying topological
space. For such a thickening, restriction is an equivalence between finite étale covers of X ′ and
of X [30, Tag 0BQB]. Consequently, for an étale H-cover of a constant punctured curve, its
pullback to any nilpotent thickening is the unique extension up to the unique H-equivariant
isomorphism restricting to the fixed special-fiber identification; a chosen based lift removes the
remaining cover automorphisms.

A based lift, distinguished marking lifts and chosen special roots form a framing. A framed
Hurwitz chart parametrizes these cover data over a configuration chart; the finite étale charts
used here are constructed in Lemma 3.4. At other lifts the labels are conjugated and the assigned
modules are the strict pullbacks ThM . For a subgroup K ≤ H and a component C0 with
K-action, the induced cover is H ×K C0 = (H ×C0)/∼, where (h, c) ∼ (hk−1, kc). Its states are
induced by the same pullbacks.

A node has two branches, locally given by xy = 0. An admissible cover of a family of nodal
marked curves is étale away from markings and nodes and, after finite base extension, has at
a node over a base parameter t the equations UV = ta, x = UN , y = V N , xy = taN . The
node inertia is balanced: (U, V ) 7→ (ζU, ζ−1V ) on points, ζN = 1. For a genus-zero coarse curve,
stability means that every component has at least three special points, counting both markings
and nodes. The balanced admissible-cover compactification of [2, Sections 2–4] provides such
local models for covers of stable pointed curves, after finite base extension; stability of the target
and the balancing assumption are part of this assertion. A root base change of a parameter is
q = te, with positive integer e and retained logarithms log q = e log t. A thickening to order J is
base change to C[[t]]/(tJ+1).

A compactification of a variety X is a proper variety X with an open immersion X ↪→ X. For
an integral normal base Y and a finite extension K ′/K(Y ), normalization means the integral
closure of OY in K ′ (on each affine open). For a smooth variety and an ideal sheaf I, its
blow-up is Proj

⊕
n≥0 In. An arrangement of smooth subvarieties has clean intersections if its

intersections are smooth and their tangent spaces are the intersections of the corresponding
tangent spaces. A building set is a collection such that the minimal members containing each
intersection meet transversely and have that intersection as their common intersection. The
wonderful compactification is the iterated blow-up of these centers in an inclusion-compatible
order. The specific cluster arrangement and its centers are given in Definition 5.1.

For a marked point with inertia Ip = ⟨g⟩, choose x = uN and a homogeneous eigenbasis b ∈ V (r)

of the finite state frame. Express the pullback of an Ip-invariant meromorphic state-current
section in this frame as σ =

∑
r,b fb,p(u)b dx with fb,p(u) ∈ urC((uN )) for gb = ζr

N b; thus the
coefficients are Laurent series in u, not necessarily functions of uN . The congruence follows from
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g(fb,p(u)b) = fb,p(ζ−1
N u)ζr

N b. An admissible current has finite poles confined to the marked orbit
divisors. The descended local action on a weak g-twisted module Mi is

(2.17) Ri(σ)w = 1
N

Resu

∑
r,b

fb,p(u)Y g
Mi

(b, uN )w

NuN−1 du.

Indeed, if fb,p(u) =
∑

k≡r (mod N) fb,kuk, then (2.17) equals
∑

r,b

∑
n∈r/N+Z fb,Nnbnw; for each

w the sum is finite by finite pole order and lower truncation. The factor N−1 converts the
residue of a pulled-back differential to its residue in the coarse coordinate x. At the output the
contragredient convention is (2.2), with coarse coordinate x = 1/z. For an H-invariant current,
the source residue over an orbit H/Ip has |H|/N equal contributions on the cover, each N times
the descended residue; hence its average |H|−1∑

q∈H/Ip
Resq equals the action (2.17). The finite

frame, finite pole order and twisted lower truncation ensure that Ri(σ)w is a finite sum for every
algebraic vector w.

For the tensor product T =
⊗

i Mi of the marked modules over a base S, put T = OS ⊗C T .
For a global admissible current σ, let R(σ) =

∑
i Ri(σ) on T and set W =

∑
σ Im R(σ) ⊆ T .

The coinvariants and Ward functionals are, respectively, Q = T /W and HomOS
(Q,OS); on

a fiber they satisfy Φ(R(σ)w) = 0 for all σ, w. These are the scalar conformal blocks in the
present conventions. The canonical finite current bundle and allowed pole divisors are specified
in Section 3.

A ring is Noetherian if every ideal is finitely generated; equivalently, its ideals satisfy the
ascending-chain condition. For a ring R, finite type means finite generation as an R-module.
A coherent sheaf is locally the sheaf associated to a finitely presented module: such a module
has a presentation Rp → Rq → M → 0 with finite p, q. A vector bundle is a locally free sheaf
of finite rank. A finite projective module is a direct summand of a finite free module; over
an affine variety this is the module of sections of a vector bundle. Put Q∨ = HomR(Q, R).
For such Q and any module B, choose qi ∈ Q and ϕi ∈ Q∨ with w =

∑
i ϕi(w)qi. Then

Q∨ ⊗B ≃ HomR(Q, B), ϕ⊗ b 7→ (w 7→ ϕ(w)b), with inverse f 7→
∑

i ϕi ⊗ f(qi).
An effective Cartier divisor D is locally the zero locus of one non-zero-divisor. Write F (D) =

F ⊗O(D). For a locally free sheaf F on a smooth proper curve C and effective Cartier divisor
D, the sheaf F (D)/F is supported on D and records principal parts. If Q is a marked section
with ideal IQ, the sheaf F/IJ+1

Q F records its J-jets. The exact sequence 0 → F → F (D) →
F (D)/F → 0 induces H0(C, F (D)) ↠ H0(C, F (D)/F ) whenever H1(C, F ) = 0. Moreover,
H1(C, F )∗ ≃ H0(C, F ∨⊗ω), and for a principal part η and s ∈ H0(C, F ∨⊗ω) the Serre pairing
with its boundary is

∑
p∈supp D Resp⟨ηp, sp⟩ [18, Chapter III, Section 7]. For a projective family

p : C → S and relatively ample divisor A, relative Serre vanishing gives R1p∗F (mA) = 0 for
sufficiently large m. A line bundle is relatively ample if, locally on the base, some positive power
defines a closed embedding into a projective space over that base. Its corresponding divisor is
called relatively ample. These are the cohomology and lifting facts used below [18].

Two base-change statements will be used. For a projective curve family over a Noetherian ring
R, a coherent sheaf F and a flat R-algebra B, flat base change gives H0(C, F )⊗RB ≃ H0(CB, FB)
[30, Tag 02KH]. Inverting a DVR uniformizer is this statement with B its fraction field. For a
projective flat curve family p : C → S over a Noetherian base and a coherent S-flat sheaf F ,
the fiberwise condition H1(Cs, Fs) = 0 on a neighborhood of s0 yields R1p∗F = 0 there and
p∗F locally free, with (p∗F )⊗OS

κ(s) ≃ H0(Cs, Fs); formation of p∗F then commutes with base
change on that neighborhood [18, Chapter III, Section 12]. We apply this after fixing all current
pole orders and twisting by a sufficiently large relatively ample incoming divisor. The relevant
sheaves on the smooth component families are vector bundles, hence flat. If R is a DVR with
uniformizer t, an R-module M is flat if and only if t : M → M is injective. This applies to
a reflexive sheaf on a normal nodal total space only after checking that the total space is an
integral R-scheme and t is a non-zero-divisor on the sheaf.

For a complex algebraic variety X, its analytification Xan has its complex analytic topology
and structure sheaf; an algebraic coherent sheaf F induces F an. On a projective X, analytification
is an equivalence on coherent sheaves and preserves their cohomology and morphisms. This
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is the GAGA correspondence [29]. In particular, a meromorphic finite-bundle section with
poles bounded by a fixed divisor D is an analytic section of F (D), and is algebraic by this
correspondence. This is the algebraization used for propagated sections on products of proper
component covers.

We use the following finite-rank strong residue theorem [14, Theorem 6.1]. Let C be a smooth
connected projective curve, P ⊂ C a nonempty finite set, and F a finite-rank algebraic vector
bundle. For ηp ∈ (F ∨⊗ω)⊗OC,p

C((xp)) with a finite negative part in each chosen local parameter
xp,

(2.18)
∃η ∈ H0(C \ P, F ∨ ⊗ ω), η̂p = ηp (p ∈ P )

⇐⇒
∑
p∈P

Resp⟨ηp, sp⟩ = 0
(
∀s ∈ H0(C \ P, F )

)
.

The pairing uses the local expansions of s. A relative analytic version is given in [16, Theorem 3.41].
Equation (2.18) is applied here only to fixed finite-rank state-current bundles on smooth proper
components; it does not by itself assert an infinite-rank or nodal extension. The formal-Laurent
formulation in (2.18) requires no a priori convergence. Fix the effective pole divisor D from the
negative parts; put ED = H0(C, F ∨⊗ω(D)), so dimC ED <∞. For J ≥ 0, the locus AJ ⊆ ED of
sections agreeing with ηp modulo xJ+1

p for every p is affine. Serre duality identifies the obstruction
to AJ ̸= ∅ with residue pairings against meromorphic sections of F with poles supported on P ;
the right side of (2.18) annihilates them. Thus AJ ̸= ∅, AJ+1 ⊆ AJ and, because dim ED <∞,
the descending affine chain stabilizes. Any η ∈

⋂
J≥0 AJ has all prescribed Laurent coefficients,

proving algebraicity and convergence of these germs. For a finite group H in characteristic zero,
the invariant functor is exact by the projector |H|−1∑

h∈H h.
A module over a domain is torsion free if rw = 0 with r ̸= 0 implies w = 0. For F ∨ =

Hom(F,O), reflexivity means that F → F ∨∨ is an isomorphism. On a normal variety a reflexive
sheaf is torsion free and is determined by its restriction off a codimension-two subset. A Noetherian
domain is normal if it is integrally closed in its fraction field. Depth is the maximal length of a
sequence in the maximal ideal that successively acts by non-zero-divisors. A local ring is regular
if the minimal number of generators of its maximal ideal equals its dimension. A Noetherian ring
satisfies R1 when its localizations at primes of height at most one are regular, and S2 when every
localization has depth at least min(2, dim). Serre’s criterion says that a reduced Noetherian
ring is normal precisely when it satisfies R1 and S2. A local ring is Cohen–Macaulay when
its depth equals its dimension; the corresponding condition on all localizations implies S2. A
hypersurface local ring is a quotient of a regular local ring by one non-zero-divisor. Such rings are
Cohen–Macaulay. For R = L[[t]] (L a characteristic-zero field) and a ≥ 1, A = R[[u, v]]/(uv− ta)
is a two-dimensional complete local domain. As a hypersurface it is S2; its singular locus is
contained in the closed point (t, u, v) (empty if a = 1), so it is R1. Consequently A is normal
by Serre’s criterion. In particular t is a non-zero-divisor on A, a fact needed for the flatness
argument. A regular parameter system is a minimal set of generators of that maximal ideal. For
a nonzero element f , its order is the largest n with f in the nth power of the maximal ideal; in a
regular local ring its initial term is a homogeneous polynomial in the parameter classes.

A discrete valuation ring (DVR) is a one-dimensional local principal ideal domain. If t
generates its maximal ideal, every nonzero fraction has the form tnu with u a unit; its valuation
is vt(tnu) = n. The completed characteristic-zero rings used below are O = L[[t]], with fraction
field K = L((t)) and residue field L. A prime divisor is an irreducible codimension-one subvariety;
on a normal variety its local ring is a DVR. The t-adic completion is the inverse limit over O/(tn).
For L = C((s)), the same notation describes the additional formal Laurent parameter. We use
Hensel’s simple-root lifting: a root of a polynomial modulo t whose derivative is nonzero lifts
uniquely to a root in the complete DVR with that residue. An excellent ring is a Noetherian
ring with geometrically regular formal fibers, universally catenary dimension theory, and an open
regular locus in every finite-type algebra. Universally catenary means that saturated prime chains
with fixed endpoints have the same length in every finite-type algebra. Geometric regularity is
regularity after field extension. Rings essentially of finite type over C and their complete local
rings have these properties.
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We use two local analytic extension facts. In the ring C{z1, . . . , zn} of convergent power-series
germs, if the zero set of an ideal I is contained in the zero set of Q, the analytic Nullstellensatz
gives Q ∈

√
I, hence Qb ∈ I for some b. If A(z) : Op → Oq has rank q on {Q ̸= 0}, the ideal

Iq(A) of maximal minors has zero locus contained in {Q = 0}; thus Qb ∈ Iq(A) for some b ≥ 0.
Writing Qb as a combination of these minors and using the adjugate identities yields B(z) over
O[Q−1] such that A(z)B(z) = Iq and QbB(z) has holomorphic entries. On a normal complex
space, holomorphic functions and sections of a locally free sheaf extend uniquely across analytic
subsets of codimension at least two. Thus a section meromorphic off such a subset extends
meromorphically if its poles there can first be cleared by one fixed local divisor. We use this
Hartogs form only after establishing the finite divisor orders. In particular, on a root polydisk
with poles confined to its axes, multiplying by

∏
i sbi

i for sufficiently large bi gives a holomorphic
section on the whole polydisk.

For a finite presentation Rp A−→ Rq → M → 0, Fittj(M) = Iq−j(A), with Ik(A) = R for
k ≤ 0 and Ik(A) = 0 for k > min(p, q). The ideals are presentation-independent and satisfy
Fittj(M ⊗R B) = Fittj(M)B for any ring map R→ B. On an open subset U ⊆ Spec R, M |U is
locally free of rank r precisely when Fittr(M)|U = OU and Fittr−1(M)|U = 0. These facts enter
the connection argument in Lemma 3.18.

2.6. Connections and formal expansions. Let U ⊂ S be a smooth complex algebraic
coordinate chart, R = OS(U), and DerC(R) the R-module of C-derivations of R. A connection
on an R-module M is a C-linear assignment δ 7→ ∇δ ∈ EndC(M) with ∇δ(fw) = δ(f)w + f∇δw
and ∇fδ = f∇δ. It is integrable if [∇δ,∇γ ] = ∇[δ,γ]. For smooth S, these data are equivalent to
a left DS-module structure, where DS is generated locally by R and DerC(R) with [δ, f ] = δ(f).
A section w is horizontal if ∇δw = 0 for every δ. On M∨ = HomR(M, R), the dual connection is(
∇∨

δ Φ
)
(w) = δ(Φ(w))− Φ(∇δw); hence ∇∨Φ = 0 is equivalent to δ(Φ(w)) = Φ(∇δw). If M is

free of rank q on U , write ∇ = d + A in a frame e, with A ∈ Matq(Ω1
U ). For column coordinates

v, row coordinates Φ, and a new frame e′ = eB, B ∈ GLq(R), dv + Av = 0, dΦ− ΦA = 0, A′ =
B−1AB + B−1dB. An analytic integrable connection on a finite-rank holomorphic bundle has
parallel transport along paths, invariant under endpoint-fixed homotopy [5, Chapter I, Section 2].

For the finite marking index set I, let T =
⊗

i∈I Mi and T = R ⊗C T as in Section 2.5;
write zi ∈ R for the moving coarse insertion coordinates and set Di = L(−1)(i) on T . In fixed
physical-coordinate frames define

(2.19) ∇δ(fw) = δ(f)w + f
∑

i∈Imov

δ(zi)Diw.

Here Imov ⊆ I consists of the moving inputs; fixed coordinates satisfy δ(zi) = 0. Since [Di, Dj ] = 0
and δγ(zi)− γδ(zi) = [δ, γ](zi), we have [∇δ,∇γ ] = ∇[δ,γ]. The use of Di agrees with the L(−1)-
derivative property of twisted intertwining operators [10, Definition 2.8]. For any R-submodule
J ⊆ T , put

J∇ =
∑
m≥0

∑
δ1,...,δm∈DerC(R)

R∇δ1 · · · ∇δmJ, ∇(J∇) ⊆ J∇.

It is the least connection-stable R-submodule containing J , and ∇ induces a connection on T /J∇.
The canonical differential Ward quotient is specified in Definition 3.17; no finite-rank assumption
is imposed on T .

Let L ⊇ C be a field, O = L[[t]], K = L((t)), and let QK be a finite-dimensional K-vector
space with a connection for t∂t (∂t|L = 0). A full lattice is an O-submodule Λt ⊂ QK satisfying
Λt ≃ OdimK QK and KΛt = QK . Regular singularity at t = 0 is equivalent to

∃Λt : ∇t∂tΛt ⊆ Λt, ResΛt(∇) = ∇t∂t

∣∣
Λt/tΛt

∈ EndL(Λt/tΛt).

The residue depends on the lattice; its eigenvalues modulo Z do not [5, Chapter II, Sections 1
and 3]. Let X be smooth over C and D =

⋃r
i=1 Di a simple normal-crossing divisor, locally

D = {ξ1 · · · ξr = 0} with coordinates (ξ1, . . . , ξr, y1, . . . , ys). Then Ω1
X(log D) =

∑
iOX dξi/ξi +∑

j OX dyj locally. A logarithmic extension of a finite-rank integrable connection (Q,∇) on
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X \D is a locally free Q on X satisfying Q|X\D = Q and ∇Q ⊆ Q⊗ Ω1
X(log D). For a regular

integrable connection, Deligne’s canonical logarithmic extension is characterized by
Spec(ResDi ∇) ⊆ {λ ∈ C : 0 ≤ Re λ < 1}, 1 ≤ i ≤ r,

where the strip selects one representative of each exponent class in C/Z [5, Chapter II, Sections 5.3–
5.6]. Any two logarithmic extensions are identified after allowing finite-order meromorphic poles
along D.

For the global regularity criterion, let U be a smooth complex algebraic variety, (Q,∇) a
finite-rank algebraic integrable connection on U , and U a normal proper compactification. Then
regularity along each codimension-one irreducible component of U \ U implies regularity after
pullback to every smooth curve mapping to U , and hence at all divisorial valuations; in particular
a logarithmic extension exists after choosing a smooth normal-crossing compactification [3,
Theorem 1.1.1, (ii)⇒(iii)][5, Chapter II, Sections 4–5]. This criterion is used only after the finite
quotient has been proved locally free with integrable connection (Lemma 3.18 and Theorem 3.19).

For Â = C[[ξ1, . . . , ξr, y1, . . . , ys]], a finite set Λ ⊂ Cr, and b ∈ Z≥0, let ξλ =
∏

i ξλi
i and

(log ξ)β =
∏

i(log ξi)βi be formal symbols. Set

(2.20) NΛ,b =
∑
λ∈Λ

∑
0≤βi≤b

ξλ(log ξ)βÂ[(ξ1 · · · ξr)−1].

Here Â[(ξ1 · · · ξr)−1] =
⋃

n≥0(ξ1 · · · ξr)−nÂ; thus every element has finitely many exponent
classes modulo Zr, bounded logarithmic degree, and a finite pole bound in every ξi. Formally,
∂ξi

ξλ = λiξ
λ−ei and ∂ξi

log ξj = δijξ−1
i , where ei ∈ Zr is the ith standard basis vector; ∂yj

acts coefficientwise on Â. For O = L[[t]] and λ ∈ C, the formal monomial line is Oeλ with
∇t∂t(feλ) = (t∂tf + λf)eλ; eλ is denoted tλ in collision expansions. Finite direct sums retain the
corresponding complex exponents.

3. Canonical currents and the differential Ward quotient

3.1. Finite state spaces, spanning words and physical currents. For each g ∈ G, fix a set
Bg ⊂ V>0 =

⊕
d>0 Vd of homogeneous g-eigenvectors whose images form a basis of (V/C2(V ))>0.

This is possible because C2(V ) is graded and g-stable; dim(V/C2(V )) <∞ and V0 = C1. Put

(3.1) B = {1, ω} ∪
⋃

g∈G

⋃
k∈G

kBg, E = span{L(j1) · · ·L(js)b : b ∈ B, ji ∈ Z>0, s ∈ N}.

The sets Bg are used in the g-twisted spanning theorem below; the larger space E is used for
coordinate-stable currents. In particular, kBg is not asserted to consist of g-eigenvectors.
Lemma 3.1. E ⊂ V is finite dimensional, graded, G-stable, and L(j)E ⊆ E for j > 0. The
AutO-action on E factors through a finite jet quotient.
Proof. Take d = max{wt(b) : b ∈ B}. Since [L(0), L(j)] = −jL(j),

E ⊆
d⊕

q=0
Vq, L(j)|E = 0 (j > d).

The finite-dimensionality follows from dim Vq <∞; the L(j)-stability follows directly from the
definition. For k ∈ G, kL(j) = L(j)k and kB = B, hence kE = E. On E, L(0) is semisimple
with integral eigenvalues, and the Lie algebra generated by L(j), j > 0, acts nilpotently and
factors through L(1), . . . , L(d). Thus the origin-fixing coordinate action factors through the
quotient of AutO by the subgroup {ρ : ρ(t) ≡ t (mod td+2)}. □

In particular, L(2)ω = (cV /2)1 ∈ E. The associated stress-tensor term is evaluated in
Section 3.3; L(−1)E ⊆ E is neither asserted nor needed.

We apply [31, Proposition 2.12] to the positive-weight representative set Bg, not to the G-stable
union B. Choose MPBW ∈ Z>0 such that⊕

d≥MPBW

Vd ⊆ C2(V ).
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For an ordinary g-twisted module M generated by finitely many nonzero homogeneous vectors
u ∈ UM , choose Lu ∈ Z such that bαb−nu = 0 (b ∈ Bg, n ≤ Lu), gb = e2πiαbb, 0 ≤ αb < 1. For
N ∈ Z with N ≥ maxu∈UM

Lu, let WN (M) consist of the vectors

(3.2) b1
α1−n1 · · · b

s
αs−ns

u, u ∈ UM , bi ∈ Bg, n1 ≥ · · · ≥ ns > Lu, s ∈ N,

with the additional condition #{i : ni = n} < MPBW for each n ≤ N . Here αi = αbi . Tan’s
proposition asserts M = spanWN (M) for every such N . The repetition bound MPBW − 1 is
independent of N and u. Homogeneous u and bi make every word homogeneous, since for b ∈ Vd

and v ∈Mλ, bαb−nv ∈Mλ+d−αb+n−1. Every ordinary simple twisted module is generated by any
nonzero homogeneous vector; finite direct sums therefore admit finite sets UM .
Lemma 3.2. Let R, N ∈ Z satisfy N ≥ max(R − 1, maxu Lu). Put KR,N (M) = span{w ∈
WN (M) : s = 0 or n1 < R}. Then dim KR,N (M) < ∞. For finitely many ordinary twisted
modules Mi, one can choose a common N and a finite set of homogeneous tensor generators of⊗

i KR,N (Mi).
Proof. For a nonempty word in KR,N (M) with terminal generator u, each ni belongs to the
finite set {Lu + 1, . . . , R− 1} ⊆ (−∞, N ]. Thus s ≤ (MPBW − 1) max{0, R− Lu − 1}. The sets
Bg, UM are finite. Hence there are finitely many such words, and the assertion about a finite
tensor product follows. □

Lemma 3.3. Let T =
⊗m

i=0 Mi, with the Mi ordinary simple twisted modules (including a
restricted contragredient at i = 0), A a commutative C-algebra, and J ⊆ A⊗C T an A-submodule.
Fix R ∈ Z and N ≥ max(R− 1, maxi,u Lu). Assume that every homogeneous tensor w of words
in the fixed families WN (Mi) containing a mode of depth ≥ R satisfies

(3.3) 1⊗ w ≡
q∑

j=1
aj ⊗ vj (mod J), aj ∈ A, vj ∈ T homogeneous, ε(vj) < ε(w).

Then (A⊗C T )/J is generated as an A-module by the images of
⊗m

i=0 KR,N (Mi).
Proof. For e ∈ N, induct on e for all homogeneous tensors with ε = e. Every homogeneous
vector of T is a finite linear combination of homogeneous tensors of words in the fixed WN (Mi),
since each spanning identity respects the conformal-weight grading. A tensor with no depth
≥ R belongs to

⊗
i KR,N (Mi). Otherwise apply (3.3). Each vj has energy < e, so the induction

hypothesis applies to its class modulo J ; after rewriting vj in the same families, every nonzero
homogeneous term still has energy ε(vj). This proves the claim by well-founded induction
on ε ∈ N. The same argument applies to each of the finitely many simple external blocks of
Proposition 2.2. □

Let B = Fm(C∗) = {(p1, . . . , pm) ∈ (C∗)m : pi ̸= pj (i ̸= j)} and U = Fm+1(C∗), where
the final coordinate z varies in P1 \ {0, p1, . . . , pm,∞}. Prescribe the local labels gi = ρ(γpi),
g0 = ρ(γ0) and g∞ = ρ(γ∞), with

g1 · · · gmg0g∞ = 1, ⟨g1, . . . , gm, g0⟩ = H ≤ G,

in the ordered meridian convention (2.15). We work over a smooth affine open of B or its finite
étale Hurwitz cover, retaining the physical coordinates z, z − pi, s = z−1.
Lemma 3.4. For these data there exists a smooth finite étale chart S → B carrying a smooth
proper connected family of H-Galois covers of P1, together with a chosen lift of each marking and
a formal parameter ui at that lift satisfying xi = uNi

i , where Ni = ord(gi) and xi ∈ {z, z−pj , z−1}.
An unramified based lift is retained as a separate part of the framing. Homotopic base paths
relative to endpoints, with the same initial full framing, have identical final framed points of S.
Proof. Disjoint-disk isotopies of the marked points give local trivializations of the forgetful map
U → B, whose fiber is C \ {0, p1, . . . , pm}. The fiber and, inductively, B are aspherical. Thus
the homotopy sequence gives

1 −→ Π −→ π1(U) −→ π1(B) −→ 1, Π = π1(C \ {0, p1, . . . , pm}).



G-CROSSED TENSOR CATEGORIES 21

The continuous section z(p) = 2 +
∑

i |pi| satisfies |z(p)| > |pi| and splits this sequence. Fix the
resulting semidirect product π1(U) = Π ⋊ π1(B). The meridians define a surjection ρ : Π ↠ H
with the stated labels. Put Γ = {γ ∈ π1(B) : ρ ◦Ad−1

γ = ρ}. Since H is finite and Π is finitely
generated, [π1(B) : Γ] <∞. The connected topological covering Bρ → B corresponding to Γ is
algebraic finite étale by [15, Exposé XII, Théorème 5.1]. Let Uρ = U×B Bρ. The homomorphism

ρ̂ : π1(Uρ) = Π ⋊ Γ −→ H, (η, γ) 7−→ ρ(η)

is well defined because Γ fixes ρ. Its kernel defines a connected principal H-cover of Uρ, algebraic
finite étale by the same theorem; the H-action algebraizes by full faithfulness.

Normalize P1 × Bρ in this finite cover. The normalization is finite (the base is excellent)
and hence proper and projective over Bρ. Locally analytically near each marked divisor xi =
0, the punctured covering is a disjoint union of models xi = uNi

i , (ui, t) ∈ D × T , with T
a simply connected analytic chart of Bρ. Each normalization is D × T , so the normalized
family is analytically smooth over T . The algebraic family is smooth by [15, Exposé XII,
Proposition 3.1(iv)], and its reduced marking preimages are finite étale over Bρ. Uniqueness of
normal finite extension follows from [15, Exposé XII, Proposition 5.3 and Théorème 5.4].

Pass to the finite étale product of the reduced marking preimages to choose distinguished lifts
Qi. Set

Li = IQi/I2
Qi

, δi = (π∗xi) mod INi+1
Qi

∈ Γ(S,L⊗Ni
i ).

Because the ramification index is Ni, δi is nowhere zero. The functor of Nith roots ℓ⊗Ni
i = δi is a

finite étale µNi-torsor: in a local trivialization it has equation aNi = c with c ∈ O×
S . After choosing

ℓi, take a local parameter vi with leading conormal class ℓi. There is a unique formal unit ai(vi)
with ai(0) = 1 such that π∗xi = vNi

i ai(vi), and ui = viai(vi)1/Ni , ui ≡ vi (mod v2
i ), uNi

i = π∗xi.
Uniqueness makes the formal roots compatible on overlaps. These finitely many torsors give the
required finite étale chart S → B.

The splitting section z(p) retains an unramified based lift: the subgroup Γ maps trivially
under ρ̂, so it admits a continuous lift over Bρ. This based lift is additional to the distinguished
ramified lifts and roots; their mutual identification requires the initially chosen reference paths
and is not inferred from a local root alone. On a connected component of S, the ordered inertia
generators are locally constant as elements of H (rather than only up to conjugacy), once the
based paths are transported. Homotopy lifting for the finite covering S → B gives the final
assertion. □

Definition 3.5. For each ordered triple of external sectors, fix the following single smooth outset
framing before choosing any pair of intertwining operators or any homogeneous coefficient. In
the positive real chamber P+ = {(a, b) ∈ R2 : a > b > 0} take 0 < ρ0 < 1/16 and

p∗ = (a∗, b∗) =
(
1 + ρ0/2, (1 + ρ0)/2

)
, b(p) = 2 + a + b.

On the connected framed Hurwitz component determined by the ordered monodromy, choose once
a lift of the unramified point b(p∗), the full right-direct/lower-comb homotopy classes of reference
paths to a∗, b∗, 0,∞, and the corresponding distinguished marking lifts and roots of the centered
coarse parameters. Continue all these data together by path lifting; in particular the small
loops have ordered words γA, γB, γC and the cluster stems have words γBγC (product) and γAγB

(iterate). On the positive rays use real logarithms, while the binary Du–Huang single-operator
germs always retain their original preferred continuations and log 1 = 0. These choices depend
on the sector labels and the framed component, not on an intertwining operator or an internal
grade.

Specifically, continue the same initial full framing along

(a(s), b(s)) =
(
1 + sρ0, (1− s)ρ0 + s

)
, 0 ≤ s ≤ 1.

Both coordinates are positive and a(s)− b(s) > 0; hence the corresponding lower-comb paths
are isotopic in the ordered configuration space. Their lifts define the product framing at (1, ρ0)
with basepoint 3 + ρ0, and the iterate framing at (1 + ρ0, 1) with basepoint 4 + ρ0. At either
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boundary take the actual admissible degeneration of this transported generic cover and inherit
its external roots, based stems and logarithms; its two node roots must be balanced and are not
separately reselected. A finite ramified pullback used to express the node is always taken with
the already chosen positive logarithm. Other connected framed components admit the same type
of independent outset choice. For each binary degeneration, the auxiliary rooted three-point
reference covers used in Lemma 3.15 are obtained jointly by restriction of this one outset cover,
rather than by two additional independent choices of a node based lift. More precisely, retain
one lifted point of the punctured balanced collar; its outside and bubble restrictions determine
the two pointed component covers and their common node stem. The two reference node roots
are the restrictions of this one balanced rooted collar (expressed in the standard three-point
coordinates), and the reference node module on the bubble is the restricted contragredient of the
outside module, with the strict deck pullback understood on both sides. This is an auxiliary
geometric choice made before selecting the pair of intertwining operators: it does not select,
renormalize or alter any intertwining operator or its prescribed z = 1, log 1 = 0 branch. The
existence and the comparison with the prescribed preferred single-operator germs are checked in
Lemma 6.3; in particular the above prescription is not an extra compatibility hypothesis on those
germs. A root/deck change or a braid later on is a transport of these data, not a declaration that
the original coefficient formula remains numerically unchanged.

Definition 3.6. For a fixed ordered four-input problem (the output is at infinity), use the
same smooth five-point Hurwitz cover before choosing a binary tree, intertwining operators, or
homogeneous grades. On the positive chamber P+

5 = {zA > zB > zC > zE = 0}, choose the
point p5 = (7, 6, 4, 0), the unramified point b5(p) = 2 + zA + zB + zC , one lift of it, and the
complete right-direct/lower-comb paths to the four finite marks and infinity. Lift these paths
from that one point, and fix the resulting marked lifts and a special root of each physical centered
local parameter (and of Z−1 at infinity). All these choices, and the positive real logarithms of
the configuration differences, are continued together along paths in P+

5 . No new external root or
based lift is selected at a cherry. The two node roots and their paired node module frames are
inherited from the one actual balanced degeneration along its retained lower-comb cluster stem.
At a boundary they are compared, rather than silently equated, with the auxiliary three-input
representatives of Definition 3.5.

Three-input outset framings are reference representatives, not a requirement that the same
triple representative be literally the restriction of every four-input extension. A reference change
acts on the modules, typed twists, coefficients and Ward currents simultaneously by Lemma 3.10
and Proposition 3.12. In particular a change of reference does not replace the original intertwining
operator Y(·, 1)·, its log 1 = 0 branch, or an external algebraic vector by a newly defined operator
or vector.

Lemma 3.7. Let p : C → S be a smooth projective family of curves with an action of a finite
group H over S, and let F be an H-equivariant vector bundle. Let A, Q be disjoint, H-invariant
relative effective Cartier divisors, with OC(A) relatively ample. For every fixed K ∈ N, locally on
S there is m ∈ N, independent of n ∈ N, for which

(3.4)
(
p∗F(mA + nQ)

)H −→ (
p∗(F(mA + nQ)/F(mA−KQ))

)H
is surjective for all n ∈ N.

Proof. Relative Serre vanishing for the projective morphism p and the p-ample line bundle OC(A)
gives, after replacing S by a neighborhood if needed, an integer m such that R1p∗F(mA−KQ) = 0.
For each n ∈ N, the sequence 0 −→ F(mA−KQ) −→ F(mA + nQ) −→ F(mA + nQ)/F(mA−
KQ) −→ 0 is exact because n + K ≥ 0. Pushing forward and using the same vanishing gives
surjectivity before taking H-invariants, simultaneously for every n. Since |H| ∈ C×, the projector
|H|−1∑

h∈H h makes invariants exact, proving (3.4). The quotient is supported on the relative
divisor (n + K)Q; since Q is relative Cartier and F locally free, its direct image is locally free
over S (after shrinking if necessary). Hence (3.4) lifts arbitrary H-invariant sections of the
indicated quotient locally on S. □
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At a sink marking of ramification order e, the reduced H-orbit divisor A satisfies eA =
π∗({sink} × S), hence is relatively ample. For several target orbits one replaces KQ by the fixed
sum of nontarget jet divisors; the cohomology kernel remains independent of target pole depth.

3.2. Ramified coordinate covariance and residue normalization. Put E≤d = E ∩⊕
0≤j≤d Vj , E<d = E≤d−1, and grd E = E≤d/E<d. Since L(j)E≤d ⊆ E≤d−j for j > 0, the

coordinate action on grd E is a−d
1 id for f(x) = a1x + O(x2). Hence the weight-d associated

graded of the current bundle is

grd(VE ⊗ ωC/S) ≃ (grd E)⊗C ω
⊗(1−d)
C/S .

For z = tN , the induced tensor-density substitution on the punctured disk is zr(dz)1−d =
N1−dtNr+(N−1)(1−d)(dt)1−d. This is the associated graded formula, not the transformation law
for a general b ∈ E≤d: the latter also contains L(j)b (j > 0), as in the coordinate-change
representation of [14, Sections 3–4].

Lemma 3.8. Let N ≥ 1. Over C[t, t−1], the centered change from the cover coordinate v to the
coarse coordinate w, w = ft(v) := (t+v)N−tN , induces on E a matrix AN (t) ∈ GL(E⊗CC[t, t−1]).
Both AN (t) and AN (t)−1 have finite Laurent entries and pole bounds independent of a current’s
mode index.

Proof. Write ft(v) = a1(t)v +
∑N

k=2 ak(t)vk, where

a1(t) = NtN−1,
ak(t)
a1(t) = 1

N

(
N

k

)
t1−k (2 ≤ k ≤ N).

Thus the coefficients of every finite jet of ft and the inverse of its linear coefficient belong
to C[t, t−1]. By Lemma 3.1, RV |E is an algebraic representation of a finite jet group; its
scaling weights are integers and its positive-mode operators are nilpotent. Therefore AN (t)
has entries in C[t, t−1]. The unipotent factor has determinant 1 and the scaling factor has
determinant a signed integral power of a1(t); thus det AN (t) ∈ C×tZ. The adjugate formula gives
AN (t)−1 ∈ Mat(dim E,C[t, t−1]). Since E is fixed, the finitely many Laurent valuations of these
matrices have a common lower bound independent of the mode index. □

The matrix of Lemma 3.8 compares frames only where t ̸= 0: the ramified map z = tN is not
an invertible coordinate change at t = 0 when N > 1. If K ≥ 0 bounds the negative Laurent
powers of the inverse state-current gauge, then, after the prescribed cover principal part is fixed,
the regular cover coefficients through degree K determine the negative Laurent part in the coarse
frame. The required additional regular jets may be imposed using Lemma 3.7. The bound K is
independent of the prescribed mode depth.

The state coordinate action uses the integral weights of V . For an ordinary module, Lemma 3.10
gives an origin-fixing action using relative weights L(0) − hM . The placement connection is
defined in fixed physical module frames by (2.19).

Lemma 3.9. Let p : C → S be a smooth family of curves with an H-action, and let E be the
full state space of (3.1). Then

(3.5) FE =
(
Coord(C/S)×Aut O E

)
⊗ ωC/S

is an algebraic H-equivariant vector bundle of rank dimC E. At a marking with x = uN , the two
frames on u ≠ 0 are related by a matrix in GL(E ⊗C[u, u−1]) after incorporating the differential
Jacobian; its Laurent pole bounds are independent of mode depth. These statements also hold on
the relative smooth locus of a nodal curve over a C-algebra DVR.

Proof. By Lemma 3.1, E is a finite-dimensional algebraic representation of a finite jet quotient of
AutO. The associated bundle VE was defined in Section 2.5; it is locally free of rank dim E. Its
tensor product with ωC/S has the same rank. Since hE = E and hL(j) = L(j)h for all h ∈ H,
the deck action commutes with the coordinate action and defines an H-linearization.
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At u0 ̸= 0, set w = (u0 + v)N − uN
0 . Lemma 3.8 supplies the state matrix and its Laurent

inverse. On u ̸= 0 the differential transition is multiplication by dx/du = NuN−1 ∈ C[u, u−1]×.
Hence the full current matrix and its inverse are Laurent. The construction is polynomial in
finite jets and in N±1; it therefore commutes with base change over any C-algebra, including a
C-algebra DVR, provided the relative curve is smooth at the observation point. □

Lemma 3.10. Let M be an ordinary simple g-twisted module, N = ord(g), and M =⊕
a∈N−1N Mh+a, where h = hM is as defined in Section 2.1. Put x = uN and

AutN O = {ρ ∈ AutC[[u]] : ρ(C[[uN ]]) = C[[uN ]]} = {ρ : ρ(u) = u a(uN ), a(t) ∈ C[[t]]×}.

It is the group of ring automorphisms (opposite to composition of the displayed point maps), with
an exact sequence 1→ µN → AutN O

ρ7→ρ(u)N

−−−−−−→ AutC[[x]]→ 1; the target uses x = uN . There
is an action RM,h of AutN O on M , algebraic on each finite-dimensional relative-weight cutoff,
whose infinitesimal action is

(3.6) uNk+1∂u 7−→
{
−N(LM (0)− h id), k = 0,

−NLM (k), k > 0.

In particular RM,h(au) = a−N(LM (0)−h id) for a ∈ C×. If f(x) = ρ(u)N and fx(v) = f(x + v)−
f(x), then

(3.7) RM,h(ρ)YM

(
RV (fx)−1b, f(x)

)
RM,h(ρ)−1 = YM (b, x).

All fractional powers in the left-hand field are expanded using the chosen root ρ(u) of f(x).
Here RV is the state action of Section 2.5, with no lowest-weight shift. The identity holds
coefficientwise in End(M)((u)) on each fixed input, with the usual lower-truncation interpretation.
The same construction applies blockwise to finite direct sums of ordinary simples. This is the
lowest-weight-shifted version of the coordinate covariance in [14, Section 4].
Proof. The first displayed description of AutN O agrees with the special-coordinate group of [14,
Section 3] and follows from ρ(u)N ∈ C[[uN ]]: the unique Nth root of ρ(u)N /uN with prescribed
nonzero constant term belongs to C[[uN ]]. Its Lie algebra is

∏
k≥0 Cvk, vk = uNk+1∂u, with

[vk, vl] = N(l − k)vk+l. For k, l ≥ 0 the Virasoro central term vanishes. Replacing LM (0) by
LM (0)− h id preserves all brackets; hence (3.6) is a Lie algebra representation.

For q ∈ N−1N, put M (≤q) =
⊕

0≤a≤q Mh+a. Then dim M (≤q) <∞ and LM (k)M (≤q) ⊆M (≤q)

for k ≥ 0. Moreover LM (k)|M(≤q) = 0 for k > q, and every product of more than ⌊q⌋ + 1
strictly positive LM (k) vanishes on M (≤q). Thus the positive Lie algebra integrates through a
finite unipotent jet group. Since N(LM (0) − h id) has eigenvalues in N, the scaling operators
a−N(LM (0)−h id) give an algebraic C×-action. The brackets [LM (0), LM (k)] = −kLM (k) verify
the semidirect-product relation. The compatible actions on all M (≤q) define RM,h; no condition
Nh ∈ Z is required. The shift is essential when h is not in N−1Z.

We verify the field identity by the module Virasoro commutator. The twisted module Virasoro
commutator, for k ≥ 0, is

[L(k), YM (b, x)] = xk+1∂xYM (b, x)

+
k∑

j=0

(
k + 1
j + 1

)
xk−jYM (L(j)b, x).

It follows from the twisted module Jacobi identity for the conformal vector, and the module trans-
lation identity. For η(x) =

∑
k≥0 ckxk+1 (interpreted coefficientwise in C[[x]]), the commutator

becomes

(3.8)

∑
k≥0

ckL(k), YM (b, x)

 = η(x)∂xYM (b, x) +
∑
j≥0

η(j+1)(x)
(j + 1)! YM (L(j)b, x).

Subtracting c0h id has no effect on this equation.
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For f(x) = x + ϵη(x), choose ρ(u) = u + ϵη(uN )/(NuN−1), so that ρ(u)N = f(x) modulo ϵ2.
The infinitesimal state action at the observation point is

RV (fx) = 1− ϵ
∑
j≥0

η(j+1)(x)
(j + 1)! L(j),

where the sum is finite on each state. The module action is 1 − ϵ
(∑

k≥0 ckLM (k) − c0h id
)
.

Substitution in (3.7) shows that its ϵ-coefficient is zero by (3.8). Exponentiating proves the formula
for the prounipotent subgroup, coefficientwise in the formal variables. For ρ(u) = au and f(x) =
aN x, take homogeneous b ∈ Vd. The mode commutator implies a−N(LM (0)−h id)bnaN(LM (0)−h id) =
a−N(d−n−1)bn. The exponent N(d−n−1) is integral, since n ∈ N−1Z. Together with RV (fx)−1b =
aNdb and the branch substitution x−n−1 7→ a−N(n+1)x−n−1, this gives (3.7) on every mode.
Scalings and the prounipotent subgroup generate the full origin-fixing group, proving the claimed
formula.

For a root rotation ζ = e2πi/N , put S = RM,h(ζu) = e−2πi(LM (0)−h id). Then SN = 1 and, for
gb = e2πir/N b,

S Y g
M (b, x) S−1 = Y g

M (gb, x), Y g
M (b, x)

∣∣
u7→ζu

= Y g
M (g−1b, x).

Their product yields (3.7) for f(x) = x. This also fixes the direction of the monodromy and
agrees with the chosen root branch convention.

Each simple summand of a finite direct sum has its own lowest weight; apply the same
construction on each summand. Module modes preserve these summands, so the field identity
remains valid on their direct sum. □

The two coordinate actions are distinct: RV (ax) = a−L(0) on states, whereas RM,h(au) =
a−N(LM (0)−h id) on a twisted module. Equation (3.7) compares them, but does not identify either
action with the placement connection (2.19), which is taken in fixed physical frames.

Definition 3.11. Let π : C → P1 × S be the smooth framed H-cover of Lemma 3.4, p : C → S
its structure map, and F = FE the H-equivariant finite-rank current bundle of (3.5). Its left
linearization is h · (p0, (b, v)) = (hp0, (hb, v ◦ h−1)), h ∈ H, with the induced action on relative
differentials, as in [14, Section 5, equation (5.2)]. For each marked orbit, let Q̃i be its distinguished
lift, Ii = ⟨gi⟩ ≤ H its inertia group, Ni = |Ii|, and ui the chosen root coordinate satisfying
ui(gip0) = ζiui(p0), ζi = e2πi/Ni , xi = uNi

i . Here xi is the fixed physical local coordinate (z − pi,
z, or z−1, as appropriate). The external factor at Q̃i is a gi-twisted module Mi, with hi := hMi ; at
the output orbit it is the prescribed contragredient module. Let Bi be a homogeneous gi-eigenbasis
of E, and put gib = e2πirb/Nib, 0 ≤ rb < Ni.

On ui ≠ 0, denote by ιxi(b) the state frame determined by xi at the variable observation point.
The transition to an ordinary cover frame is the finite Laurent gauge of Lemma 3.9. Write the
germ of an H-invariant meromorphic current in this frame as

s =
∑
b∈Bi

fb(ui) ιxi(b) dxi, fb(ui) ∈ OS((ui)), fb(ζiui) = e2πirb/Nifb(ui).

Define the normalized local action on Mi by

(3.9) Ri(s)w = 1
Ni

Resui=0

∑
b∈Bi

fb(ui)Y gi
Mi

(b, uNi
i )w

Niu
Ni−1
i dui.

The coefficientwise finite interpretation is established in Proposition 3.12. For a global H-
invariant current set R(s) =

∑
i Ri(s) on the external tensor, with Ri(s) acting on the ith factor.

Coordinate changes use the representation RMi,hi
of Lemma 3.10; the placement connection

(2.19) remains in fixed physical module frames.

Proposition 3.12. For each i and gi-eigenvector b ∈ E with eigenvalue e2πirb/Ni , the invariant
punctured-disk current coefficient uNin

i , n ∈ rb/Ni + Z, acts by bn. More generally, the local
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action (3.9) is well defined on every algebraic external tensor, is compatible with special-coordinate
changes and deck transport, and has the exact mode expansion

(3.10) Ri(s)w =
∑
b∈Bi

∑
n∈rb/Ni+Z

[
uNin

i

]
fb(ui) bnw.

The state-current gauge and its inverse have Laurent pole bounds independent of n. Invariant
finite principal-part prescriptions modulo F(D) in this local frame admit global lifts after the
auxiliary pole allowance of Lemma 3.13.
Proof. Lemma 3.9 constructs F , its H-linearization and the inverse finite Laurent current gauge.
In the chosen xi-frame, inertia leaves xi, dxi fixed, so

s(gip0) = gis(p0) ⇐⇒ fb(ζiui) = e2πirb/Nifb(ui) ⇐⇒ fb(ui) ∈ urb
i OS((uNi

i )).

Consequently [uk
i ]fb = 0 unless k ≡ rb (mod Ni). For Y gi

Mi
(b, x) =

∑
n∈rb/Ni+Z bnx−n−1, we have

(3.11) 1
Ni

Resui=0 uNin
i Y gi

Mi
(b, uNi

i )Niu
Ni−1
i dui = bn, n ∈ rb/Ni + Z.

Indeed, the summand with index m has exponent Ni(n−m)− 1 in ui. This proves (3.10) by
linearity and also fixes the 1/Ni normalization.

For a fixed meromorphic s, write fb(ui) =
∑

k≥−Pi
cb,kuk

i for some Pi ∈ N, uniformly over the
finite basis Bi. Then [uNin

i ]fb = 0 if Nin < −Pi. For each fixed w ∈Mi, lower truncation gives
bnw = 0 for n≫ 0. Thus each inner sum in (3.10) is finite on w; the external tensor has finitely
many factors. The coefficients vary algebraically over S, giving an OS-linear action on local
relative sections.

For a prescribed pure mode, form uNin
i ιxi(b) dxi on the punctured root disk. The inverse

gauge of Lemma 3.8, including the Jacobian and every lower-weight term, has Laurent entries;
hence this germ has a finite pole order in the ordinary cover frame. Its inertia condition is the
congruence already verified. Conversely, a stabilizer-invariant finite jet at Q̃i extends by deck
transport to an H-invariant jet on the whole orbit. The assertion that this jet is the germ of a
global meromorphic current requires the cohomological lifting of Lemma 3.13, not merely the
local gauge. The gauge’s fixed Laurent bound also controls the number of regular cover jets
needed to detect the base-frame negative part, independently of n.

Under a special-coordinate change ρ, the state-current gauge, its differential Jacobian and
the module action RMi,hi

(ρ) satisfy (3.7). Taking residues gives the conjugate action in the
changed module frame; the scalar lowest-weight shift cancels in this conjugation. For h ∈ H, the
pullback module ThMi has YThMi(hb, xi) = YMi(b, xi), while the distinguished root and state are
transported by h. Thus the local normalized residues are preserved by deck transport, including
the root rotations. The coordinate covariance agrees with [14, Sections 4–6]. □

If a nodal family is identified on its generic fiber with the chosen framed cover, the finite
coordinate bundle and the local actions agree under this identification, by base change of the
associated bundle and the prescribed root and physical-coordinate identifications. This statement
is confined to the generic smooth fiber ; it makes no assertion about an extension of the residue
action across a node.
Lemma 3.13. Let Q̃i be the distinguished lifts of Definition 3.11. Henceforth, when discussing
H-invariant divisors, write

Qi :=
∑

h∈H/Ii

hQ̃i, Q :=
∑

i

Qi, F := FE .

Thus Qi now denotes the reduced full orbit divisor, not its distinguished point Q̃i. There exists
m ∈ N, locally on S and independent of i and n ∈ N, such that, with D = mQ,

(3.12)
(
p∗F(D + nQi)

)H
↠
(
p∗(F(D + nQi)/F(D))

)H (i, n ≥ 0).

Moreover, the modes arising from local expansions of sections of F(D) at the marked orbits have
a common upper bound on conformal degree.
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Proof. For every marking i, ramification of order Ni = |Ii| gives the Cartier-divisor identity
NiQi = π∗({xi = 0} × S

)
. Since OP1×S({xi = 0} × S) is relatively ample and π is finite,

OC(NiQi) is p-ample. Hence OC(Qi), and therefore OC(Q), is p-ample. As p is proper, S is
Noetherian and F is coherent, relative Serre vanishing [30, Tag 02O1] gives, after shrinking S if
necessary, R1p∗F(mQ) = 0 (m ≥ m0). Fix such an m. For every i and n ∈ N, the exact sequence
0 −→ F(D) −→ F(D + nQi) −→ F(D + nQi)/F(D) −→ 0 has the same left-hand term F(D).
Its pushforward is therefore surjective onto the principal-part quotient for all i, n. Each divisor is
H-invariant; since |H| ∈ C×, averaging |H|−1∑

h∈H h is an exact projector. This proves (3.12).
The quotient is supported on nQi, which is finite over S, and is locally free as an OS-module
after pushforward because Qi is a disjoint union of sections and F is locally free there.

For the uniform degree bound, fix the finite Laurent state-current gauges from Lemma 3.8.
The divisor D gives, at every i, a common Pi ∈ N such that every base-frame coefficient of
a section of F(D) lies in u−Pi

i OS [[ui]]. Formula (3.10) then permits only n ≥ −Pi/Ni; for
b ∈ Bi, the corresponding mode has degree wt(b)− n− 1. Hence deg(bn) ≤ wt(b) + Pi/Ni − 1 ≤
maxc∈Bi wt(c)+Pi/Ni−1. The maximum over the finitely many marked orbits yields the required
common bound, including every nonprimary lower-weight gauge term. □

For an invariant meromorphic one-form η on the smooth cover, put

Resbase
i η := 1

Ni
Res

Q̃i
η.

Its residues are constant on the H-orbit of Q̃i, and |HQ̃i| = |H|/Ni. Consequently∑
q∈HQ̃i

Resq η = |H|
Ni

Res
Q̃i

η = |H|Resbase
i η.

If η has no poles outside these finitely many orbits, the residue theorem on the smooth proper
cover yields

∑
i Resbase

i η = 0.

3.3. Finite generation and the ramified stress tensor. Let T =
⊗m

i=0 Mi be the external
tensor of Section 2.1, T = OS⊗CT , and R(s) =

∑
i Ri(s) the normalized action of Definition 3.11.

Define the seed Ward submodule

JE :=
∑

s∈(p∗F(∗Q))H

OS R(s)T ⊆ T , F(∗Q) := lim−→
r≥0
F(rQ).

Here the sum and the notation for relative sections are understood locally on the smooth framed
chart S; Q =

∑
i Qi is the reduced full-orbit divisor of Lemma 3.13. Every section occurring in

the sum has a finite pole bound, and R(s)w is a finite sum for each w ∈ T by Proposition 3.12.

Proposition 3.14. The OS-module T /JE is of finite type. More precisely, locally on S it is
generated by the images of

⊗m
i=0 KR,N (Mi) for a common choice of R, N ∈ Z as in Lemma 3.2.

Proof. Fix A = mQ as in Lemma 3.13; in particular R1p∗F(A) = 0. By its degree estimate,
there is C0 ∈ Z such that, at every marked orbit, any nonzero mode cν occurring in the local
residue of a section of F(A) satisfies

(3.13) deg(cν) := wt(c)− ν − 1 ≤ C0, c ∈ Bi, ν ∈ rc/Ni + Z.

The bound is uniform in the section, the marked orbit and the external tensor on which its
residue is evaluated. It incorporates all terms of the finite state-coordinate gauge, including
L(j)c and 1.

For each i, let Bgi and αb be those of (3.2). Since
⋃

i Bgi is finite, choose R ∈ Z so that
∆i(b, n) := wt(b)− αb + n− 1 > C0, i = 0, . . . , m, b ∈ Bgi , n ≥ R. Fix i, b, n as above and write
µ = αb − n, ∆∗ = wt(b)− µ− 1. At Q̃i prescribe the invariant Laurent germ

sloc
i,b,µ = uNiµ

i ιxi(b) dxi, Niµ ∈ Z, Niµ ≡ rb (mod Ni).
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By Lemma 3.8 and Proposition 3.12, this germ has finite pole order in the ordinary cover frame.
For some r ≥ 0 its class modulo F(A) thus determines an inertia-invariant principal part in
F(A + rQi)/F(A). Extend this class to the whole H-orbit by deck transport and prescribe
zero at the other marked orbits. Work on one fixed affine open of S on which the common
divisor A and its cohomology vanishing have been chosen. The pushforwards in (3.12) are
quasi-coherent, so taking sections over this affine open preserves that surjection for every r.
Thus no sequence of mode-dependent shrinkings is needed. It gives a global invariant section
si,b,µ ∈ Γ(C/S,F(A + rQi))H with this principal part. In the distinguished root frames,

(3.14) Ri(si,b,µ) = bµ + Ui, Rj(si,b,µ) = Uj (j ̸= i),

where each Uj is a locally finite sum of modes cν satisfying deg(cν) ≤ C0. Indeed, subtraction of
sloc

i,b,µ at i, and of zero at j ̸= i, has germ in F(A); the uniform bound (3.13) applies. Formula
(3.11) fixes the coefficient of bµ to be 1. These identities are identities of operators on individual
module vectors, not assertions of finite sums in the unrestricted mode algebra.

Choose N ≥ max(R− 1, maxi,u Lu) and a homogeneous PBW tensor w =
⊗

j wj in the fixed
spanning families (3.2) with some depth n1 ≥ R. Because the depths are nonincreasing, we may
choose such a factor i with wi = bαb−n1vi, vi = b2

α2−n2 · · · b
s
αs−ns

u, where s ≥ 1 (and the empty
tail is u). Put v =

⊗
j ̸=i wj ⊗ vi with its factors restored to their original order. Then w = b

(i)
µ v

and ε(w) = ε(v) + D∆∗, where D ∈ Z>0 is the common weight denominator in the definition of
ε in Section 2.1. Applying the seed relation R(si,b,µ)v ≡ 0 (mod JE) and (3.14) gives

(3.15) 1⊗ w ≡ −
m∑

j=0
U

(j)
j v (mod JE), ε(c(j)

ν v)− ε(w) = D
(
deg(cν)−∆∗

)
< 0

for each nonzero homogeneous mode summand cν of Uj . For a fixed v, the sum in (3.15) is finite
by lower truncation, and its coefficients lie in OS locally. Since D∆∗, D deg(cν) ∈ Z, the strict
inequality applies to the integer-valued energy ε ≥ 0. Thus (3.15) verifies precisely (3.3), and
Lemmas 3.3 and 3.2 give finite local generators. The finitely many simple external blocks are
treated with a common maximum of the bounds and thresholds. □

Lemma 3.15. Let W1 ∈ Cg, W2 ∈ Ch, W3 ∈ Cgh be ordinary, let Y have type
( W3

W1 W2

)
and

satisfy Definition 2.3, and fix z ∈ C∗ and the logarithmic branch used by Y. For homogeneous
w1 ∈ W1, w2 ∈ W2 and w′

3 ∈ W ′
3, the single-V insertion matrix coefficients determine, on the

framed connected H-cover of (P1; z, 0,∞), H = ⟨g, h⟩, a meromorphic H-invariant dual section
of VE, where FE = VE ⊗ ωC/S. Its only possible poles lie above z, 0 and ∞; its three local germs
are given by the W1-, W2- and contragredient W ′

3-twisted vertex operators, respectively.

Proof. Set gz = g, g0 = h and g∞ = (gh)−1, so that gzg0g∞ = 1 in (2.15). Use the based paths
obtained from the preferred three germs in [10, Definition 2.8], with this input order. By their
two-point duality and analytic continuation, for u ∈ V the three coefficient expansions

F∞(x; u) = ⟨w′
3, Y gh

W3
(u, x)Y(w1, z)w2⟩,

F0(x; u) = ⟨w′
3,Y(w1, z)Y h

W2(u, x)w2⟩,
Fz(x; u) = ⟨w′

3,Y(Y g
W1

(u, x− z)w1, z)w2⟩

represent branches of the same multivalued holomorphic function on P1\{0, z,∞}. Its continuation
around a positive local meridian at a ∈ {z, 0,∞} acts on the inserted state by g−1

a , with the
right-continuation and root conventions of [10, Section 2]; at ∞ this meridian is clockwise in
the affine coordinate x. Hence the state monodromy factors through H. The framed H-cover
constructed in Lemma 3.4 trivializes this monodromy (with the matching base paths and chosen
lifts), and the continuation relations give its deck-equivariant transition rule.

For a homogeneous basis u ∈ E, the resulting functions are holomorphic on the punctured cover.
The finite AutO-representation on E (Lemma 3.1) and the state-field coordinate covariance of
[14, Sections 3–5] identify their transition matrices with those of the dual state bundle. Thus
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they give a holomorphic H-invariant section of V ∨
E away from the marked orbits; no assertion is

made here for the full infinite-dimensional state bundle.
At 0 and z, F0 and Fz have finite negative power bounds in the corresponding root coordinates

by lower truncation of the two input twisted vertex operators, together with the convergence in
[10, Definition 2.8]. At ∞, use s = x−1 and the opposite-vertex formula (2.2):

⟨Y (gh)−1

W ′
3

(u, s)w′
3, w3⟩ = ⟨w′

3, Y gh
W3

(
esL(1)(−s−2)L(0)u, s−1)w3⟩.

For u ∈ Vd, the inserted state on the right equals (−1)ds−2d∑d
j=0

sj

j! L(1)ju, so the sum is finite;
here L(1)d+1u = 0. Lower truncation on W ′

3 bounds the pole at s = 0. Taking a maximum
over the finite homogeneous basis of E gives a common pole bound. The Laurent gauges of
Lemma 3.8 and their inverses have fixed finite pole orders, so the same conclusion holds in the
ordinary cover frames. The section extends meromorphically across all marked orbits. Since VE

is algebraic of finite rank on the smooth projective cover, GAGA [29] identifies this meromorphic
section with an algebraic meromorphic section of V ∨

E . □

Proposition 3.16. For W1, W2, W3,Y as in Lemma 3.15, the three-point functional ΦY,z(w′
3 ⊗

w1 ⊗ w2) := ⟨w′
3,Y(w1, z)w2⟩ using the fixed branch of log z, annihilates the fiber JE ⊗OS

κ(z)
on the standard framed cover at z. Here κ(z) = C.
Proof. Fix s ∈ Γ(C,F(∗Q))H and homogeneous external vectors. Let λ ∈ Γ(C, V ∨

E (∗Q))H be
the dual state section from Lemma 3.15. Since s ∈ Γ(C, VE ⊗ ωC/S(∗Q))H , the evaluation
η := ⟨λ, s⟩ is an H-invariant meromorphic one-form on the smooth proper cover C. Its poles lie
only above z, 0,∞, and its local Laurent residues, using (3.9) and the three branch germs in that
lemma, satisfy Res

Q̃i
η = Ni ΦY,z(Ri(s)w), i ∈ {z, 0,∞}. Thus the classical residue theorem,

|HQ̃i| = |H|/Ni and the exact normalization of (3.11) yield

0 = 1
|H|

∑
q∈C

Resq η =
∑

i∈{z,0,∞}

1
Ni

Res
Q̃i

η = ΦY,z(R(s)w).

For every fixed z, linearity gives ΦY,z(JE ⊗OS
κ(z)) = 0; the identity varies holomorphically on

each chosen branch domain. The use of the residue theorem is restricted to this smooth proper
finite cover and finite-rank FE , as in [14, Sections 5–6]. □

For z = f(t) = tN on the punctured root disk t ≠ 0, define Tz(z) = Y (ω, z) and let Tt(t)
denote its coordinate transform, with

Tt(t) = (f ′(t))2Tz(f(t)) + cV

12 {f, t}, {f, t} = f ′′′(t)
f ′(t) −

3
2

(
f ′′(t)
f ′(t)

)2
= 1−N2

2t2 .

The corresponding unnormalized pullback of zrTz(z) dz is

f rTz(f) df = f r

f ′

(
Tt −

cV

12 {f, t}
)

dt

= 1
N

tNr−N+1Tt(t) dt + cV (N2 − 1)
24N

tNr−N−1 dt.(3.16)

The second term is scalar and corresponds to the vacuum component 1 ∈ E: indeed, L(2)ω = cV
2 1.

It has a residue only when r = 1, in which case the unnormalized Schwarzian residue is
cV (N2 − 1)/(24N). When the normalized local action (3.9) is used, its additional factor 1/N
must also be applied. Equation (3.16) is a coordinate identity on t ≠ 0; it is not an invertible
change of formal coordinate at t = 0 for N > 1.

3.4. The differential quotient and horizontal channel functionals. Let U ⊂ S be a smooth
framed configuration chart, A = OS(U), and T (U) = A ⊗C T . Write Di = LMi(−1)(i), with
Di = 0 for fixed output coordinates, and use the placement connection (2.19). For δ, γ ∈ DerC(A),

[Di, Dj ] = 0, [∇δ,∇γ ] =
∑

i∈Imov

(
δγ(zi)− γδ(zi)

)
Di + [δ, γ] = ∇[δ,γ].
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The last equality uses the action of [δ, γ] on the scalar coefficients. It remains valid after pullback
to the finite étale framed Hurwitz chart. Under a change of physical module frame e′ = eB,
∇′ = B−1∇B; the residue covariance of Proposition 3.12 identifies the transformed seed Ward
relations. Thus the constructions below are compatible on overlaps where the stated frame
changes are defined.

Definition 3.17. For the seed Ward module JE of Section 3.3, define

(3.17) Jdiff :=
∑
r≥0

∑
δ1,...,δr∈DerC(A)

A∇δ1 · · · ∇δrJE , Q := T /Jdiff , J diff
E := Jdiff .

Here r = 0 means JE . The formula is interpreted sheafwise on the framed atlas.

For j ∈ JE , f ∈ A, and δ, δ1, . . . , δr ∈ DerC(A),

∇δ

(
f∇δ1 · · · ∇δr j

)
= δ(f)∇δ1 · · · ∇δr j + f∇δ∇δ1 · · · ∇δr j ∈ Jdiff .

Hence ∇Jdiff ⊆ Jdiff , and Jdiff is the smallest ∇-stable A-submodule of T containing JE . In
particular, ∇ induces an integrable connection ∇ on Q.

Lemma 3.18. Let X be a smooth variety over C and let M be a coherent OX-module with an
integrable connection. Then M is locally free of finite rank. If N ⊂M is connection-stable, the
induced connection on M/N is integrable.

Proof. The first assertion is [25, Proposition 8.8]. Fix x ∈ X and put A = OX,x, Ij = Fittj(Mx).
Since A is regular Noetherian and Mx is finite over A, Mx is finitely presented. For δ ∈ DerC(A),
put Aϵ = A[ϵ]/(ϵ2) and σ0(a) = a, σδ(a) = a + ϵδ(a). The Leibniz rule gives an Aϵ-linear
isomorphism

Aϵ ⊗A,σδ
Mx

∼−→ Aϵ ⊗A,σ0 Mx, 1⊗m 7−→ 1⊗m + ϵ⊗∇δm,

with inverse obtained by replacing ϵ by −ϵ. By the base-change formula for Fitting ideals,
σδ(Ij)Aϵ = σ0(Ij)Aϵ; comparison modulo ϵ2 gives δ(Ij) ⊆ Ij . At a regular local C-algebra,(

∀δ ∈ DerC(A), δ(I) ⊆ I
)

=⇒ I ∈ {0, A}.

Indeed, if 0 ̸= I ⊊ A, choose f ∈ I of minimal positive mx-adic order. In regular local
parameters, a coordinate derivation lowers the order of the nonzero initial homogeneous form of
f , contradicting δ(f) ∈ I; characteristic zero is used here. Consequently each Ij is 0 or A. If
r = dimA/mx

(Mx/mxMx), then Fittr(Mx) = A and Fittr−1(Mx) = 0. A minimal presentation
Ap → Ar →Mx → 0 has all entries of the relation matrix in Fittr−1(Mx) = 0, so Mx ≃ Ar. For
r = 0, Nakayama’s lemma gives Mx = 0. Finally, if N is stable then(

[∇δ,∇γ ]−∇[δ,γ]
)
[m] =

[
([∇δ,∇γ ]−∇[δ,γ])m

]
= 0.

□

Theorem 3.19. The canonical Q is a finite-rank locally free OS-module with integrable connection.
Locally, it is generated by the images of the finite low-depth tensors of Proposition 3.14.

Proof. On U , Proposition 3.14 gives a finite set K ⊂ T for which∑
w∈K

A[w] = T /JE , T /JE ↠ Q.

Thus Q is coherent, since A is Noetherian. Equation (3.17) and the calculation preceding
Lemma 3.18 give an integrable quotient connection. Apply that lemma (equivalently, [25,
Proposition 8.8]) to obtain local freeness. □

For a rooted finite tree τ with typed intertwining operators Yv, let rv be its vertex displacements
and set uv = rv/rparent(v) for every nonroot vertex. After splitting any finite direct sum of
intermediate modules, fix one ordinary simple module on each internal edge e, with We =⊕

n≥0(We)he+n/Ne
and projections πe,n : We → (We)he+n/Ne

. A coefficientwise finite formal
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channel is the contraction of these operators over the πe,n, with homogeneous external vectors
and a homogeneous restricted-dual output, such that each coefficient in the independent variables
uv is a finite sum. For the ordinary modules used here this finiteness follows directly: by the
L(0)-weight identity of Lemma 2.4, the exponent of ue fixes he + n/Ne. Thus a fixed exponent
tuple fixes all internal weights; each weight space is finite dimensional, and the finite tree has
only finitely many intermediate simple summands. These are formal coefficient identities; no
convergence of the associated complex-variable series is assumed.

On a chosen algebraic channel chart, let R be a differential OS-module in which these
coefficientwise expressions are defined. One may use the corresponding branch of an iterated
Laurent-series field in the independent root ratios, adjoining the finitely many initial generalized-
power monomials. Rational coordinate functions act by their expansions, and derivations
act coefficientwise by the formal chain rule. Write ∂δ for this action of δ ∈ DerC(A); hence
∂δ(fF ) = δ(f)F + f∂δF .
Lemma 3.20. Let Φτ : T → R be the OS-linear extension of such a channel, with fixed output
puncture. Then

(3.18) ∂δΦτ (w) = Φτ (∇δw), δ ∈ DerC(A), w ∈ T .

Proof. For a vertex Y of type
( W3

W1 W2

)
, the L(−1)-derivative axiom and the Virasoro-field duality

of [10, Definition 2.8] give

∂xY(a, x) = Y(LW1(−1)a, x) = LW3(−1)Y(a, x)− Y(a, x)LW2(−1).

All L(−1) operators in this formula are those of the indicated modules. Apply the formal chain
rule to each vertex displacement. At an internal edge, the two appearances of the corresponding
L(−1) operator cancel after the homogeneous contraction. Induction on the number of vertices
gives, for a constant external state w ∈ T ,

∂δΦτ (w) =
∑

i∈Imov

δ(zi)Φτ (Diw).

Every coefficient is a finite contraction by the preceding weight argument, so the differentiation
and cancellation are coefficientwise legitimate. For f ∈ A, the Leibniz rule gives ∂δΦτ (fw) =
Φτ (δ(f)w + f

∑
i δ(zi)Diw), which is (3.18). □

Proposition 3.21. Let R be as above, and let Φ : T → R be a OS-linear formal channel
satisfying (3.18). Assume the full seed Ward identity in R:

(3.19) Φ
(
R(s)w

)
= 0 in R

(
s ∈ (p∗F(∗Q))H , w ∈ T

)
.

Then Φ(Jdiff) = 0, and it determines a horizontal section Φ ∈ Γ(Q∨ ⊗OS
R): Φ ◦ (T ↠ Q) =

Φ, ∇∨
δ Φ = 0.

Proof. By (3.19), Φ(JE) = 0. For j ∈ JE and r ≥ 0, iterating (3.18) gives

Φ(∇δ1 · · · ∇δr j) = ∂δ1 · · · ∂δr Φ(j) = 0.

Hence (3.17) implies Φ(Jdiff) = 0. By Theorem 3.19, Q is finite projective on U ; therefore

Q∨ ⊗A R
∼−→ HomA(Q, R), ℓ⊗ F 7−→

(
[w] 7→ ℓ([w])F

)
.

The induced map corresponds to Φ, and

(∇∨
δ Φ)([w]) = ∂δΦ([w])− Φ(∇δ[w]) = 0.

□

Identity (3.19) is an identity of formal series, not merely an equality at one specialized value
of the placement variables. If it has first been proved only after localizing R, its descent requires
injectivity of the localization map; otherwise the conclusion is valid only in the localized module.
The actual multi-input Ward identities used to verify (3.19) are established separately in Section 6;
they do not follow from Definition 3.17 or Theorem 3.19.



32 SHUN XU

4. Fusion rules and binary tensor products

4.1. Finite fusion and the universal binary tensor product. Let g, h ∈ G, X ∈ Cg, Y ∈ Ch,
and Sgh be the simple representatives fixed in Section 2.1. For Z ∈ Cgh put

IZ
X,Y := I

(
Z

X Y

)
, IZ

P (z),L;X,Y := IP (z),L

(
Z

X Y

)
, z ∈ C∗, eL = z.

By (2.6), evaluation evL : IZ
X,Y

∼−→ IZ
P (z),L;X,Y is a linear bijection.

Proposition 4.1. For X ∈ Cg, Y ∈ Ch, and Z ∈ Cgh, dimC IZ
X,Y <∞. More precisely, if X, Y, Z

are simple and z̃ is a framed point over (∞, z, 0), then, for T = Z ′ ⊗X ⊗ Y ,

(4.1) IZ
X,Y ↪→ HomC

(
(T /JE)⊗OS

κ(z̃),C
)
, κ(z̃) = C.

Proof. First suppose X, Y, Z are simple. For Y ∈ IZ
X,Y , put

ΦY,z̃(z′ ⊗ x⊗ y) :=
〈
z′, evL(Y)(x⊗ y)

〉
, z′ ∈ Z ′, x ∈ X, y ∈ Y.

Propositions 3.12 and 3.16 give ΦY,z̃(JE ⊗ κ(z̃)) = 0; hence (4.1) is well defined and linear. If
ΦY,z̃ = 0, then for x ∈ Xα, y ∈ Yβ, and γ ∈ wt(Z), Lemma 2.4 yields

πZ
γ Y(x, t)y = e(γ−α−β)(log t−L)πZ

γ evL(Y)(x⊗ y) = 0.

The restricted dual Z ′ =
⊕

γ Z∗
γ separates Z =

∏
γ Zγ , so Y = 0. Proposition 3.14 makes the

fiber in (4.1) finite dimensional, proving the assertion for simple modules.
For arbitrary X, Y, Z, Proposition 2.2 gives finite decompositions into ordinary simples. Pro-

jection onto, and inclusion of, the simple summands give a finite direct-sum isomorphism of
the corresponding intertwining-operator spaces; all axioms of Definition 2.3 are preserved under
these compositions. The simple case therefore implies the assertion. □

Lemma 4.2. For S, T ∈ Sg,

HomV (S, T ) ∼=
{
C, S = T,

0, S ̸= T.

Proof. For f ∈ EndV (S), choose λ ∈ wt(S) with Sλ ̸= 0. Since [f, LS(0)] = 0 and dim Sλ <∞,
there exist a ∈ C and 0 ̸= v ∈ ker(f − a id) ∩ Sλ. Simplicity gives ker(f − a id) = S, hence
f = a id. For S ̸= T , a nonzero map S → T would be an isomorphism, a contradiction. □

Theorem 4.3. For X ∈ Cg, Y ∈ Ch, define

(4.2) UX,Y :=
⊕

S∈Sgh

(IS
X,Y )∗ ⊗C S.

Then, for every (z, L) with eL = z ≠ 0, the pair (UX,Y , Iz
X,Y ) defined below is a P (z)-tensor

product in Cgh, with a natural bijection

(4.3) HomV (UX,Y , W ) ∼−→ IW
P (z),L;X,Y , f 7−→ f ◦ Iz

X,Y (W ∈ Cgh).

Moreover, (X, Y ) 7→ UX,Y extends to a bifunctor Cg × Ch → Cgh.

Proof. Write HS := IS
X,Y . By Proposition 4.1 and finiteness of Sgh, all summands of (4.2) have

finite multiplicity, so UX,Y ∈ Cgh. For each S, choose a basis (YS,a)a of HS and its dual basis
(eS,a)a of H∗

S . Set

(4.4)
Ycan

X,Y (x, t)y :=
∑

S∈Sgh

∑
a

eS,a ⊗ YS,a(x, t)y,

Iz
X,Y := evL(Ycan

X,Y ) : X ⊗ Y −→ UX,Y .
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The tensor
∑

a eS,a ⊗ YS,a is the canonical element of H∗
S ⊗HS ; thus (4.4) is basis independent.

Its sum is finite and each summand satisfies Definition 2.3; hence Ycan
X,Y ∈ I

UX,Y

X,Y and Iz
X,Y ∈

IUX,Y

P (z),L;X,Y .
Let W ∈ Cgh and put MS(W ) := HomV (S, W ). Proposition 2.2 and Lemma 4.2 give the

natural isomorphism ⊕
S∈Sgh

MS(W )⊗ S
∼−→W, m⊗ s 7−→ m(s).

By additivity of the typed intertwining-operator axioms,

(4.5)
HomV (UX,Y , W ) ∼=

⊕
S

HomC(H∗
S , MS(W ))

∼=
⊕

S

MS(W )⊗HS
∼= IW

X,Y
∼−−→

evL
IW

P (z),L;X,Y .

The middle isomorphism sends m⊗Y to m ◦ Y . On eS,a ⊗ s, the first isomorphism is induced by
the V -map f ; substitution in (4.4) shows that (4.5) sends f precisely to f ◦ Iz

X,Y . This proves
(4.3), including uniqueness and naturality in W , i.e. Definition 2.5.

For f : X → X ′ in Cg and q : Y → Y ′ in Ch, the operator Ycan
X′,Y ′ ◦ (f ⊗ q) is of type

(UX′,Y ′
X Y

)
.

The universal property gives a unique V -map f ⊠P (z) q : UX,Y → UX′,Y ′ with f ⊠P (z) q ◦ Iz
X,Y =

Iz
X′,Y ′ ◦ (f ⊗ q). Identity and composition laws follow from uniqueness. The construction uses

semisimplicity and Proposition 4.1; it does not invoke the additional existence assumptions in
[10, Section 4]. □

For different (z, L) the representing object (4.2) is unchanged, whereas its evaluation map
is (4.4) with the indicated logarithm. Write X ⊠ Y := UX,Y = X ⊠P (1) Y (log 1 = 0), and
⊠t := ⊠P (t). For z1, z2 ∈ R>0 and positive-real γ : z1 → z2, the logarithms continue within R,
and (2.8) gives Tγ = idUX,Y

. This is the positive-real normalization of [10, Section 4, parallel
transport]; for general paths, Tγ retains its winding dependence.

4.2. Operator-pair spaces and elementary structure maps. Fix g, h, k ∈ G, A ∈ Cg,
B ∈ Ch, C ∈ Ck and D ∈ Cghk. Define

PD
ABC :=

⊕
M∈Shk

I
(

D

A M

)
⊗C I

(
M

B C

)
,

IDABC :=
⊕

N∈Sgh

I
(

D

N C

)
⊗C I

(
N

A B

)
.

Proposition 4.1 and |Shk|, |Sgh| <∞ imply dimC PD
ABC , dimC IDABC <∞. Theorem 4.3, applied

twice, and the natural simple-summand decomposition of its proof give

(4.6) PD
ABC ≃ HomV (A ⊠ (B ⊠ C), D), IDABC ≃ HomV ((A ⊠ B) ⊠ C, D).

More explicitly, the first identification uses B ⊠ C =
⊕

M (IM
B,C)∗ ⊗M and

ID
A,B⊠C ≃

⊕
M

IM
B,C ⊗C ID

A,M ;

the second is obtained similarly. These are algebraic identifications of operator spaces; no
convergence of an infinite product–iterate contraction is asserted here.

For q ∈ G, X ∈ Cg and Y ∈ Ch, regard the same formal series Ycan
X,Y (x, t)y as an operator of

type (
Tq(X ⊠ Y )
TqX TqY

)
.
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Indeed, YTqW (v, t) = YW (q−1v, t), qω = ω, and each defining analytic identity for the pulled-back
operator is the corresponding identity for the original operator with vi replaced by q−1vi; see [10,
Sections 2–3]. Theorem 4.3 therefore defines the action tensorator

(4.7) Jq
X,Y : TqX ⊠ TqY

∼−−→ Tq(X ⊠ Y ), Jq
X,Y I1

TqX,TqY = I1
X,Y ,

where the right side takes values in Tq(X ⊠ Y ) on the unchanged underlying vector space.
Applying the same construction with q−1 gives (Jq

X,Y )−1 = Tq
(
Jq−1

TqX,TqY

)
. Uniqueness in (2.7)

yields
J1

X,Y = idX⊠Y , Jpq
X,Y = Tp(Jq

X,Y ) ◦ Jp
TqX,TqY (p, q ∈ G).

The unit is V ∈ C1; put jq : V → TqV , jq(v) = q−1v. Then

YTqV (u, t)jq(v) = q−1YV (u, t)v = jq(YV (u, t)v), j1 = idV , jpq = Tp(jq) ◦ jp.

In particular Tq is a strict action on the underlying categories, not a strict monoidal action with
Jq = id.

For X ∈ Cg, Y ∈ Ch, the raw crossed commutativity map is (2.10); fix the upper-half-plane
path γ : −1→ 1 specified there and put

(4.8) cX,Y := TTgY,X
γ ◦ R1

X,Y : X ⊠ Y −→ TgY ⊠ X.

Thus the positive half-exchange sends (g, h) to (ghg−1, g). The isomorphism assertion is proved
below.

Lemma 4.4. For X ∈ Cg the morphisms lX , rX of (2.9) are isomorphisms. For X ∈ Cg, Y ∈ Ch,
both R1

X,Y and cX,Y are isomorphisms.

Proof. Let Z ∈ Cg and Y ∈ I
( Z

V X

)
. By the L(−1)-derivative property,

∂tY(1, t) = Y(L(−1)1, t) = 0, fY(x) := Y(1, t)x.

The one-V duality of Definition 2.3, first with 1 and then with YV (v, s)1 = esL(−1)v, gives

fYY g
X(v, t) = Y g

Z (v, t)fY , Y(v, t)x = Y g
Z (v, t)fY(x).

The second identity also uses Y(esL(−1)v, t) = es∂tY(v, t); both identities are obtained in the
common analytic germs and then coefficientwise. Conversely, for f ∈ HomV (X, Z), Y g

Z (v, t)f(x)
is an intertwining operator of type

( Z
V X

)
, since f is a module morphism and the module vertex

operator satisfies the analytic twisted-module identities. Consequently,

I
(

Z

V X

)
∼−−→ HomV (X, Z), Y 7−→ fY , f 7−→ Y g

Z (·, t)f(·).

Together with Theorem 4.3, this is a natural bijection HomV (V ⊠ X, Z) ≃ HomV (X, Z) induced
by lX ; its inverse is induced by Y g

X , hence lX is an isomorphism.
For the right unit, the skew isomorphism [10, Theorem 3.1] has the special case

Ω+ : I
(

Z

X V

)
∼−−→ I

(
Z

V X

)
, Ω+ΓX = Y g

X ,

since the second input has twist 1 and ΓX = Ω−Y g
X . Thus I

( Z
X V

)
≃ HomV (X, Z), with

the canonical map corresponding to ΓX . The same universal argument shows that rX is an
isomorphism. No identification of TgV with V is required for this step.

Finally, put W = TgY ⊠P (−1) X. By [10, Theorem 3.1], the mutually inverse transformations
Ω+ : I

( W
TgY X

) ∼−−→ I
( W

X Y

)
, Ω− = (Ω+)−1 are well typed because Tg−1TgY = Y . Applied to the

universal P (−1)-operator and its inverse transform, they give inverse representing morphisms by
(2.7). Hence R1

X,Y is invertible. So is cX,Y , since T−1
γ = Tγ−1 by (2.8). The logarithms for both

half-turns are those of (2.5) and (2.10). □
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Lemma 4.5. For X ∈ Cg, Y ∈ Ch, the homogeneous coefficients of Ycan
X,Y span X ⊠ Y . For every

finite rooted binary tree, the iterated algebraic canonical coefficients span its representing module.
In particular, a module morphism out of either module is zero if it vanishes on all the indicated
coefficients.

Proof. Fix (z, L) and put U = X ⊠ Y . For a P (z)-product (W, I) define

λI,w′(x⊗ y) := ⟨w′, I(x⊗ y)⟩, w′ ∈W ′, Λz
X,Y := spanC{λI,w′} ⊆ (X ⊗ Y )∗,

where (W, I) ranges over the P (z)-products in Cgh. In [10, Section 4, Proposition 4.3, Theorems 4.6
and 4.8], Λz

X,Y is equipped with its (gh)−1-twisted contragredient action, and its restricted
dual represents the P (z)-product functor, provided that the stated closure and double-dual
hypotheses hold. Here they hold: Proposition 2.2 gives finite semisimplicity and finite simple
spectra, Proposition 4.1 gives finite fusion spaces, and W ′′ ≃ W for grading-restricted W by
Section 2.1. Thus uniqueness of representing objects, Theorem 4.3, and the defining pairing give
an isomorphism

(4.9) U ′ ∼−−→ Λz
X,Y , w′ 7−→

(
x⊗ y 7→ ⟨w′, Iz

X,Y (x⊗ y)⟩
)
.

In particular the displayed map is injective.
For µ ∈ wt(U), let Eµ be the linear span of πU

µ Iz
X,Y (x⊗ y) for homogeneous x ∈ X, y ∈ Y . If

Eµ ̸= Uµ, finite dimensionality gives 0 ̸= w′ ∈ U∗
µ with w′(Eµ) = 0. Extending it by zero on the

other weight spaces yields w′ ∈ U ′ whose image in (4.9) is zero, a contradiction. Hence Eµ = Uµ

for every µ. By Lemma 2.4,

πU
µ Ycan

X,Y (x, t)y = e(µ−wt(x)−wt(y))(log t−L)πU
µ Iz

X,Y (x⊗ y).

Therefore the formal homogeneous coefficients span U .
For a finite rooted binary tree, interpret an iterated algebraic coefficient as follows: choose

a homogeneous output coefficient at each internal vertex and apply the next binary operator
to the resulting homogeneous vectors. Every selected coefficient is a finite algebraic vector; no
infinite internal-weight sum is taken. The claim follows by induction on the number of internal
vertices. If the two subtree coefficient sets span A and B, bilinearity expresses each homogeneous
coefficient of the canonical operator A⊗B → (A⊠B){t} as a finite linear combination of full-tree
coefficients. The binary case shows that these span A ⊠ B. Finally, a linear map vanishing on a
spanning set is zero. □

5. Regularity of the canonical differential quotient

5.1. Actual covers at the boundary. Let U = Fm(C∗) and let S → U be a connected
component of the finite framed Hurwitz cover of Definition 3.11. Write K(S) for its function
field. All boundary valuations below are divisorial valuations in characteristic zero.

Definition 5.1. For A ⊆ {1, . . . , m}, put ∆A = {pi = pj : i, j ∈ A} for |A| ≥ 2, and
∆a,A = {pi = a : i ∈ A} for a ∈ {0,∞} and A ̸= ∅. Let

G = {∆A : |A| ≥ 2} ∪ {∆0,A, ∆∞,A : A ̸= ∅} ⊆ (P1)m.

The equations are interpreted in the appropriate affine coordinate near 0 or ∞. Nonempty
intersections are indexed by disjoint maximal equality blocks, each with at most one anchor in
{0,∞}. The minimal members of G containing such an intersection impose independent linear
equations in these local coordinates; hence G is a building set in the sense of [27, Definition 2.1
and Theorems 1.2–1.3]. Let U cl be the iterated blow-up of members of G of codimension at least
two in an inclusion-compatible order. The divisorial members of G are retained as boundary
divisors. The cited wonderful-compactification theorem gives

U cl smooth and proper, U cl \ U a simple normal crossing divisor.

Set Scl = NormK(S)(U cl), the normalization in K(S).
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Write U = U cl and S = Scl throughout this section.

Lemma 5.2. Let D ⊆ U \ U be a boundary prime divisor and L = C(D). On a dense open of
D, a transversal has completed base L[[q]] and one of the following forms, after extending L if
necessary:

(i) pi = z∗ + qξi for i ∈ A, where A is a free finite cluster (|A| ≥ 2) or a cluster anchored at 0
(z∗ = 0). The ξi are pairwise distinct; in the anchored case the fixed marking has ξ0 = 0
and ξi ̸= 0 for moving markings.

(ii) pi = q−1ξi for i ∈ A, where A is anchored at ∞, with distinct ξi ∈ L×. Put s = z−1,
ξ = qz and η = ξ−1; then s = qη.

All other markings have distinct, nonspecial limits. Blowing up the coarse total curve at the
collision produces a two-component nodal family with local equation xy = q. Each component
meets an original marked section (among 0,∞, p1, . . . , pm). Under q = te the node has equation
xy = te.

Proof. At the generic point of D exactly one cluster divisor occurs. For a finite cluster take
the nonzero collision scale q and ξ = (z − z∗)/q; near the node use x = z − z∗ and y = ξ−1, so
xy = q. For an infinity cluster perform the construction in si = p−1

i ; near its node use x = s
and y = ξ = qz, again giving xy = q. At the generic point the nonzero cluster ratios and their
pairwise differences are units. A free cluster contains at least two moving markings; an anchored
cluster contains its fixed marking and at least one moving marking. Its complement contains
the other fixed marking. Thus both components meet the original marked divisor. Base change
q = te gives the final equation. □

Lemma 5.3. For ν : S → U , every codimension-one point η ∈ S \ S maps to a codimension-one
point of U \ U . Moreover, OS,η is a DVR and ν−1(U) ≃ S.

Proof. The normalization is finite because U is a variety over C [30, Tag 0BXR]. Both varieties
have dimension m; for the finite dominant morphism ν, the image of an irreducible closed set
has the same dimension. Thus a prime divisor maps to a prime divisor, and normality makes its
height-one local ring a DVR. The finite normal cover S → U is the normalization of U in K(S);
uniqueness of integral closure gives ν−1(U) ∼= S. □

Lemma 5.4. Let char L = 0 and let K ′/L((q)) be a finite extension with its q-adic valuation.
After a further finite extension, there exist a finite extension L′′/L, a uniformizer t, and e ≥ 1
such that OK′′ = L′′[[t]], q = te, (t∂t)|L′′ = 0. If L = C((s)), after a further finite coefficient-field
extension there is a uniformizer z with s = zf , f ≥ 1.

Proof. The complete discretely valued field K ′ has a finite separable residue-field extension L′/L.
Lift a primitive element of L′/L by Hensel’s lemma applied to its separable minimal polynomial
over L ⊂ L[[q]]. Thus L′ ⊂ OK′ and OK′ ≃ L′[[π]] for a uniformizer π. Write q = πeϵ(π) with
ϵ(π) ∈ L′[[π]]×. After adjoining an eth root of ϵ(0), the binomial series supplies ϵ(π)1/e ∈ L′′[[π]]×.
Set t = πϵ(π)1/e; then q = te, and the inverse formal coordinate change gives OK′′ = L′′[[t]].
Since L′′ is the chosen coefficient field, t∂t vanishes on L′′. If L = C((s)), the same argument
for the finite extension L′′/C((s)) gives s = zf (the residue field is C). Further integral powers
of t, z may clear a finite collection of rational relative-weight denominators; arbitrary complex
lowest weights remain formal monomial factors, not integral powers. □

Lemma 5.5. Let ηS be a codimension-one boundary point of S lying above a boundary point ηU

of U , and put R = ÔS,ηS
, K = Frac(R). Let Cη → P1

K be the pullback of the actual connected
framed H-cover of Definition 3.11 along Spec K → S. The coarse family is the base change
of the family in Lemma 5.2 along the finite extension of completed boundary DVRs. After a
finite DVR extension R ⊂ R′, there is an admissible H-cover C → X with X/R′ the prescribed
two-component coarse family, C/R′ projective and nodal, and C ×R′ Spec K ′ ∼= Cη ⊗K K ′, where
K ′ = Frac(R′). Every irreducible component of C0 meets the inverse image of an original marked
section. The generic H-action, inertia and framing are preserved under the chosen generic-fiber
identification.
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Proof. Write Σ for the divisor of original markings. If a component of the coarse special fiber
has fewer than three special points, add disjoint auxiliary sections in the relative smooth locus,
generically avoiding the branch locus of Cη; their inertia is trivial. After this stabilization
(X, Σst)/R is a stable pointed family, and the generic framed cover, branched only at the original
markings, defines a representable twisted H-cover of its smooth generic fiber.

The balanced twisted-cover stack is proper over the stack of stable pointed curves [2, Corol-
lary 3.0.5]. Its valuative criterion, after a finite DVR extension, yields a balanced twisted H-cover
whose coarse pointed curve is the specified stabilized family. The equivalence with admissible
H-covers is [2, Theorem 4.3.2]; the source is projective and nodal by [2, Lemma 2.2.1]. Forgetting
the auxiliary markings does not alter X or the cover, and the original marking divisor Σ remains
distinguished from the auxiliary divisor.

The admissible map C0 → X0 is finite, and each irreducible component of C0 maps onto an
irreducible component of X0. Every coarse component meets Σ0 by Lemma 5.2, hence so does
every source component. At each marked orbit the admissible local form, in suitable completed
root coordinates, is x = uNi with Ni = |Ii|; its source point is smooth over R′. The marking lifts
of the generic framed object extend, after a further finite DVR extension, through their finite
proper preimage schemes. The isomorphism on the generic fiber is part of the extension data; it
does not assert a canonical trivialization of the special fiber. □

Lemma 5.6. Let R be an excellent characteristic-zero DVR and p : C → Spec R a flat nodal-curve
family of finite type with smooth generic fiber. Then the total space C is normal (componentwise
if disconnected). The assertion remains true after any finite extension of DVRs.

Proof. At a point of the relative smooth locus the total space is regular. At a closed source
node, after an étale extension splitting the node, its complete local ring has the form ÔC,x ≃
R̂′[[u, v]]/(uv − c), 0 ̸= c ∈ mR′ , by [30, Tag 0H8M]. The generic fiber is smooth, so c ̸= 0;
writing c = ϵta and rescaling one variable reduces to uv = ta with a ≥ 1. This hypersurface
is Cohen–Macaulay, hence satisfies (S2). Its only possible nonregular point is the closed node
u = v = t = 0 (of codimension two); consequently it satisfies (R1). By Serre’s criterion it is
normal. Excellence and faithful flatness of completion allow descent of normality to the local
ring. The same argument applies after finite DVR base change. In particular, uv = ta for a > 1
is generally singular but normal; cf. [30, Tag 0CDC]. □

Lemma 5.7. In the setting of Lemma 5.6, put U = Csm
/R and j : U ↪→ C. For every finite-rank

vector bundle F ◦ on U , F = j∗F ◦ is the unique coherent reflexive extension of F ◦ to C; it is R-flat
and restricts to F ◦ on U . An H-linearization of F ◦ extends uniquely to F . No local freeness of
F at a source node is asserted. After any finite DVR base change the same construction applies
on the new normal total space to the pulled-back bundle on its relative smooth locus.

Proof. The closed complement C \ U consists of finitely many special-fiber nodes, each of
codimension two in the normal total surface. On each integral component, the depth at these
points is at least two. Thus the extension theorem for reflexive sheaves [30, Tag 0EBJ] gives

F = j∗F ◦, F ≃ F ∨∨, j∗F ≃ F ◦.

Normality implies F is torsion-free. Since all components of C dominate Spec R and C/R is flat,
the DVR uniformizer is a non-zero-divisor on F . Thus F is torsion-free as an R-module and
hence R-flat. The same uniqueness extends H-linearization maps and their cocycle identities.
For R → R′, apply Lemma 5.6 to CR′ and repeat the reflexive-extension construction there.
This construction is not asserted to commute with arbitrary base change across nodes; for the
canonical coordinate bundle its restriction to the relative smooth locus is the ordinary base
change of the associated bundle by Lemma 3.9. □

5.2. Integral currents and a weighted logarithmic lattice.

Lemma 5.8. Let O be a DVR with |H| ∈ O×, and let p : C → Spec O be a projective, flat
family of nodal curves equipped with an O-linear action of the finite group H. Let F be an
H-equivariant coherent OC-module. Suppose that Q1, . . . , Qs are pairwise disjoint, H-invariant,
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effective Cartier divisors, finite and flat over O, contained in the relative smooth locus, and that
F is locally free near Q =

∑
i Qi. For each geometric irreducible component Cα of the closed

fiber, assume deg
(
OC(Q)|Cα

)
> 0. Then there is an m ≥ 0, independent of i and n, such that,

with D = mQ, for all i and n ≥ 0, H0(C, F (D + nQi)
)H

↠ H0(C, F (D + nQi)/F (D)
)H .

Proof. By the componentwise degree criterion [30, Tag 0AYQ, Lemma 33.44.15], OC(Q) is ample
on the geometric closed fiber and hence p-ample over the DVR. Relative Serre vanishing [30,
Tag 02O1] gives m0 ≥ 0 such that

R1p∗F (mQ) = 0 (m ≥ m0).

Since Spec O is affine, H1(C, F (mQ)) = 0. For D = mQ, local freeness of F along Qi gives, for
every n ≥ 0, the exact sequence

0 −→ F (D) −→ F (D + nQi) −→ F (D + nQi)/F (D) −→ 0.

Indeed the inclusion is an isomorphism off Qi and is multiplication by a non-zero-divisor in a
local trivialization near Qi. The cohomology sequence therefore yields the asserted surjection
before invariants. As |H| ∈ O×, the Reynolds projector

AvH = |H|−1 ∑
h∈H

h

shows that (·)H is exact on O[H]-modules. Thus the surjection remains surjective after taking
invariants. For an H-orbit of markings, a stabilizer-invariant jet at one lift specifies an H-invariant
jet on the complete orbit, to which the same surjection applies. □

For b ∈ Vd homogeneous and z − z∗ = qξ, the scaling part of the state-field covariance gives

(5.1) ξnYξ(b, ξ) dξ = qd−n−1(z − z∗)nYz(b, z) dz, ∆ = d− n− 1.

Here n is an allowed mode index (possibly fractional in a chosen twisted root coordinate); the
powers are interpreted on the chosen finite ramified base. The residue mode has conformal-weight
shift ∆, and its physical coefficient is q∆. The L(0)-homogeneity used here concerns the state b;
relative module weights enter only through the corresponding mode indices. Apply the identity
to each homogeneous summand of a finite Laurent coordinate gauge, without identifying the full
gauge with a scalar dilation.

Lemma 5.9. Let O = L[[t]], K = L((t)), and let (QK ,∇) be a finite-dimensional differential
module over K arising from a finite tensor product of ordinary twisted-module blocks as in
Lemma 3.3. Fix R, N and the homogeneous PBW spanning families WN (Mi) of that lemma.
Choose u1, . . . , uℓ as a basis of

⊗
i KR,N (Mi) homogeneous in the individual external weights.

Let ν be an integer-valued function of this external weight tuple. Thus ν is unchanged by every
weight-homogeneous PBW rewrite. Suppose that every PBW tensor w containing a leftmost mode
of depth ≥ R admits a finite relation in QK ,

(5.2) [w] =
∑

b

cb[wb], ε(wb) < ε(w), vt(cb) ≥ ν(wb)− ν(w),

with cb ∈ K. Suppose moreover that for every such homogeneous PBW tensor, including the
low-depth tensors,

(5.3) ∇t∂t [w] =
∑

a

da[wa], vt(da) ≥ ν(wa)− ν(w),

where each sum is finite and da ∈ K. Then every homogeneous PBW tensor w has a finite
expansion

(5.4) [w] =
ℓ∑

j=1
aj [uj ], vt(aj) ≥ ν(uj)− ν(w),
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and

(5.5) Lν =
ℓ∑

j=1
O tν(uj)[uj ], tν(w)[w] ∈ Lν , ∇t∂tLν ⊆ Lν .

Thus Lν is a finite free full O-lattice in QK ; no lower bound on ν is required.

Proof. Apply strong induction on ε(w) ∈ N. For a low-depth word, expand it in the uj of
the same external weight tuple; the coefficients lie in C and have valuation 0, while all terms
have the same ν. Otherwise apply (5.2) and expand each wb in the fixed PBW families.
Each term has the same energy and ν as wb; therefore the induction hypothesis applies and
vt(cbabj) ≥ ν(wb) − ν(w) + ν(uj) − ν(wb) = ν(uj) − ν(w). The non-Archimedean valuation
inequality preserves this bound after summing over b, proving (5.4) and the membership in (5.5).
The classes [uj ] span QK by Lemma 3.3; thus KLν = QK . As a finitely generated O-submodule
of a K-vector space, Lν is torsion-free, hence free over the DVR O. For any homogeneous w,

∇t∂t

(
tν(w)[w]

)
= ν(w)tν(w)[w] +

∑
a

tν(w)−ν(wa)da tν(wa)[wa] ∈ Lν ,

by (5.3) and the membership already proved. Taking w = uj gives stability of the finite generating
set and hence of Lν . □

Lemma 5.10. Let K0 = L0((q)) with char L0 = 0, and let K/K0 be a finite field extension. If a
finite-dimensional differential module (M,∇) over K0 becomes regular singular over K, then it
is regular singular over K0.

Proof. Put O0 = L0[[q]], let OK be its integral closure in K, and set δ = q∂q. The extension is
finite separable, OK is a finite DVR over O0, and δ extends uniquely to K. In equicharacteristic
zero this extension is logarithmic: δ(OK) ⊆ OK . Indeed, after a finite extension of the residue-
field constants, q = u(t)te with u(t) ∈ L[[t]]×, and δ(t)/t =

(
e + t u′(t)/u(t)

)−1 ∈ O×
K . Regular

singularity over K therefore supplies a full OK-lattice Λ ⊂ MK = M ⊗K0 K with ∇δΛ ⊆ Λ.
Define the K0-linear map

TrM = idM ⊗TrK/K0 : MK →M, Λ0 = TrM (Λ).

Since Λ is finite over OK and OK is finite over O0, Λ0 is a finite O0-module. It is torsion-free
and spans M over K0, because TrK/K0 ̸= 0 for a finite separable extension. Moreover the trace
commutes with the unique extension of δ:

∇δ TrM (x) = TrM (∇δx), ∇δΛ0 ⊆ Λ0.

Hence Λ0 is a full logarithmically stable O0-lattice, which is the formal regular-singular lattice
criterion [5, Chapter II]. □

Theorem 5.11. Let S be the framed Hurwitz chart of Lemma 3.4, Q the finite locally free
differential Ward quotient of Theorem 3.19, and ∇ its algebraic integrable connection. Then
(Q,∇) is regular singular. For a smooth proper compactification S̃ with normal-crossing boundary,
it admits an algebraic logarithmic extension on S̃.

Proof. Write U = Fm(C∗), let U be the wonderful model of Definition 5.1, and set S =
NormK(S)(U). By [27, Theorems 1.2–1.3] and Lemmas 5.2 and 5.3, S is normal and proper, and
the codimension-one points of S \ S lie over precisely the free finite, 0-anchored and ∞-anchored
cluster divisors. The possible intersections of cluster divisors have codimension ≥ 2 on U and do
not constitute additional boundary primes. We prove regularity at every boundary prime of S.

Fix such a prime η, put

O0 = ÔS,η, K0 = Frac(O0), (M0,∇) = QηS ⊗K(S) K0.

Here ηS is the generic point of S; the tensor product is taken using K(S) ↪→ K0. Lemmas 5.5
and 5.4 give, after a finite extension of complete DVRs, O = L[[t]] ⊃ O0, q = te, e ≥ 1, with
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δ = t∂t and δ|L = 0, together with an extension of the actual generic framed H-cover to a
projective nodal admissible H-cover p : C → Spec O. Here L includes the tangential generic
parameters, which are δ-constant. Every irreducible component of C0 meets an original marked
orbit. In particular, if Pi denotes the reduced complete H-orbit of the ith extended marking and
P =

∑
i Pi, then

deg(OC(P )|Cα) > 0 (Cα ⊂ C0 geometrically irreducible).

The Pi are disjoint invariant Cartier divisors in the relative smooth locus. Since char L = 0,
|H| ∈ O×.

Let F ◦ be the finite state-current bundle of Lemma 3.9 on Csm
/O and put F = j∗F ◦, with

j : Csm
/O ↪→ C. By Lemmas 5.6 and 5.7, F is a coherent H-equivariant reflexive sheaf, O-flat and

locally free near P . Apply Lemma 5.8 to Qi = Pi, Q = P , and F . There is an m ≥ 0 for which

(5.6) Γ(C, F (mP + nPi))H ↠ Γ
(
C, F (mP + nPi)/F (mP )

)H (i, n ≥ 0).

This is a statement about the extended integral current sheaf ; no regular-singular property of
M0 has been used.

Choose component coordinates at the marked sections. The physical coarse coordinates xi,phys
and their component coordinates xi,comp satisfy
(5.7)

xi,phys = qaixi,comp,

boundary ai (i an input) a0 (output at ∞)
free finite cluster A 1 (i ∈ A), 0 (i /∈ A) 0

0-anchored cluster A 1 (i ∈ A), 0 (i /∈ A) 0
∞-anchored cluster A −1 (i ∈ A), 0 (i /∈ A) 1

with ai ∈ {−1, 0, 1}. In the second row the fixed input at 0 also has ai = 1; in the third row
the component output coordinate is s/q, where s = z−1. These are centered coordinates: for
an escaping input xi,comp = q(z − pi), while for a finite bubble input xi,comp = (z − pi)/q. After
further finite ramification, eai/Ni ∈ Z for each inertia order Ni. Choose the component roots
with the phases inherited from the fixed generic framing. The identities

xi,comp = uNi
i,comp, ui,phys = teai/Niui,comp

then hold on the generic marked formal disks. In particular, they have no extra t-dependent
unit. When ai < 0, only the component root is asserted to be integral over O.

We verify both hypotheses of Lemma 5.9. Use the fixed finite L(j)-stable state space E and
the fixed homogeneous representatives Bgi of (3.2). The full state-current coordinate matrices
and their inverses at Pi are integral in component root coordinates by Lemma 3.9; their Laurent
root orders are bounded by constants depending on E and Ni, not on the prescribed mode depth.
Consequently there is a common C0 ∈ Z such that for any s ∈ Γ(C, F (mP )) and every nonzero
homogeneous mode bµ occurring in its component-coordinate residue, ∆(bµ) := wt b−µ− 1 ≤ C0.
Indeed, near Pi the fixed pole bound of F (mP ) and the finite Laurent bounds of its two frame
changes bound the negative powers of ui,comp; the corresponding mode degree tends to −∞ as the
root exponent increases. All coefficients of these modes belong to O. The bound is independent
of s, i and the external tensor on which its residue is evaluated.

Choose R so that ∆∗ := wt b − αb + n − 1 > max{0, C0} (b ∈ Bgi , n ≥ R, all i). Fix a
high-depth mode bαb−n at orbit Pi. Its pure component-coordinate current gives an invariant
principal part modulo F (mP ) on Pi, with zero principal parts at every other Pj ; the inertia
eigenvalue condition of Definition 3.11 is satisfied. For a sufficiently large k (depending on n),
(5.6) lifts this principal part to si,b,n ∈ Γ(C, F (mP + kPi))H . The normalized residue formula of
Proposition 3.12 gives, in component coordinates, Ri(si,b,n) = bαb−n + Ui, Rj(si,b,n) = Uj (j ̸= i),
where each homogeneous mode term b′

µ′ of each Uj obeys ∆′ = wt b′ − µ′ − 1 ≤ C0 and has a
coefficient βj,b′,µ′(t) ∈ O. The coefficient of the target mode is 1 by the 1/Ni normalized orbit
residue. The series Uj act by finite sums on each fixed tensor, by lower truncation; no uniformly
finite sum of operators on the whole module is claimed. The generic fiber of si,b,n is an invariant



G-CROSSED TENSOR CATEGORIES 41

meromorphic current on the original cover; therefore its Ward relation vanishes in M0 ⊗K0 K, by
the definition of the differential quotient.

Fix a homogeneous PBW tensor w = b
(i)
αb−nv with the leftmost high-depth factor removed,

as in the proof of Proposition 3.14. The current relation in the differential quotient, first in
component frames and then in the physical frames (5.7), gives

(5.8) [w] =
∑

j,b′,µ′

cj,b′,µ′(t)[b′(j)
µ′ v], cj,b′,µ′(t) = −βj,b′,µ′(t) te(aj∆′−ai∆∗).

Only finitely many terms act nontrivially on v. The scaling exponent is precisely (5.1), applied
to each homogeneous mode; it does not omit the positive-Virasoro terms, which have already
been included in the bounded integral component gauges. Let D > 0 clear all relative grading
denominators, so that the energy ε of Section 2.1 is in N. For wj,b′,µ′ = b

′(j)
µ′ v, ε(wj,b′,µ′)− ε(w) =

D(∆′ −∆∗) < 0. For each fixed simple external block, put

(5.9) ν(w) = e
m∑

k=0
ak(wt wk − hk),

where hk is the lowest L(0)-weight on its kth factor. Our finite ramification makes ν(w) ∈ Z,
since wt wk − hk ∈ N−1

k Z. Because the tensor v is the same in the target and in every correction
term,

(5.10)
ν(wj,b′,µ′)− ν(w) = e(aj∆′ − ai∆∗),

vt(cj,b′,µ′) = vt(βj,b′,µ′) + e(aj∆′ − ai∆∗) ≥ ν(wj,b′,µ′)− ν(w).

Homogeneous PBW rewrites preserve the individual external weights, and hence ν. Equations
(5.8)–(5.10) are exactly hypothesis (5.2), with a common threshold R.

It remains to verify (5.3) for the original placement connection, not for a coordinate-gauge
replacement. In fixed physical module frames, the chosen transverse derivation δ = t∂t has

(5.11) ∇δ[w] =
m∑

i=1
(δpi)[L(−1)(i)w], δ|L = 0.

Here all moving inputs are included, whereas the fixed input at 0 and the output at∞ contribute
no placement derivative. For pi = z∗ + teξi (finite bubble), vt(δpi) ≥ e if ai = 1; for pi = t−eξi

(escaping input), vt(δpi) = −e and ai = −1; for an unscaled leg, either δpi = 0 or vt(δpi) ≥ 0 = eai.
Since [L(0), L(−1)] = L(−1), every nonzero term w′

i = L(−1)(i)w satisfies

ν(w′
i)− ν(w) = eai, vt(δpi) ≥ ν(w′

i)− ν(w).

Rewrite each w′
i into the fixed PBW families; this is a finite weight-homogeneous rewrite and

does not change ν(w′
i). Thus (5.11) verifies the coefficientwise hypothesis (5.3).

By Lemma 5.9, the extended differential module M0⊗K0 K has a full O-lattice Λ with ∇δΛ ⊆ Λ.
The lowest weights hi contribute only scalar monomial factors; the integral lattice uses the relative
weights in (5.9). Since q = te and δ|L = 0, one has q∂q = e−1δ on K (with the chosen coefficient
field); thus ∇q∂q Λ ⊆ Λ and regular singularity follows over K. Lemma 5.10 then gives regular
singularity at η over K0.

Finally, Q is a finite-rank algebraic vector bundle with integrable connection on the smooth
variety S by Theorem 3.19. We have checked every boundary prime of the fixed normal proper
S. Therefore [3, Theorem 1.1.1, (ii)⇒(i)] applies to S and (Q,∇); it also covers valuations
exceptional over S. The existence of a logarithmic extension on a smooth proper normal-
crossing compactification follows from Deligne’s regular-singular extension theorem [5, Chapter II,
Sections 4–5]. □

5.3. Formal expansions and convergence of the original weight sums. Let τ be a finite
rooted binary tree with root vertex v0, internal-vertex set V(τ) and leaf set I. For v ∈ V(τ) write
Iv ⊆ I for its leaf descendants. Attach a typed twisted intertwining operator to each internal
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vertex and fix homogeneous wi ∈ (Wi)αi (i ∈ I) and w′
0 ∈ (W ′

0)γ . Every internal edge carries an
ordinary grading-restricted module; if it is not simple, decompose it into its finitely many simple
summands. At an internal vertex v let rv denote its nonzero formal displacement. Put

R = rv0 , uv = rv

rpar(v)
(v ∈ V(τ) \ {v0}),

and regard R and the uv as independent formal variables. The internal sums are taken over
homogeneous projections of the intermediate modules, in the indicated tree order.

Lemma 5.12. For fixed simple summands on the internal edges, let µv = hv + nv/Nv, nv ∈ Z≥0,
be the weight on the edge from v ̸= v0 to par(v); an absent homogeneous space contributes
zero. There are coefficients Cn ∈ C such that the original projected matrix coefficient has the
coefficientwise identity

(5.12) Φτ = Rγ−
∑

i∈I
αi

∑
n∈ZV(τ)\{v0}

≥0

Cn

∏
v ̸=v0

u
hv+nv/Nv−

∑
i∈Iv

αi

v .

Each Cn is a finite contraction of finite-dimensional weight spaces. Summing over the finitely
many simple choices yields a finite sum of series of the form

Rγ−
∑

i
αiuλF (u1/N

1 , . . . , u
1/N
d ), F ∈ C[[u1/N

1 , . . . , u
1/N
d ]],

where d = |V(τ)| − 1 and N is a common multiple of the finitely many Nv. The expression has
finite exponent classes, no logarithms and a well-defined coefficient for every monomial. No
analytic convergence is asserted.

Proof. By Lemma 2.4, an intertwining-operator coefficient with homogeneous input weights β1, β2
and output weight β0 is proportional to rβ0−β1−β2

v , without logarithms. Taking the product over
v ∈ V(τ) and cancelling every intermediate weight once with sign + and once with sign − gives
the exact identity ∏

v∈V(τ)
r

µv−µv,1−µv,2
v = Rγ−

∑
i∈I

αi
∏

v ̸=v0

u
µv−

∑
i∈Iv

αi

v ,

where µv0 = γ, and µv,j denotes the weight of the jth incoming edge (or the corresponding
external leaf). For each tuple n, all intermediate homogeneous spaces have finite dimension.
Their canonical projections and contractions consequently define Cn by a finite sum, even though
the unprojected intermediate spaces are infinite dimensional. The map n 7→ (nv/Nv)v ̸=v0 is
injective. There are finitely many simple choices, each with a fixed lower weight hv and a discrete
nonnegative N−1

v -grading. These observations prove (5.12) and its stated support properties. □

For the next assertion, put A = C{q1, . . . , qr, y1, . . . , ys}, Â = C[[q1, . . . , qr, y1, . . . , ys]] and
QD = q1 · · · qr. An adapted ratio corner is a chart with boundary QD = 0 in which the variables
occurring in (5.12) satisfy, after a finite root base change,

(5.13) uv = qmv ϵv(q, y), mv ∈ Zr
≥0 \ {0}, ϵv ∈ A×, qmv =

r∏
j=1

q
mvj

j .

In particular, uv = qv is adapted. The nonzero-row condition is essential for coefficientwise
substitution of an arbitrary formal power series in the uv: substitution at uv(0, y) ̸= 0 is not
available before convergence has been proved. Choose the branches of ϵλ

v by their nonzero
constant terms, formally near the corner. After extracting the finitely many base monomials and
making a common root substitution, (5.13) maps every series of Lemma 5.12 into some NΛ,b of
(2.20), with b = 0. Indeed, for fixed k ∈ Zr

≥0, a contribution from n ∈ Zd
≥0 requires

∑
v

nvmvj ≤ Nkj (1 ≤ j ≤ r),
∑

v

nv

r∑
j=1

mvj ≤ N
r∑

j=1
kj .
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Since
∑

j mvj ≥ 1 for all v, only finitely many n satisfy these inequalities. The units ϵhv+···
v have

well-defined formal Taylor expansions after choosing a value of their constant terms. The finite
power series in the transverse variables are interpreted in the (q, y)-adic completion.
Lemma 5.13. Let U be an adapted ratio corner, let (Q,∇) be the finite locally free algebraic
differential Ward quotient on U∗ = U \ {QD = 0}, and suppose it has a logarithmic extension
Q near the corner. Let K be a common formal coefficient extension admitting the injections of
Â[Q−1

D ] and of the finitely many generalized-power monomials under consideration. Suppose that

Φ ∈ HomO(U∗)(Q|U∗ ,K), ∇∨Φ = 0,

and that every evaluation Φ([w]), for a constant external state w and its associated section [w] of
the Ward quotient, has the coefficientwise joint support of Lemma 5.12 after (5.13). Then the
coordinate row of Φ in a local logarithmic frame of Q belongs to N ⊕ rk Q

Λ,b for some finite Λ ⊂ Cr,
b ≥ 0.
Proof. Work on a sufficiently small algebraic affine neighbourhood of the corner and write s = rkQ.
Since Q is a coherent quotient of the free module on external tensor states, Noetherianity yields
finitely many constant states w1, . . . , wp whose images σj = [wj ] generate on a possibly smaller U∗.
Choose an algebraic logarithmic extension by Theorem 5.11 and [5, Chapter II, Proposition 5.4].
Each σj is a rational section of this extension, regular off the coordinate boundary. Thus some
common a ≥ 0 makes Qa

Dσj holomorphic at the corner. In a local logarithmic frame form
the s × p holomorphic matrix B with columns Qa

Dσj . Then rank B(q, y) = s (QD(q) ̸= 0).
The maximal-minor ideal Is(B) ⊂ A therefore satisfies V (Is(B)) ⊆ V (QD). By the analytic
Nullstellensatz, Qc

D ∈ Is(B) for some c ≥ 0. In particular, for suitable cJ ∈ A and s× s minors
BJ ,

Qc
D =

∑
J

cJ det BJ , C = Q−c
D

∑
J

cJ ιJ adj(BJ) ∈ Matp×s(A[Q−1
D ]), BC = Is.

Here ιJ : Cs ↪→ Cp inserts the indexed coordinates. If h is the row of Φ, then h = (hB)C, (hB)j =
Qa

DΦ([wj ]). Each entry of hB lies in a finite Nilsson module by the hypothesis and (5.13).
Multiplication by C ∈ A[Q−1

D ] preserves finite exponent classes, finite coordinate pole orders and
the uniform logarithmic-degree bound. Thus h ∈ N ⊕s

Λ,b , for suitable Λ, b. The equation ∇∨Φ = 0
is an equality of formal coefficients in the chosen injection into K; no analytic convergence has
been used. □

Theorem 5.14. Let ∆r+s be a sufficiently small complex polydisk with coordinates q = (qi)r
i=1

and y = (yj)s
j=1. Put D = {q1 · · · qr = 0}. Let (Q,∇) be a finite-rank integrable holomorphic

connection on ∆r+s \ D admitting a locally free logarithmic extension over ∆r+s. Let f be a
formal horizontal section of Q or Q∨, expressed in a meromorphic analytic frame whose transition
to a logarithmic frame belongs to GLrk Q(A[Q−1

D ]). If its coordinates lie in a finite module NΛ,b of
(2.20), then f is the formal expansion of an analytic horizontal section on any sufficiently small
simply connected branch sector of ∆r+s \ D. Its generalized-power coefficient series converge
absolutely and locally normally after a suitable finite collection of exponent classes is factored out.
Proof. First choose Deligne’s canonical logarithmic extension, with the residue strip fixed in
Section 2. Any logarithmic extension in the hypothesis and this canonical one have the same
meromorphic localization along D; after shrinking, the identity on the punctured polydisk is
represented by a matrix and its inverse in A[Q−1

D ]. Thus the change from the given meromorphic
frame to a canonical-extension frame preserves the finite Nilsson condition. By Deligne’s local
normal-crossing classification [5, Chapter II, Proposition 5.4 and Remark 5.5(ii)], in a suitable
holomorphic frame of this canonical extension the connection has the form

(5.14) d−
r∑

i=1
Ri

dqi

qi
, Ri ∈ Matn(C), [Ri, Rj ] = 0, n = rk Q.

This is a local statement near the normal-crossing point, with contractible transverse parameters
y; it uses the chosen canonical extension, normal crossings and integrability. The comparison
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with the original logarithmic lattice is only required to be meromorphic with finite boundary pole
orders, not holomorphic in a resonant lattice. Hence the transformed formal horizontal section f̃
still has finitely many exponent classes, bounded logarithmic degrees and finite coordinate pole
orders. Choose branches of log qi. Since Ri commute, the matrix

P (q) =
r∏

i=1
qRi

i =
∏

i

exp(Ri log qi)

is a finite sum of terms qλ(log q)β with constant matrix coefficients, where the logarithmic
degrees are bounded by the nilpotence indices of the Jordan blocks of the Ri. For c = P (q)−1f̃ ,
horizontality and (5.14) give

∂qic = 0 (1 ≤ i ≤ r), ∂yj c = 0 (1 ≤ j ≤ s)

as formal identities in a finite Nilsson module. To identify the kernel of these derivations, group
monomials by classes in Cr/Zr. For one variable, ∂q

(
qλ+mP0(log q)

)
= qλ+m−1((λ + m)P0 +

P ′
0
)
(log q). For a polynomial P0, the identity (λ + m)P0 + P ′

0 = 0 forces P0 = 0 unless λ + m = 0,
in which case P0 is constant. The Laurent lower bound permits coefficient comparison in each
exponent class. Repeating for q1, . . . , qr and comparing the ordinary coefficients of the yj gives
c ∈ Cn. Thus

f̃ = P (q)c, c ∈ Cn.

This is an analytic horizontal section on each fixed branch sector, and its formal expression is
the prescribed one. The inverse logarithmic-frame gauge is holomorphic after multiplication
by a sufficiently high power of QD. Its convergent Laurent expansion, multiplied by the finite
power–logarithm expression P (q)c, gives absolutely and locally normally convergent coefficient
series on smaller branch sectors. The dual connection has the same properties, with residue
matrices −RT

i . □

Lemma 5.15. Let Ω ⊂ Cr be a complete Reinhardt domain with 0 ∈ Ω, and let f ∈ O(Ω). Put

an = 1
n! (∂

n
u f)(0), n ∈ Zr

≥0.

Here n! =
∏

i ni! and ∂n
u =

∏
i ∂ni

ui
. Then

(5.15) f(u) =
∑

n∈Zr
≥0

anun,
∑

n∈Zr
≥0

sup
u∈K
|anun| <∞ (K ⋐ Ω).

Proof. For p ∈ Ω, choose ρi > |pi|, ρi > 0, so that P ρ = {u : |ui| ≤ ρi} ⋐ Ω; this is possible by
openness and completeness. Let Mρ = maxP ρ

|f |. The polydisk Cauchy formula yields

an = 1
(2πi)r

∫
|ζ1|=ρ1

· · ·
∫

|ζr|=ρr

f(ζ)∏
i ζni+1

i

dζr · · · dζ1, |an| ≤Mρρ−n.

For 0 < σi < ρi, ∑
n≥0

sup
u∈P σ

|anun| ≤Mρ

r∏
i=1

(1− σi/ρi)−1 <∞.

The series equals f near 0, hence on Pρ by the identity theorem. A compact K ⋐ Ω is contained
in a finite union of such smaller polydisks Pσ, giving (5.15). □

Theorem 5.16. Let Ω ⊂ Cr be a connected complete Reinhardt domain, 0 ∈ Ω, and set

Di = Ω ∩ {ui = 0}, D =
r⋃

i=1
Di, Ω∗ = Ω \D.

Let (Q,∇) be a finite-rank integrable holomorphic connection on Ω∗, regular singular along
D, with Deligne canonical logarithmic extension (Q,∇) on Ω. Write Q(∗D) for the sheaf of
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meromorphic sections of Q with poles supported on D. Let Φ̂ be a formal horizontal section of
Q∨ at 0 whose coordinates in a local logarithmic frame belong to NΛ,b of (2.20). For 1 ≤ j ≤ m,
suppose qj ∈ Γ(Ω∗, Q), qj ∈ Γ(Ω, Q(∗D)). Then Φ̂ determines a multivalued analytic horizontal
section Φan of Q∨ on Ω∗. For any simply connected branch domain B ⊂ Ω∗ with fixed branches
of log ui, the scalar fj = Φan(qj)|B admits an expansion

(5.16) fj(u) =
∑

λ∈Λj

∑
0≤βi≤bj

uλ(log u)β
∑

n∈Zr
≥0

cj,λ,β,nun−a,

where Λj ⊂ Cr is finite, bj ∈ Z≥0, a ∈ Zr
≥0, and each inner power series converges absolutely

and normally on compact subsets of Ω. In particular, (5.16) converges absolutely and normally
on compact subsets of B and has the prescribed formal germ at 0.

Proof. Choose b ∈ Rr
>0 with P b ⋐ Ω. For u ∈ Ω∗, ri = |ui|, put

ci(ri) = biri

bi + ri
, 0 < ci(ri) ≤ ri, ci(ri) < bi.

Coordinatewise radial interpolation from ri to ci(ri) stays in Ω∗ by completeness; interpolation
from ci(ri) to bi/2 stays in Pb ∩ (C∗)r. Both homotopies preserve the arguments, and their final
map is u 7→ (biui/(2|ui|))i, which restricts to the identity on the torus T = {|ui| = bi/2}. Thus

(5.17) Ω∗ ≃ T ∼= (S1)r, π1(Ω∗) ∼= Zr.

Let Mi ∈ GLn(C), n = rk Q, be the monodromies corresponding to the standard generators, so
[Mi, Mk] = 0. On their simultaneous generalized eigenspaces, choose logarithms and use the
finite nilpotent series log(I + N) =

∑
k≥1(−1)k+1Nk/k. This gives commuting Ri ∈ Matn(C)

with e2πiRi = Mi, [Ri, Rk] = 0, Spec(−Ri) ⊂ {z ∈ C : 0 ≤ ℜz < 1}. The connection

(Q0,∇0) =
(
O⊕n

Ω∗ , d−
r∑

i=1
Ri

dui

ui

)

has the monodromies Mi, and its standard extension (O⊕n
Ω ,∇0) has residues −Ri. By the local-

system/flat-connection correspondence and (5.17), there is an isomorphism of flat holomorphic
bundles

(Q,∇) ∼−→ (Q0,∇0) on Ω∗.

The functorial uniqueness of Deligne’s canonical extension [5, Chapter II, Proposition 5.4] extends
this isomorphism to the logarithmic extensions on Ω. In particular, the corresponding local and
global changes of logarithmic frame are holomorphic and invertible across D.

In the standard frame, the dual horizontal equation is

dϕ + ϕ
r∑

i=1
Ri

dui

ui
= 0.

By Theorem 5.14, the prescribed formal germ has a unique analytic realization near 0. Equiva-
lently, coefficientwise comparison in the finite Nilsson module gives

(5.18) Φ̂ = c
r∏

i=1
u−Ri

i , Φan = c
r∏

i=1
u−Ri

i , c ∈ (Cn)∗,

where the second expression is taken with the chosen logarithms. It analytically continues along
every path in Ω∗.

Under the global logarithmic-frame isomorphism, each qj becomes a vector vj ∈ O(Ω∗)⊕n

meromorphic along D. Every Di is a nonempty, connected, smooth irreducible hypersurface: it
is invariant under radial contraction to 0. Since all poles are supported on D1 ∪ · · · ∪Dr, the
polar divisor of the finitely many components of the vj has a finite bound

∑
i aiDi for some
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ai ∈ Z≥0, independent of j. Normality of Ω (or Hartogs extension across the codimension-two
intersections) gives

hj(u) = uavj(u) ∈ O(Ω)⊕n, hj(u) =
∑
n≥0

hj,nun.

By Lemma 5.15,

(5.19)
∑
n≥0

sup
u∈K
∥hj,nun∥ <∞ (K ⋐ Ω).

The commuting matrices Ri have a simultaneous generalized eigenspace decomposition. Hence,
for a finite Λ′ ⊂ Cr and some b ≥ 0,

r∏
i=1

u−Ri
i =

∑
λ∈Λ′

uλ
∑

0≤βi≤b

Cλ,β(log u)β, Cλ,β ∈ Matn(C).

Combining this with (5.18) and vj = u−ahj yields (5.16), with Λj ⊆ Λ′ and coefficients obtained
from cCλ,βhj,n. The estimate (5.19) proves absolute normal convergence on every compact subset
of a fixed branch B: uλ, u−a and (log u)β are bounded there. Near 0, uniqueness of the formal
horizontal solution identifies this expansion with the original formal evaluation Φ̂(qj). □

Proposition 5.17. Let Z be a smooth complex algebraic variety, D =
⋃r

i=1 Di ⊂ Z a simple
normal-crossing divisor, and U = Z\D. Let (F,∇) be a finite-rank algebraic integrable connection
on U , regular singular along D. Suppose that

Ω ⊂ Zan, Ω ⊂ Cr, 0 ∈ Ω, Ω complete Reinhardt,
D ∩ Ω = {u1 · · ·ur = 0} ∩ Ω,

where the second inclusion denotes the specified analytic coordinate identification and U ∩Ω = Ω∗.
Let F be Deligne’s canonical logarithmic extension on Z [5, Chapter II, Proposition 5.4]. For
q1, . . . , qm ∈ Γ(U, F ) one has

(5.20) qj |Ω∗ ∈ Γ
(
Ω, F

an(∗D)
)
, 1 ≤ j ≤ m.

Consequently, if Φ̂ is a formal horizontal section of F ∨ at 0 satisfying the finite-Nilsson hypothesis
of Theorem 5.16, then

(5.21)
∑
λ,β

∑
n≥0

sup
u∈K

∣∣uλ(log u)βcj,λ,β,nun−a
∣∣ <∞, K ⋐ B ⊂ Ω∗,

for the finite exponent–logarithm expansion of Φan(qj) on each simply connected branch B (the
fixed logarithms being used throughout).

In particular, suppose U lies in a smooth algebraic Ward chart, F is the algebraic pullback of
Q along U , and OU ⊗ T ↠ F is the induced algebraic quotient map on all of U . Then each fixed
w ∈ T defines an algebraic test section qw = [w].
Proof. By regular singularity along D, the algebraic connection extends to a locally free loga-
rithmic connection F with the canonical residue interval [5, Chapter II, Proposition 5.4]. Fix
p ∈ D and an algebraic neighbourhood W ⊂ Z on which F is free. The two bundles agree
over W ∩ U ; hence, in this frame, each qj is a vector of regular functions on W ∩ U . Since
OZ(W ∩ U) ⊂ C(Z), qj ∈ C(Z)⊕ rk F , these are rational functions on W . Their denominators
have no irreducible factors outside D ∩W , because qj is regular on W ∩ U . After shrinking W
at p, the normal-crossing parameters ui give, for some a ∈ Zr

≥0,( r∏
i=1

uai
i

)
qj ∈ Γ(W, F ), 1 ≤ j ≤ m.

Equivalently qj ∈ F (∗D); analytification and restriction to Ω yield (5.20). The canonical
extension used here is the same canonical extension as in Theorem 5.16; no arbitrary analytic
gauge with uncontrolled growth is inserted.
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The hypotheses of Theorem 5.16 now hold for (F an|Ω∗ ,∇) and the finite collection {qj}. That
theorem and Lemma 5.15 give (5.21). For the final assertion, 1 ⊗ w is an algebraic section of
OU ⊗T , so its image under the stipulated algebraic quotient map, and then its algebraic pullback,
belong to Γ(U, F ). No regularity conclusion for a nonalgebraic test section is used. □

For the following proposition, a rooted typed tree is written in the anchored convention of
Lemma 5.12: rv is the displacement of the operator at the internal vertex v, the output anchor
is the anchor of its second input, and R = rρ, uv = rv/rpar(v) (v ≠ ρ). The ratios uv are
independent; no additional, configuration-dependent change of these variables is implicit.

Proposition 5.18. Fix homogeneous external vectors of weights ai, a homogeneous terminal
restricted-dual vector of weight aout, and an ordinary finite typed tree τ . For each fixed choice of
simple internal modules, assume that its original grade-projected channel is a formal horizontal
germ in the anchored ratios uv and that the corresponding scalar evaluation satisfies Theorem 5.16
(in particular its meromorphic-test-section hypothesis), or Proposition 5.17, on the specified
complete Reinhardt domain Ω. Then, for every branch domain B ⊂ Ω∗ and K ⋐ B, the original
intermediate-weight sum satisfies

(5.22)
∑
µ

sup
u∈K

∣∣∣∣∣∣CµRaout−
∑

i
ai
∏
v ̸=ρ

u
µv−

∑
i∈Av

ai

v

∣∣∣∣∣∣ <∞.

Here each Cµ is the contraction of the finite-dimensional intermediate weight spaces before its
absolute value is taken, and R ≠ 0 is fixed (uniformity also holds for R in a compact set on a
fixed branch). For finite direct sums of ordinary internal modules, (5.22) holds after the finite
sum over simple choices.

Proof. First fix simple internal modules. For every internal vertex v let vL and vR be its two
ordered children and Av its set of descendant leaves. Write w ⪯ v if w lies on the root-to-v path,
and put µρ = aout and µi = ai on the leaf edges. The homogeneity of ordinary intertwining
operators (Lemma 2.4) gives the vertex exponent ev = µv−µvL−µvR . Writing rv = R

∏
ρ̸=w⪯v uw

and telescoping the exponents on each subtree gives∑
v∈V(τ)

ev = aout −
∑

i

ai,
∑
w⪰v

ew = µv −
∑

i∈Av

ai (v ̸= ρ).

Thus the contribution of the fixed internal weights is exactly

CµRaout−
∑

i
ai
∏
v ̸=ρ

u
µv−

∑
i∈Av

ai

v .

All internal homogeneous spaces are finite-dimensional; Cµ is therefore a finite contraction. This
identity is coefficientwise and does not presuppose convergence (cf. Lemma 5.12).

Write
µv = hv + nv/Nv, nv ∈ Z≥0, κv = hv −

∑
i∈Av

ai,

assigning coefficient zero when the indicated grade is empty. Choose N ∈ Z>0 divisible by every
Nv, set kv = N/Nv and uv = ξN

v . Set

Ω̃ = {ξ ∈ C|V(τ)|−1 : (ξN
v )v ∈ Ω}, Ω̃∗ = Ω̃ ∩ (C∗)|V(τ)|−1.

Then

Ω̃ complete Reinhardt, 0 ∈ Ω̃, R−aout+
∑

i
aiξ−NκΦ̂τ =

∑
n≥0

Cn

∏
v ̸=ρ

ξkvnv
v .

The exponents n 7→ (kvnv)v ̸=ρ are injective. In particular the series on the right is an ordinary
formal Taylor series without negative powers or logarithms, and each coefficient is exactly one
original weight-tuple contraction.
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Let f be the analytic scalar evaluation supplied by the hypothesis, and initially on a branch
put

H(ξ) = R−aout+
∑

i
aiξ−Nκf((ξN

v )v ̸=ρ).

Near 0 the formal germ of H is the displayed Taylor series. By Theorem 5.16, f is an analytic
continuation of this germ, with finitely many exponent classes, bounded logarithmic degrees
and finite coordinate pole orders. The local Taylor germ has trivial coordinate monodromy.
Uniqueness of analytic continuation makes the monodromy of H trivial around the generators of
π1(Ω̃∗) ∼= Z|V(τ)|−1 (cf. (5.17)). Hence H is single-valued on Ω̃∗.

The finite-power logarithmic expansion of Theorem 5.16, together with this trivial monodromy,
shows that H has only integral Laurent powers and no logarithmic terms along the coordi-
nate divisors: indeed, the generalized-power–logarithm coefficients with nontrivial coordinate
monodromy must vanish. Thus H extends meromorphically to Ω̃ with poles supported on the
coordinate divisors. Its principal parts vanish in a neighbourhood of 0, by the Taylor germ.
Since every Ω̃ ∩ {ξv = 0} is connected, analytic continuation along that divisor makes all these
principal parts vanish globally. Hartogs extension across their intersections then gives

H ∈ O(Ω̃), H(ξ) =
∑
n≥0

Cn

∏
v ̸=ρ

ξkvnv
v .

Lemma 5.15 yields

(5.23)
∑
n≥0

sup
ξ∈K̃

∣∣∣∣∣∣Cn

∏
v ̸=ρ

ξkvnv
v

∣∣∣∣∣∣ <∞ (K̃ ⋐ Ω̃).

On a compact K ⋐ B, choose the coordinatewise Nth roots consistently on B. Their values
lie in a compact K̃ ⋐ Ω̃∗; the fixed factors Raout−

∑
i

ai and ξNκ are bounded there. Combining
(5.23) with the injectivity of n 7→ (kvnv)v gives (5.22) without interchanging any infinite sums
before absolute convergence is proved. Finally, finitely many simple internal choices contribute a
finite sum of bounds of the same form. □

6. Actual product and iterate Ward identities

6.1. One-edge contraction on the actual cover. Retain the objects A ∈ Cg, B ∈ Ch, C ∈ Ck

and D ∈ Cghk from Section 2, together with simple ordinary M ∈ Chk and N ∈ Cgh. Put
T = D′ ⊗A⊗B ⊗ C. For homogeneous d′ ∈ D′, a ∈ A, b ∈ B and c ∈ C, write

(λD, λA, λB, λC) = (wt(d′), wt(a), wt(b), wt(c)), ∆ = λD − λA − λB − λC .

For U ∈ {M, N}, with lowest weight hU , define ΛU = {γ ∈ N−1
U N : UhU +γ ≠ 0}, NU =

ord(tw(U)). For γ ∈ ΛU , choose a basis {uγ,j}
rU,γ

j=1 of UhU +γ and its dual basis {u∗
γ,j}

rU,γ

j=1 ⊂ U ′,
and put

(6.1) E U
γ =

rU,γ∑
j=1

uγ,j ⊗ u∗
γ,j ∈ UhU +γ ⊗ U∗

hU +γ , ΓU (ρ) =
∑

γ∈ΛU

ργE U
γ .

The tensor E U
γ corresponds to idUhU +γ

under UhU +γ ⊗ U∗
hU +γ ≃ EndC(UhU +γ); hence it is basis

independent. The sum ΓU is formal; it is not asserted to lie in U ⊗ U ′. If e ∈ N>0 is divisible
by NM and NN , then eΛU ⊂ N, so ΓU (te) is a coefficientwise defined power series in t. This
substitution does not require ehU ∈ Z.

For Y1 ∈ I
( D

A M

)
and Y2 ∈ I

( M
B C

)
, put

ℓP (d′, a, m) = ⟨d′,Y1(a, x)m⟩
∣∣
x=1 , rP (m′, b, c) = ⟨m′,Y2(b, x)c⟩

∣∣
x=1 .

Here evaluation means xλ 7→ 1 with log 1 = 0 after pairing with the restricted dual; for homoge-
neous inputs each paired series has one power xλ and no logarithms by Lemma 2.4. For algebraic



G-CROSSED TENSOR CATEGORIES 49

inputs only finitely many homogeneous terms occur. Both evaluations are therefore finite sums
after pairing with the restricted dual. Define the formal scalar contraction

(6.2) ΨP (ρ)(d′ ⊗ a⊗ b⊗ c) =
∑

γ∈ΛM

ργ
rM,γ∑
j=1

ℓP (d′, a, mγ,j)rP (m∗
γ,j , b, c).

For Y3 ∈ I
( D

N C

)
and Y4 ∈ I

( N
A B

)
, define

ℓI(d′, n, c) = ⟨d′,Y3(n, x)c⟩
∣∣
x=1 , rI(n′, a, b) = ⟨n′,Y4(a, x)b⟩

∣∣
x=1 ,

and

(6.3) ΨI(ρ)(d′ ⊗ a⊗ b⊗ c) =
∑

γ∈ΛN

ργ
rN,γ∑
j=1

ℓI(d′, nγ,j , c)rI(n∗
γ,j , a, b).

Every inner sum in (6.2) and (6.3) is finite and basis independent. These definitions use only the
single-operator properties of [10, Definition 2.8]; they do not invoke convergence of products of
two twisted intertwining operators.

Lemma 6.1. With R > 0 and 0 < ρ < 1, z1 = R, z2 = Rρ for the product, and z2 = R,
z1 = R(1 + ρ) for the iterate, the formal internal-grade contractions satisfy

ΦP (R, Rρ)(d′ ⊗ a⊗ b⊗ c) = R∆ρhM −λB−λC ΨP (ρ)(d′ ⊗ a⊗ b⊗ c),

ΦI(R(1 + ρ), R)(d′ ⊗ a⊗ b⊗ c) = R∆ρhN −λA−λB ΨI(ρ)(d′ ⊗ a⊗ b⊗ c).

The equalities hold coefficientwise in the relative grades; they extend to branches with ℓ(Rρ) =
ℓ(R) + ℓ(ρ) and, respectively, ℓ(z1− z2) = ℓ(R) + ℓ(ρ). No analytic convergence of either left side
is assumed.

Proof. For γ ∈ ΛM and m ∈MhM +γ , Lemma 2.4 gives

⟨d′,Y1(a, R)m⟩ = RλD−λA−hM −γℓP (d′, a, m),
⟨m′,Y2(b, Rρ)c⟩ = (Rρ)hM +γ−λB−λC rP (m′, b, c) (m′ ∈M∗

hM +γ).

Consequently,
RλD−λA−hM −γ(Rρ)hM +γ−λB−λC = R∆ρhM −λB−λC ργ .

Inserting the finite coevaluation E M
γ yields precisely the γ-th summand of (6.2). The same

calculation with N , Y3 and Y4 yields

(Rρ)hN +γ−λA−λB RλD−hN −γ−λC = R∆ρhN −λA−λB ργ .

The prescribed logarithms justify the displayed power identities; finite-dimensional duality proves
basis independence. Both equalities are coefficientwise, before summing over γ. □

For the algebraic tensor T , define the weight-diagonal operators

DP (ρ) = idD′ ⊗ idA⊗ρ−LB(0) ⊗ ρ−LC(0),

DI(ρ) = idD′ ⊗ρ−LA(0) ⊗ ρ−LB(0) ⊗ idC ,
ρα = eαℓ(ρ).

Write ΦP (ρ) := ΦP (1, ρ) and ΦI(ρ) := ΦI(1 + ρ, 1). Then the preceding lemma becomes, as an
equality of formal scalar functionals on T ,

(6.4) ΦP (ρ) = ρhM ΨP (ρ) ◦DP (ρ), ΦI(ρ) = ρhN ΨI(ρ) ◦DI(ρ).

All operators in DP , DI act on finite sums of weight vectors. In particular, if a current changes
an external weight, its action must be composed with the full operators DP , DI in (6.4), not
with their values on a fixed homogeneous tensor.
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Lemma 6.2. Let ⋆ ∈ {P, I} and let s be an H-invariant canonical seed current on the actual
generic framed cover of the corresponding three-input chart. After a finite extension of the
collision DVR, the following hold.

(i) The restriction of s to the normalization of each component of the special fiber has a
coefficientwise expansion in meromorphic three-point currents on its actual based vertex
cover. There is m = m(s) ≥ 0 such that tms extends to the coherent current bundle with
its prescribed external poles.

(ii) At a source node of inertia N , with a compatible choice of root coordinates, one has

(6.5) uv = ta, x = uN , y = vN , xy = ρ = taN , a ∈ N>0,

and the two node-current frames differ by the constant operator Σ = eL(1)(−1)L(0)+1,
including all the L(1)-terms.

(iii) For an invariant paired one-form η, the orbit-normalized node action is

(6.6) 1
|Hv|

∑
p∈HvQ̃

Resp η = 1
N

Res
Q̃

η,

where Hv is the deck group of the distinguished connected vertex cover, Q̃ is its selected
node lift and N = |StabHv (Q̃)|.

The statements concern each fixed generic current s; no pole bound independent of s is asserted.

Proof. For the product put Z = z/R and (z1, z2) = (R, Rρ), x = Z, ξ = Z/ρ, y = ξ−1. For
the iterate put (z1, z2) = (R(1 + ρ), R) and x = Z − 1, ξ = (Z − 1)/ρ, y = ξ−1. In either case
xy = ρ. Each normalized coarse component has three special points, with coordinates 0, 1,∞.
Work over the completed DVR of a boundary point of the actual Hurwitz cover, rather than of
the unframed configuration base. By [2, Corollary 3.0.5 and Theorem 4.3.2], after finite DVR
extension its generic balanced twisted H-cover extends across the stable marked boundary. The
equivalence with admissible H-covers [2, Theorem 4.3.2] gives the local node charts; the total
source is projective and nodal by [2, Lemma 2.2.1]. The chosen generic lift over the auxiliary
unramified basepoint extends, after a further finite extension, by the valuative criterion for a
finite cover; compatible inertia-root phases are fixed after adjoining the finitely many required
roots. Thus the extended cover is compared with the original framed generic cover, rather than
with a newly selected special-fiber cover.

Let O = L[[t]], K = L((t)) after this extension. The completed local rings at a coarse node
and a source node initially have forms

O[[X, Y ]]/(XY − ϵtaN ), O[[U, V ]]/(UV − ϵ′ta), X = UN , Y = V N ,

with ϵ, ϵ′ ∈ O× satisfying ϵ = (ϵ′)N after a choice of compatible local charts. The coarse
rational functions x, y above define the same two oriented branches and the same smoothing
divisor as X, Y . Comparing their divisors in the normal completed coarse local ring gives
x/X, y/Y ∈ O[[X, Y ]]/(XY − ϵtaN )×. After finite residue-field extension these units have unique
Nth roots with specified residues (Hensel’s lemma, N ∈ O×). Absorb them into U, V , and
absorb the remaining smoothing unit into the opposite root and, if needed, the base uniformizer.
This gives (6.5). It also fixes the residual µN -ambiguity by the inherited marked roots. The
inertia action is u 7→ ζu, v 7→ ζ−1v; in particular neither branch is independently re-framed. The
ramification exponent is fixed more precisely as follows. Write n = ord(h) for the inertia order of
the cluster-boundary label h = gBgC (product) or h = gAgB (iterate), and NX = ord(gX) for an
external marked leg X. Let m⋆ be the order of the finite permutation monodromy of the selected
full framed Hurwitz sheet around the given boundary. Enlarge the already allowed DVR base
extension, if necessary, to ρ = te⋆ with

(6.7) n | e⋆, m⋆ | e⋆,

{
NB, NC | eP , ⋆ = P,

NA, NB | eI , ⋆ = I.
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Thus a = e⋆/n is a positive integer, and the scaled external root parameters ρ1/NX = te⋆/NX are
single-valued on the same root disk. For example one may take the least common multiple of the
displayed integers, or a positive multiple needed for other finite torsors. Enlarging e⋆ only pulls
back the given rooted family: on t > 0, log ρ = e⋆ log t, and no marked lift, root phase or original
intertwining-operator coefficient is replaced. Lowest weights remain in their specified generalized
powers and need not become integral after this base change.

On D(u) ∩D(v) one has y = ρ/x. Its centered Taylor coordinate change is

τ 7−→ ρ

x + τ
− ρ

x
= −ρx−2τ

1 + τ/x
.

For b ∈ Vd, the inverse state transformation is (−ρx−2)L(0)e−x−1L(1)b. Since L(1)d+1b = 0, it is a
finite sum. Its L(1)jb/j!-term, including the differential, satisfies

(6.8) xd−1(−ρx−2)d−j(−x−1)j dx = (−1)d+1yd−j−1 dy.

Indeed, dx = −ρy−2dy, x = ρ/y and all powers of ρ cancel. Consequently the balanced
state-current transition is

Σ = eL(1)(−1)L(0)+1, (−1)L(0)eL(1) = e−L(1)(−1)L(0), Σ2 = idE .

Here L(0) has integer eigenvalues on V , E is stable under L(1), and the state automorphisms
commute with L(0), L(1). The coordinate change is fractional-linear, so its Schwarzian vanishes.
At ramified external markings the observation gauges, including vacuum contributions, are
composed with the full coordinate-change cocycle; the calculation above is for the underlying
state-current frame.

Put B = O[[u, v]]/(uv − ta). It is a normal two-dimensional Cohen–Macaulay hypersurface
(Serre’s R1 + S2), and D(u) ∪ D(v) is the complement of its closed node. The two balanced
trivializations, with transition Σ, yield a free B-module B ⊗L E on this punctured spectrum
(change the second frame by Σ). The coherent current bundle is reflexive there; hence the
depth-two extension equivalence [30, Tag 0EBJ] identifies its reflexive extension across the
codimension-two node with B⊗L E. This conclusion uses reflexivity and the actual frame cocycle,
not just the normality of B.

The normalized special-fiber components carry the induced based covers. Write hAB = gAgB

and hBC = gBgC . In the input order of (2.15), their complete three-point tuples are

outside component bubble component
P (gA, hBC , (gAhBC)−1) (gB, gC , h−1

BC)
I (hAB, gC , (hABgC)−1) (gA, gB, h−1

AB)

To obtain these tuples, transport the reference stems from the positive real collision chart and
retain the boundary stem of the consecutive cluster. Its meridian is γBγC for P and γAγB for I.
On the bubble the outgoing meridian is the inverse boundary, whereas on the outside component
it is the incoming boundary. Thus the two node labels are exactly hBC , h−1

BC or hAB, h−1
AB in

these based frames, and every displayed triple has product one. No exchange of stems is made
during either collision. The based finite-étale classification identifies these with the binary
Ward covers having the same monodromy and selected lifts: equality of their based monodromy
homomorphisms makes the comparison independent of the path used to lift a point. The selected
component basepoints are obtained from the inherited boundary stems. If another distinguished
component is used, its labels and states are simultaneously changed by (g, M) 7→ (kgk−1, TkM);
the same deck change is applied on both sides of a node. The comparison extends to the marked
Kummer disks using the specified roots, and to the proper curves by finite-cover algebraicity.
At finite external markings the centered physical coordinates are respectively R and Rρ times
the component coordinates; at infinity the factor is R−1. Their root powers are fixed by the
retained logarithms and framing. A change of the internal root by a deck rotation acts on M
by S = e−2πi(LM (0)−hM ) and on M ′ by (S−1)t; it fixes E M

γ in (6.1). No complex ground-weight
factor is discarded; its separate scaling is given by Lemma 6.1.
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Fix s as in the statement. Let D be an H-invariant horizontal pole divisor, disjoint from
the source nodes, bounding all generic poles of s, and let F (D) be the corresponding coherent
extension of the finite current bundle on the proper nodal source p : CO → Spec O. Properness
and flat base change give

(p∗F (D))⊗O K ≃ H0(CK , F (D)K), p∗F (D) finite over O.

Thus tms extends for some m = m(s) ≥ 0. Since |H| ∈ O×, averaging preserves H-invariance.
At each source node, the balanced coefficients of s belong to t−mB. This bound is uniform over
the finitely many nodes for this s.

To compare the coefficients with the fixed three-point component currents, set OJ = O/(tJ+1),
let Uv = P1 \ {0, 1,∞}, and denote the selected connected component of the special vertex cover
above Uv by C◦

v . Over Uv × Spec OJ the extra moving marked section is absent. For example,
the product outside equation and its bubble analogue have factors Z − ρ = Z(1− ρ/Z), 1− ρξ,
which are units because ρ is nilpotent in OJ ; the iterate factors are (Z − 1)(1− ρ/(Z − 1)) and
1 + ρξ. The actual cover is therefore finite étale on this open. Restriction along the nilpotent
thickening is an equivalence on finite-étale covers [30, Tag 0BQB]. The selected special-fiber
comparison consequently has a unique compatible lift

ιv,J : C◦
v × Spec OJ

∼−→ (COJ
|Uv )selected,

for every J ≥ 0, where the full H-cover is obtained by induction from the connected stabilizer
Hv. Uniqueness yields compatibility in J and deck equivariance. At the deleted markings and
on the two punctured node branches use the tame Kummer presentations. With Ni ∈ O×, an
Nith root of a unit with prescribed reduction lifts uniquely, and an Nith root of unity reducing
to 1 is 1. These facts extend the given comparison over the ramified disks, with their chosen root
phases. On D(u) and D(v) the relations v = ta/u and u = ta/v identify the comparisons with
the two restrictions of the node frame. Thus all the comparisons agree on overlaps, including the
state-current cocycle and the full module observation gauges.

It follows that at each external marked orbit, modulo tJ+1, Ri,rel(s) = Ri,v(ι∗
v,Js), where Ri,v

is precisely the orbit-normalized selected-lift residue of (3.9). The physical-to-component weight
dilations are applied subsequently, as in Lemma 6.5; they are not absorbed into this identity.

Finally, an element of t−mB has an expansion
∑

r,s,ℓ≥0 crsℓt
ℓ−murvs, subject to uv = ta. On

the u branch its (r, s, ℓ)-term equals tas+ℓ−mur−s; for a fixed coefficient tj , negative u-powers
require s ≤ ⌊(j + m)/a⌋. Interchanging r, s gives the same result on the v branch. The finite
coordinate gauges add a fixed pole shift, so every coefficient has finite pole order at the node.
Global meromorphicity of this coefficient on the fixed proper vertex cover follows in addition from
restricting the global section tms ∈ H0(CO, F (D)) and applying the compatible identifications
ιv,J ; finite Laurent pole order alone would not imply this extension. Its other poles are confined
to the external marked orbits. Consequently every coefficient is a bona fide three-point Ward
current on the corresponding actual vertex cover.

For the orbit normalization let Q̃ be a node lift. An Hv-invariant paired one-form has equal
residues at the |Hv|/N points of HvQ̃. Therefore (6.6) holds, and for an admissible mode
n ∈ r

N + Z the selected-root normalization reads

1
N

Resu=0 uNnY g
M (b, uN ) NuN−1du = bn, b ∈ V (r).

Induction from Hv to H shows that the global H-average of the full node orbit equals this
distinguished-component average; source nodes over the same coarse node are not counted again.
The node module carries only the indicated cyclic inertia twist; no additional H-action on it is
assumed. □

Lemma 6.3. With the outset data of Definition 3.5, the component-based comparisons in
Lemma 6.2 represent the original Du–Huang three-point source germs used in (6.2) and (6.3).
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For R = 1 the physical and component coordinates are

outside Z node x bubble ξ
P Z Z Z/ρ
I Z Z − 1 (Z − 1)/ρ

, y = ξ−1, xy = ρ.

In particular, for the iterate the outside original operator Y3(n, 1)c is inserted at Z = 1; the
centered x = Z−1 describes only its node neighborhood, while Y4(a, 1)b is evaluated at ξ = 1. The
product has original operators Y1(a, 1)m and Y2(b, 1)c at the corresponding outside and bubble
insertion points.

Proof. We construct the vertex functionals from the four given intertwining operators; in particular
we do not identify arbitrary solutions of a three-point Ward system. Apply Lemma 3.15 to each
Yi with its unchanged z = 1, log 1 = 0 branch, obtaining the four dual current sections λDH

i on
their specified rooted three-point covers. The purpose of the following comparison is to pull these
very sections, and not newly chosen three-point blocks, to the normalized components of the
actual degeneration.

Fix 0 < ρ < 1/16. The two smooth physical configurations and based points are

(1, ρ, 0), bP = 3 + ρ; (1 + ρ, 1, 0), bI = 4 + ρ.

Continue the single outset lift, lower-comb stems, marked roots and logarithms of Definition 3.5
to these points before taking either collision. If hBC = gBgC and hAB = gAgB, the retained
cluster stems have ordered words γBγC and γAγB. The resulting vertex data are as follows; the
pairs in the fourth column give the ordered finite input markings in the normalized coordinate.

original IO component coordinate normalized inputs ordered inertia triple
Po Y1 Z (A : 1, M : 0) (gA, hBC , (gAhBC)−1)
Pb Y2 ξ = Z/ρ (B : 1, C : 0) (gB, gC , h−1

BC)
Io Y3 Z (N : 1, C : 0) (hAB, gC , (hABgC)−1)
Ib Y4 ξ = (Z − 1)/ρ (A : 1, B : 0) (gA, gB, h−1

AB)

In particular, the outside iterate insertion is at Z = 1, not at x = Z − 1 = 0; x is only its
centered node parameter. These data follow by restricting the given based Hurwitz cover along
the common boundary stem, with no permutation of meridians.

The following path comparison includes the one-V observation variable. On a standard three-
point curve with marks 1, 0,∞ choose a right basepoint B0 > 1 and 0 < ϵ < 1/4. The path to 1
is the real interval from B0 to 1; the lower path to 0 consists of the real interval to 1 + ϵ, the arc

(*) w(θ) = 1 + ϵe−iθ, 0 ≤ θ ≤ π,

and the real interval from 1− ϵ to 0. The output path runs to +∞ on the right. Moving B0 in
(1,∞) is a homotopy relative to the marked endpoints, since all the resulting initial intervals
avoid 0, 1.

We verify that the lower arc (∗) gives the fixed preferred continuation in Definition 2.3, rather
than merely an admissible geometric stem. Denote the additional V -insertion position by w and
the intertwining-operator position by z. Put α = 3π/2 and

(wθ, zθ) =
(
eiα(1 + ϵe−iθ), eiα), 0 ≤ θ ≤ π.

Throughout this path, |w − z| = ϵ < |z| and | arg w − arg z| < π/2, so it remains in the original
preferred D3 of Definition 2.3. Its initial point belongs also to D1, and its final point to D2: at
the latter point the continuous difference of preferred arguments is −π, not +π. Consequently
the three single-insertion expansions F∞, Fz, F0 are continuations of one and the same original
λDH

i along this arc, by the defining one-V duality of Yi. To move this comparison to z = 1 use
the explicit homotopy

H(t, θ) =
(
ei(1−t)α(1 + ϵe−iθ), ei(1−t)α), 0 ≤ t ≤ 1,



54 SHUN XU

which stays in wz(w − z) ̸= 0. Its uninterrupted logarithms are

Lz = i(1− t)α, Lw = Logright(1 + ϵe−iθ) + i(1− t)α, Lw−z = log ϵ + i(1− t)α− iθ.

Thus at t = 1 it is precisely the lower arc (∗), with Lz = 0 and Lw−z = log ϵ− iθ. The rotation is
used to compare the observation-current germs; it neither redefines Yi nor changes its final z = 1,
log 1 = 0 coefficient. In particular the sign of the bypass is fixed by the Du–Huang preferred
regions, not chosen to force a Ward identity.

To compare these standard paths with the inherited ones, take the common boundary point at
Z = √ρ in the product and Z = 1 +√ρ in the iterate. It lies strictly between the two scales in
either case. For the product, the lower-comb stem from bP passes below A = 1 and approaches
Z = √ρ; in the outside normalization this becomes the lower path from the right to the node 0.
On the bubble its image is ξ = ρ−1/2 > 1, so sliding this positive right basepoint in (1,∞) gives
the standard paths to B = 1 and C = 0. For the iterate the stem from bI reaches Z = 1 +√ρ
from the right of the whole (A, B) cluster: it becomes the direct right-hand path to the outside
node at Z = 1, while its bubble image ξ = ρ−1/2 > 1 gives the direct path to A = 1 and the
lower path to B = 0. In all four cases the homotopies are compositions of these positive real
basepoint slides and the lower arc (∗); there is no added loop about 0 or 1. Because the full
cluster-boundary stem, rather than just its meridian word, is retained, the comparisons preserve
its inherited unramified based lift and its noncommutative deck label. This proves the four
required endpoint-fixed observation-path comparisons. The operator insertion itself stays at
normalized z = 1 throughout, with log z = 0.

The special roots and node comparison give the same logged transport. The actual marking
roots on either bubble are obtained from the fixed physical roots by Z = ρξ or Z − 1 = ρξ;
the centered roots on its two external legs therefore acquire precisely the factors exp(ℓ(ρ)/NX).
These are continuous from the original positive logarithm and are not reset. The two outside
coordinates are the global Z, as in the table. At a node put x = Z in the product and x = Z − 1
in the iterate, and let y = ξ−1. On the same retained annulus point x = y = √ρ we have

Lx = Ly = 1
2ℓ(ρ), Lx + Ly = ℓ(ρ), xy = ρ.

Write ζ = exp(2πi/n). For the jointly induced three-point reference covers of Definition 3.5,
take the two node roots uDH = exp(Lx/n) and vDH = exp(Ly/n) together on this same annulus:
starting with the actual root pair, apply the unique balanced µn rotation making the outside
root positive; the bubble root then has the prescribed positive value because its product with the
outside root is exp(ℓ(ρ)/n). This is the simultaneous auxiliary realization of the already fixed
DH preferred continuation, not a new analytic continuation or a separate choice of the two roots.
The DH intertwining-operator definition fixes the preferred analytic branch but does not itself
specify an independent root of the internal node on each of two distinct three-point covers. In
the actual balanced chart x = un, y = vn, uv = ta and ρ = tan after the prescribed positive DVR
base change. Hence there are unique residue classes r, s (mod n) such that

u = ζruDH, v = ζsvDH, ζr+s = uv

uDHvDH
= 1.

Thus s = −r (mod n) is a consequence of the original balanced relation, not a choice of a new
node root. The associated relative-weight frame operators are Sr = exp(−2πir(LM (0)− hM ))
and (S−r)t (on the iterate node replace M by N). The same retained boundary stem supplies
the noncommutative deck comparison on both legs, with the appropriate strict module pullbacks
Td. It cannot generate an additional independent node rotation.

More explicitly, let JC,i be the actual rooted/deck/coordinate comparison from each component
leg to its original reference leg. A deck change d first changes its sector to the strict pullback
TdWi; the common based comparison then identifies the three corresponding typed legs with
those of the original DH triple. We write JC,i for this complete, typed frame map, rather than
silently identifying TdWi with Wi as twisted modules. Transporting λDH

i along that explicit
comparison gives, on actual leg vectors v1, v2 and output restricted dual v′

3, exactly

λact
C (v′

3, v1, v2) =
〈
(J−1

C,3)tv′
3, Yi(JC,1v1, 1)JC,2v2

〉
.
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The intertwining operator on the right is literally the fixed Yi from (6.2) or (6.3), with its
log 1 = 0 branch; neither an operator nor its matrix coefficient has been redefined. The typed
frame maps also carry the current states according to Lemma 3.10. The operators JC,i are the
actual maps supplied by the based cover comparison, the specified Kummer root maps, and
Lemma 3.10; the output always uses the inverse transpose. At an output marking the local
coordinate is s = Z−1 on an outside component, or s = ξ−1 on a bubble; the contragredient
observation-current state change is, for b ∈ Vd,

esL(1)(−s−2)L(0)b = (−1)ds−2d
d∑

j=0

sj

j! L(1)jb.

It is this full finite polynomial, together with the inverse transpose on the output, that is
transported; replacing it by the leading (−1)ds−2d term would not give the same dual section.
Under the initial reference identifications of Definition 3.5, this formula is exactly the original
corresponding ℓP , rP , ℓI or rI . In other framed representatives it is the displayed covariant
formula, not an assertion that the untransported scalar expression is invariant.

We verify the node pairing with the jointly induced three-point reference data; no independent
DH node-root reference is hidden in Definition 2.3. That definition fixes the operators and their
preferred analytic continuations, not an additional choice of two unramified Hurwitz lifts or node
roots. Lemma 3.15 realizes the resulting fixed three-point dual sections on a cover equipped
with auxiliary based paths and marked roots. These are precisely the auxiliary choices which
Definition 3.5 makes jointly at the outset.

For U = M (product) or U = N (iterate), let Ua be the typed outside node leg of the actual
normalized cover and U ′

a its paired bubble output leg. They have inertia h = tw(U) and h−1,
respectively; the pairing U ′

a × Ua → C is the restricted contragredient pairing. On the physical
punctured collar choose one lifted point q̃ above x = y = √ρ > 0 (after a harmless finite positive
base extension if needed). Restrict its based stems to the outside and bubble and then normalize
the two components. As these are restrictions of one lift, any change of this lift by a deck
element d ∈ H acts on both legs by the same strict pullback, with types TdUa ∈ Cdhd−1 and
(TdUa)′ = Td(U ′

a) ∈ Cdh−1d−1 ; there is no identification TdU ≃ U as V -modules when their twist
types differ. The reference component covers are the pointed three-point covers obtained from
these restrictions in the coordinates Z, ξ = Z/ρ (product), or Z, ξ = (Z − 1)/ρ (iterate). Their
ordered meridians and preferred observation paths are exactly those checked above. Based-cover
uniqueness identifies the corresponding pointed covers; it is not used to identify conformal blocks.
Instead we pull back the four dual sections already defined by the fixed Yi through Lemma 3.15.
Since the insertion in each normalized three-point coordinate remains 1 with log 1 = 0, this
operation changes no coefficient ℓP , rP , ℓI , rI .

The root and frame comparison is as follows. Use the common balanced equations

x = un, y = vn, uv = τ, τn = ρ, n = ord(h),

and the positive logarithms retained from q̃. The outside and bubble reference roots ur, vr are
the images of the same rooted collar in these two exact component coordinates; thus un

r = x,
vn

r = y and urvr = τ . This last equality is a relation in the jointly transported cover, not an
equality postulated for independent root torsors. Any comparison of the actual roots with this
joint reference preserves the same coarse x, y and the same lifted plumbing parameter, so it is
necessarily

(u, v) = (ζrur, ζ−rvr), ζ = e2πi/n, r ∈ Z/nZ.

There are no positive-coordinate jets in this comparison: x = Z (or Z − 1), y = ξ−1 are
precisely the reference node coordinates. By Lemma 3.10, on UhU +γ the outside root gauge is
Sr = e−2πir(LU (0)−hU ) and acts by e−2πirγ . The bubble output is the restricted contragredient of
this same node leg, so the actual opposite root and the same typed deck restriction act by (S−1

r )t.
In the common reference types the two comparison maps therefore have the legitimate directions

(E0-pair) A = Jo,U : Ua −→ U, B = Jb,U ′ : U ′
a −→ U ′, B = (A−1)t.
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Here the equality is taken after the common strict Td pullback on both legs; prior to that operation
A and B have different twisting-sector targets and cannot be composed as untyped module
automorphisms. Equivalently, the square expressing ⟨Bφ, Am⟩U ′=U∗ = ⟨φ, m⟩U ′

a
commutes for

every m, φ. The equality follows from the explicit annulus automorphism (u, v) 7→ (ζru, ζ−rv)
and the common deck restriction, not from an assertion that any two independently chosen
reference frames are automatically paired.

Both the strict pullback and Sr preserve L(0)− hU ; thus A commutes with the relative-weight
projectors, and the same is true of B. Choose a basis {eγ,j} of (Ua)hU +γ and its restricted-dual
basis. Then {Aeγ,j} and {(A−1)te∗

γ,j} are precisely dual bases in the original abstract module U

and U ′. Therefore, coefficient by coefficient,

(A⊗B)E U,a
γ =

∑
j

Aeγ,j ⊗ (A−1)te∗
γ,j = E U,ref

γ , BγAt
γ = idU∗

hU +γ
.

The displayed identities apply to both U = M and U = N ; no L(j > 0) operator occurs in the
node module comparison since the two exact node coarse coordinates have not changed. The
L(1) terms in the output opposite-current formula above act on the observed V -state and remain
fully present there.

To check the fixed coefficients rather than only a Ward solution, substitute these two dual
bases directly into the grade-γ inner sums of (6.2) and (6.3). In the jointly induced normalized
external frames they become, respectively,∑

j

ℓP (d′, a, Aeγ,j)rP ((A−1)te∗
γ,j , b, c),

∑
j

ℓI(d′, Aeγ,j , c)rI((A−1)te∗
γ,j , a, b),

which are exactly the original γ-th finite sums, by basis independence. If one uses a different
external framing, the four external arguments (including the output restricted dual) must be
transported by the corresponding JC,i; the naked coefficient is not asserted to be invariant. The
physical-to-normalized input scalings are already the specified DP (ρ), DI(ρ), and the nonintegral
lowest-weight factor is the unchanged ρhU = exp(hU ℓ(ρ)) of (6.4). Thus neither an IO nor its
chosen log 1 = 0 branch has been renormalized.

If independently chosen three-point node references A0 : Ua → Ur and B0 : U ′
a → U ′

r are used
instead, the corresponding finite sum contains the genuine typed compensator Kγ = B0,γAt

0,γ

(with the external gauges). The present argument does not claim Kγ = 1 for arbitrary such
independent references. Those auxiliary choices are not imposed by Definition 2.3 or Lemma 3.15;
the common outset prescription specifies the paired representatives before either original IO is
applied. No E0/E1 Ward, associativity, convergence of two-IO products, or coherence is used. □

Lemma 6.4. Fix a current σ and m = m(σ) as in Lemma 6.2, and let uv = ta, x = uN , y = vN ,
e = aN at a source node. For a homogeneous b ∈ E ∩ Vd and a term t−mtℓurvsb of its balanced
frame, set

r, s, ℓ ∈ N, k = r − s, n = d− 1 + k

N
, δ = e(d− n− 1) = −ak.

The contribution of this term and a grade-p summand of ΓM (te) to the coefficient of tL is zero
unless

(6.9)
p = eγ ∈ N, a max(0, k) ≤ p ≤ L + m− a max(0,−k),

|k| ≤
⌊

L + m

a

⌋
.

In particular, for every L ∈ Z the sum over modes, relative grades, and monomials is finite. Its
two incident-node actions, including every L(1) correction, cancel coefficientwise in M ⊗M ′.

Proof. Write M =
⊕

γ∈ΛM
MhM +γ , ΛM ⊆ N−1N, and

Pp = E M
p/e, ΓM (te) =

∑
p∈eΛM

tpPp, Pp = 0 (p /∈ eΛM ).
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Thus eΛM ⊆ N. The u-branch expression is tas+ℓ−mukb xd−1dx, whose selected-root residue
extracts bn by (3.11). Since bn : MhM +p/e −→ MhM +(p+δ)/e, δ = −ak, its action vanishes
for p + δ < 0. Its t-degree in the weighted contraction equals p + as + ℓ −m. Consequently
p ≥ a max(0, k), s ≥ max(0,−k), p + as + ℓ = L + m. These relations imply (6.9); if L + m < 0,
no term exists. For fixed L, the allowed integers k, p are finite, and as + ℓ = L + m− p leaves
only finitely many pairs (s, ℓ) ∈ N2 and r = s + k ∈ N. Since E is finite dimensional, the same
bound applies to a complete element of t−m

(
O[[u, v]]/(uv − ta)

)
⊗ E.

Write bt
n for the algebraic transpose of bn. Finite homogeneous duality gives, in M ⊗M ′,

(6.10) (bn ⊗ id)Pp = (id⊗bt
n)Pp+δ, (bn ⊗ id)ΓM (te) = t−δ(id⊗bt

n)ΓM (te).

Both identities are understood coefficientwise with the zero-grade convention. By the contragre-
dient formula [10, Section 2][7, Section 3], for b ∈ Vd,

(6.11) bt
n = (−1)d

d∑
j=0

1
j!
(
L(1)jb

)M ′

2d−j−n−2.

Here d ∈ N, L(1)d+1b = 0, and M ′ is the g−1-twisted restricted contragredient. By (6.8) the
paired v-branch is

tar+ℓ−mv−k
d∑

j=0

(−1)d+1

j! (L(1)jb)yd−j−1dy.

Its j-th selected-root residue extracts (L(1)jb)M ′

d−j−1−k/N , and

d− j − 1− k

N
= 2d− j − n− 2, ar = as + ak = as− δ.

Hence the v-branch action is exactly −t−δ(id⊗bt
n) times the u-branch scalar coefficient. Combin-

ing this with (6.10) gives
[
(bn ⊗ id)− t−δ(id⊗bt

n)
]
ΓM (te) = 0. The minus-side grade is p + δ; its

total t-degree is (p + δ) + ar + ℓ −m = p + as + ℓ −m, so its coefficient is in the same finite
window. Finally, n ∈ α + Z for gb = e2πiαb precisely when k/N ∈ α + Z. As gL(1) = L(1)g, all
states L(1)jb have the same inertia character, while the opposite modes act in the inverse-twisted
module. Summing over the finitely many node orbits and a finite homogeneous basis of E proves
the assertion. □

Lemma 6.5. For the product and iterate of (6.2) and (6.3), the node contractions of Lemma 6.4
and the three-point Ward identities recover the original four-point seed Ward identities in the
physical coordinates. The equalities hold coefficientwise on the outset rooted collision branches of
Definition 3.5, with their actual component comparison of Lemma 6.3. In addition, both formal
contractions satisfy the independent L(−1)-derivative identities in their two moving insertion
variables.

Proof. Let a, b, c, d′ have weights λA, λB, λC , λD, respectively, and put ∆ = λD − λA − λB − λC .
For a product summand of intermediate weight hM + γ,

RλD−λA−hM −γ(Rρ)hM +γ−λB−λC

= R∆ρhM −λB−λC ργ .

For an iterate summand of weight hN + γ the corresponding identity is

(Rρ)hN +γ−λA−λB RλD−hN −γ−λC = R∆ρhN −λA−λB ργ .

These are identities of individually finite homogeneous contractions, assuming the compatible
logarithms in Lemma 6.1. Put (MP , MI) = (M, N). In particular, at R = 1,

(6.12) Φ⋆(ρ) = ρhM⋆ Ψ⋆(ρ) ◦D⋆(ρ),

where DP , DI are the weight-diagonal operators defined in (6.4) and its preceding display.
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We compare the geometrically defined external residues. Fix the given generic H-invariant
seed current s; its restrictions to the actual normalized components are those of Lemma 6.2,
not newly chosen Ward currents. In the product use the coarse outside coordinate Z, and on
the bubble put xB = Z − ρ, xC = Z and ξB = ξ − 1, ξC = ξ, where Z = ρξ. In the iterate,
the outside coordinate is still Z, with its original IO inserted at Z = 1; on the bubble put
xA = Z − (1 + ρ), xB = Z − 1 and ξA = ξ − 1, ξB = ξ, where Z − 1 = ρξ. Thus for each bubble
external marking xi = ρξi exactly. On the other external marking and at infinity the physical
and outside coordinates coincide for R = 1.

Let b ∈ E∩Vd be homogeneous, and let n ∈ rb/Ni+Z be an allowed twisted mode at such a bub-
ble marking. In its centered physical state-current frame consider a coefficient ci,b,n(t)xn

i b (dxi)1−d.
This density notation records the exact scaling of the state-current frame under a linear coordi-
nate change: since xi = ρξi, the induced component coefficient is ρn+1−dci,b,n(t). No positive
Virasoro mode occurs in this linear transition, even when L(1)b ̸= 0; the complete positive-mode
transition at the node is instead the balanced transition (6.8) already used in Lemma 6.4. To
check the orbit normalization explicitly, for the selected ramified root uNi

i = xi one has
1

Ni
Resui=0 uNin

i Y gi
Mi

(b, uNi
i )Niu

Ni−1
i dui = bn.

Under the inherited root change ui = ρ1/Ni ũi the same formula in the component root has
coefficient ρn+1−dci,b,n(t); the root powers use the fixed ℓ(ρ) and hence produce no unrecorded
root phase. This calculation is compatible, modulo every tJ+1, with the actual marked-lift
comparisons ιv,J in the proof of Lemma 6.2. In particular it compares the same current s,
including all Laurent coefficients of its extension, and does not infer the component action merely
from abstract covariance.

Put ∆b,n = d − n − 1. The original twisted-module commutator gives, on a vector in any
homogeneous relative-weight space,

(6.13) [L(0), bn] = ∆b,nbn, ρ−L(0)bnρL(0) = ρ−∆b,nbn = ρn+1−dbn.

Indeed, if wi has weight λ then both sides of ρ−L(0)bnwi = ρn+1−dbnρ−L(0)wi are ρ−(λ+∆b,n)bnwi.
Consequently, writing Ri,phys(s) for the orbit-normalized residue of (3.9) on the actual external
marking, and Ri,vert(s) for the restriction of that same current to its normalized component, one
obtains

Ri,vert(s) = ρ−Li(0)Ri,phys(s)ρLi(0) (i = B, C for P ; i = A, B for I)

coefficientwise on algebraic inputs. For the unscaled outside input and the output D′ the
comparison is the identity. The latter statement also uses the prescribed restricted contragredient
frame: an input frame map G induces (G−1)t on its dual; for R = 1 the output map itself is
G = id, and the internal output-dual map is already paired with the node input by Lemma 6.3.
These observations prove the independent geometric–algebraic comparison

(6.14) D⋆(ρ)Rphys(s)w = Rvert(s)D⋆(ρ)w, ⋆ ∈ {P, I},

for each finite coefficient of the rooted formal expansion. The equality is not asserted as an
unqualified continuous-operator identity on an infinite product completion. The scalar powers
are kept on the chosen branch, including nonintegral external lowest weights.

The Ward cancellation also follows directly, without invoking (6.14). After multiplying s by
the tm(s) supplied by Lemma 6.2, restrict its extension to the two actual normalized components.
Apply Proposition 3.16 separately to the outside and bubble original three-point functionals,
identified by Lemma 6.3. At a fixed coefficient tL, Lemma 6.4 restricts the intermediate grades
and all node Laurent indices to its finite window. Pair the two three-point Ward equalities with
the unchanged degree-γ coevaluation, weighted by teγ . The incident node terms are respectively
(bn⊗id)ΓM⋆(te) and −t−δ(id⊗bt

n)ΓM⋆(te), including the L(1)j-terms; they cancel by (6.10)–(6.11).
The surviving external terms are exactly the restrictions of s just computed, hence give

(6.15) Ψ⋆(ρ)
(
Rvert(s)D⋆(ρ)w

)
= 0, D⋆(ρ)Rphys(s)w = Rvert(s)D⋆(ρ)w
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in each finite homogeneous coefficient. As every tL involves only finitely many current monomials,
node modes and weights, no analytic convergence or exchange of infinite sums is used; localizing
the extension by t−m(s) recovers the original current. Finally (6.12) gives, for the original physical
four-point Ward action,

Φ⋆(ρ)(Rphys(s)w) = ρhM⋆ Ψ⋆(ρ)(Rvert(s)D⋆(ρ)w) = 0.

The internal ground-weight scalar ρhM⋆ is retained. For a further common scale R, the output
restricted dual transforms by the inverse transpose of the input scaling, namely RLD′ (0) versus
R−L(0) on each input. All the external centered-coordinate changes are affine dilations; their
Schwarzian is zero. This does not discard the ramified-root Schwarzian already included in the
full state-current gauge of (3.9).

For the derivative statement, use the L(−1)-derivative property and translation commutator
of a single twisted intertwining operator [10, Definition 2.8]:

∂xY(a, x) = Y(L(−1)a, x), L(−1)Y(a, x)− Y(a, x)L(−1) = Y(L(−1)a, x).

For a product, differentiating each of the two insertion coordinates gives respectively the insertion
of L(−1)a and L(−1)b, with the intermediate projections held fixed. For an iterate let q = z1−z2,
and write F = ⟨d′,Y3(Y4(a, q)b, z2)c⟩. Then, coefficientwise,

∂z1F = ⟨d′,Y3(Y4(L(−1)a, q)b, z2)c⟩,
∂z2F = ⟨d′,Y3(L(−1)Y4(a, q)b− Y4(L(−1)a, q)b, z2)c⟩

= ⟨d′,Y3(Y4(a, q)L(−1)b, z2)c⟩.

For each prescribed relative power, the L(0)-weight equation fixes the intermediate grade; insertion
of L(−1) shifts that grade by one. Thus each displayed coefficient is a finite homogeneous
contraction, and the differentiation is performed coefficientwise in the formal series. The chain
rule and the Leibniz rule then give (3.18) on the physical placement chart. The substitution
ρ = te is injective on the relative grade support. A root rotation acts as S = e−2πi(LM (0)−hM )

on M and (S−1)t on M ′, fixing each E M
γ ; the iterate uses N in place of M . Thus the identities

respect the retained framing. □

Theorem 6.6. Fix the single outset product–iterate framing of Definition 3.5, and let ⋆ ∈ {P, I}.
In its preferred collision-root formal neighborhood, the original contraction Φ̂⋆ of (6.2) or (6.3),
normalized by (6.4), is a coefficientwise well-defined formal scalar functional. For every canonical
seed current s pulled back to this formal neighborhood and every external algebraic tensor w,

(6.16) Φ̂⋆
(
R(s)w

)
= 0 coefficientwise in the chosen root parameter.

For each placement derivation δ the independent formal derivative identity and differential
saturation give

(6.17) ∂δΦ̂⋆(w) = Φ̂⋆(∇δw), Φ̂⋆(Jdiff) = 0.

Consequently this is a horizontal formal functional on the completed finite differential quotient Q̂.
The same initial rooted choice is used for every typed intertwining operator and every homogeneous
coefficient. No coefficientwise statement about the untransported original series on arbitrary other
framed charts is claimed here; its covariant analytic continuation is established in Theorem 6.12
below.

Proof. The geometric differential quotient and its connection were constructed without a four-
point Ward hypothesis in Theorem 3.19; their regular singularity was established in Theorem 5.11.
Fix ⋆, a current s, and homogeneous w. The source of the two original three-point functionals
is identified on the same actual based cover by Lemma 6.3. The selected nodal extension of
Lemma 6.2 uses the base change (6.7); it does not change the external rooted/logged sources.
After multiplying by tm(s), restrict the given current to the two normalized components. For
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every coefficient of tL, Lemma 6.4 gives the finite window

(6.18)
p = eγ ∈ N, a max(0, k) ≤ p ≤ L + m− a max(0,−k),

|k| ≤ ⌊(L + m)/a⌋, p + as + ℓ = L + m,

where e = an with n the node inertia order. Thus applying the two three-point Ward identities of
Proposition 3.16 involves only finitely many states, intermediate grades and Laurent monomials.
All node terms, including the L(1)j corrections and their inverse-transpose actions, cancel by
(6.10) and (6.11). As the component germs are the original ℓ⋆, r⋆, the remaining external action
satisfies

(6.19) Ψ⋆(ρ)
(
Rvert(s)D⋆(ρ)w

)
= 0.

Here Rvert is obtained from the actual restrictions of s, not defined by conjugating its phys-
ical action. The full coordinate law of Lemma 3.10 and the mode identity ρ−L(0)vnρL(0) =
ρ−(wt(v)−n−1)vn apply separately to each L(1)jv state and to the output restricted contragredient.
Therefore, in these finite contractions, Lemma 6.5 gives

D⋆(ρ)Rphys(s) = Rvert(s)D⋆(ρ), Φ̂⋆(Rphys(s)w) = ρhM⋆ Ψ⋆(Rvert(s)D⋆w) = 0.

The factors ρhM , ρhN remain on the chosen logarithmic branch, whether or not the lowest weights
are integral. Injectivity of the finite root substitution on the original lower-bounded relative-
grade support descends this coefficientwise equality from the t-expansion. Lemma 6.5 separately
proves the formal L(−1) derivative identities; Lemma 3.20 and Proposition 3.21 then yield
(6.17). Neither convergence nor associativity nor an all-chart Ward assertion has entered the
argument. □

Corollary 6.7. For any two actual twisted intertwining operators with ordinary intermediate
module, the original intermediate-grade contractions converge absolutely and normally on compact
subsets of the respective physical chambers

AP = {(z1, z2) : |z1| > |z2| > 0}, AI = {(z1, z2) : |z2| > |z1 − z2| > 0},

on every logarithmic branch obtained by continuing the outset physical/rooted data within these
chambers. Their sums are the evaluations of analytic horizontal sections of the canonical differ-
ential Ward quotient on the corresponding branches; no assertion is made that an untransported
original grade sum converges outside its physical chamber.

Proof. Fix a simple intermediate module and homogeneous external and restricted-dual vectors.
Put

(6.20) (R, q) =
{

(z1, z2/z1), ⋆ = P,

(z2, (z1 − z2)/z2), ⋆ = I.

Then R ̸= 0, 0 < |q| < 1 and the third moving-puncture difference is R(1 − q) or R(1 + q),
respectively. Thus the configuration is nonsingular throughout the punctured unit disk. With
R = 1 let S⋆ → A1 \ {0, ϵ⋆} be the finite étale framed Hurwitz cover of Lemma 3.4, where
(ϵP , ϵI) = (1,−1). Its analytic pullback to 0 < |q| < 1 has finite permutation monodromy. Choose
d ∈ N>0 divisible both by the order of this monodromy and by the denominators of the relative
grades of the fixed simple intermediate module; set q = ξd. On the punctured ξ-disk the finite
cover splits into single-valued analytic sheets. This operation removes the geometric permutation
monodromy; it does not remove the arbitrary complex lowest-weight power qhM⋆ or its specified
logarithm.

Let Z be the normalization of the pulled-back algebraic Hurwitz curve, restricted to the
irreducible component containing the selected analytic sheet. Its morphism to the ξ-line is
finite. Over 0 < |ξ| < 1 the chosen sheet is an analytic section. It extends across ξ = 0: on
an affine neighbourhood of 0, integral generators of the finite algebra satisfy monic equations
with holomorphic coefficients and hence are locally bounded along the section; the removable-
singularity theorem extends each generator. These extensions retain the monic relations and
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yield a section of Zan above ξ = 0. At its point p, the normal curve Z is smooth. If ξ = ε(s)se in
its local parameter s, with ε(0) ̸= 0, the existence of a section implies e = 1. Consequently the
selected analytic sheet, with its point p, is a disk with coordinate ξ. Since the original framed
cover is étale away from q = 0, ϵ⋆, it has no other branching on |ξ| < 1.

The pulled-back finite-rank Ward connection is algebraic and integrable on this smooth
algebraic curve away from its boundary; Theorem 5.11 and stability of regular singularity under
finite pullback give its regular singularity at p (cf. [5, Chapter II, Proposition 5.4]). Each
fixed external tensor yields an algebraic test section on the smooth framed chart. It extends
meromorphically in the canonical logarithmic extension at p by Proposition 5.17. Theorem 6.6,
now applied only to this preferred collision-root neighborhood, and Proposition 3.21 give the formal
horizontal identity independently of any all-chart Ward conclusion. By (6.20) and Lemma 5.12,
its normalized grade series has a fixed fractional-power shift and only nonnegative integral powers
of ξ after the chosen root substitution. Hence the adapted ratio condition of (5.13) and the
finite-Nilsson condition of Lemma 5.13 hold at p. Theorem 5.14 identifies this formal series
with a convergent local horizontal germ. Theorem 5.16 and Proposition 5.17 continue that germ
throughout the rooted disk and give absolute normal convergence of its finite exponent-class
Taylor series there.

More precisely, the homogeneity calculation of Lemma 6.1 gives

Φ⋆(R, q) = R∆qκ⋆
∑

γ∈ΛM⋆

C⋆,γ qγ , κP = hM − λB − λC , κI = hN − λA − λB.

Each C⋆,γ is the original finite-dimensional contraction of the grade-γ space. Under q = ξd, the
map γ 7→ dγ ∈ N is injective. Thus distinct relative grades are distinct Taylor exponents after the
fixed factor qκ⋆ has been extracted. Uniqueness of formal coefficients identifies the coefficients of
the analytic expansion with C⋆,γ , not with regrouped sums. Proposition 5.18, or equivalently the
Cauchy estimates of Lemma 5.15 on the ξ-disk, now gives∑

γ∈ΛM⋆

sup
ξ∈K
|C⋆,γ ξdγ | <∞ (K ⋐ {0 < |ξ| < 1}).

The fixed factors R∆qκ⋆ are bounded on compact subsets of a chosen logarithmic branch of
the physical chamber. Reinstating them, and summing the finitely many simple intermediate
choices, proves the asserted normal convergence on compact subsets of A⋆. The resulting analytic
functions have exactly the original coefficientwise Taylor germs of Theorem 6.6; their extension
to other framed charts is the separate covariant assertion of Theorem 6.12. □

6.2. The full-state differential quotient. Fix an affine smooth framed chart S = Spec A and
the actual based H-cover p : C → S of Section 2.5. Let T = A⊗C T with the physical connection
∇ of (2.19). Since V is of CFT type, put

V≤D =
D⊕

n=0
Vn (D ∈ N), D0 ∈ N, E ⊆ V≤D0 .

For D ≥ D0, the finite-dimensional G-module V≤D is stable under L(0) and L(j) for j > 0,
since L(j)Vn ⊆ Vn−j . Thus the coordinate-change action of [14, Sections 3–5] restricts to V≤D,
including the finite operator eL(1)(−1)L(0)+1. Write FD for the corresponding finite-rank current
bundle; the inclusions V≤D ↪→ V≤D+1 induce FD ↪→ FD+1. Let P be the reduced sum of all
marked H-orbits, and define

SD = Γ(C,FD(∗P ))H ,

JD =
∑

s∈SD

∑
w∈T

A RD(s)w ⊆ T ,

J diff
D =

∑
r≥0

∑
δ1,...,δr∈DerC(A)

A∇δ1 · · · ∇δrJD,
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where RD is the orbit-normalized residue action of Definition 3.11 (equivalently (3.9)), and r = 0
denotes JD. Here Γ(C,FD(∗P )) =

⋃
m≥0 Γ(C,FD(mP )); no current involves infinitely many

state weights. Set

(6.21)
J diff

∞ =
⋃

D≥D0

J diff
D , Q∞ = T /J diff

∞ ,

J diff
E ⊆ J diff

D ⊆ J diff
D+1, Q = T /J diff

E ↠ Q∞.

Every J diff
D and their union are∇-stable by the Leibniz rule, so∇ induces an integrable connection

on their quotients whenever these quotients are formed.

Lemma 6.8. Fix D ≥ D0 and an original ordinary twisted intertwining operator Y of type( W3
W1 W2

)
, with its already fixed z = 1, log 1 = 0 germ (or its specified logarithmic continuation). On

its actual smooth rooted three-point H-cover, the original three-point matrix-coefficient functional
annihilates the normalized residue action of every H-invariant current in H0(C3,FD(∗P3)). The
assertion includes all finite L(j > 0) coordinate corrections and the restricted contragredient at
infinity; no convergence of a four-point contraction is involved.

Proof. The coordinate-change representation on the state space V≤D is finite: L(j)Vr ⊆ Vr−j for
j > 0, and L(j) vanishes on Vr when j > r. Thus for an origin-fixing change of formal coordinate
the AutO action on V≤D is an algebraic finite-jet matrix. It commutes with H ≤ Aut(V ) because
the latter preserves the conformal vector. Its dual and the Jacobian define the finite-rank bundle
V ∨

D and the current bundle FD = VD ⊗ ω on the smooth cover.
For every b ∈ V≤D use the same fixed Y to define the three single-insertion coefficients Fz(x; b),

F0(x; b), F∞(x; b) of Lemma 3.15. The Du–Huang single-insertion analytic duality identifies their
continuation along the fixed rooted paths; this step does not reconstruct an intertwining operator
from Ward solutions. Their H-monodromy and the complete finite-jet coordinate matrices give
an H-invariant holomorphic section λD of V ∨

D away from the three marked orbits. Since V≤D

has a finite homogeneous basis, the lower truncation of the input twisted vertex operators gives
one finite lower Laurent bound at the two finite markings. At infinity, for b ∈ Vd the complete
opposite insertion uses

exL(1)(−x−2)L(0)b = (−1)dx−2d
d∑

j=0

xj

j! L(1)jb.

The sum terminates, and lower truncation on the restricted contragredient W ′
3 provides a finite

bound there as well. The finite state-current coordinate gauges have finite Laurent orders and
therefore preserve meromorphicity at the markings. Consequently λD extends as an algebraic
meromorphic section on the entire proper three-point cover (by GAGA).

For any invariant s ∈ H0(C3,FD(∗P3)), the pairing η = ⟨λD, s⟩ is a global invariant mero-
morphic one-form, with no poles away from the marked orbits. In a distinguished Nith-root
coordinate xi = uNi

i , the coefficient of each permitted twisted mode bn is exactly

1
Ni

Resui=0 uNin
i Y gi

Wi
(b, uNi

i )Niu
Ni−1
i dui = bn.

The complete L(1) terms and the output inverse transpose are already included in the cur-
rent/frame and opposite-field formulas. Each marked H-orbit has |H|/Ni points, hence the usual
residue theorem gives

0 = 1
|H|

∑
x∈C3

Resx η =
∑

i

ΦY,1(RD,i(s)w).

Linearity treats nonhomogeneous s. This proves the stated Ward identity for each fixed D;
neither Proposition 3.16 on E alone nor a Ward identity for an infinite state bundle is being
used as a substitute. □
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Theorem 6.9. Let ⋆ ∈ {P, I}, and let Φ̂⋆ be the preferred-outset formal original product or
iterate of Theorem 6.6, with its fixed rooted/logarithmic collision branch. For every fixed D ≥ D0,

(6.22) Φ⋆(JD) = 0, Φ⋆(J diff
D ) = 0, Φ⋆(J diff

∞ ) = 0.

Consequently Φ̂⋆ induces a horizontal formal functional on the completion of Q∞ at this collision
root, using the finite regular-singular lattice of the prior finite quotient. The assertion is coeffi-
cientwise in the original physical normalization on the preferred outset branch; arbitrary framed
charts are treated by Theorem 6.12. No convergence theorem for a V≤D-dependent quotient is
assumed.
Proof. Fix D, an invariant s ∈ SD, and an algebraic homogeneous external tensor w. The
current space is genuinely finite dimensional in the state direction: the conformal grading is finite
dimensional at each weight, and every L(j > 0) preserves V≤D. The origin-fixing coordinate
matrices (including L(1)j , the differential Jacobian and the ramified root charts) are consequently
finite matrices. Therefore FD is a finite-rank algebraic current bundle. The H action, the
marking-root constructions and the inclusions FD ↪→ FD+1 respect those matrices.

Use the actual admissible degeneration supplied by Lemma 6.2, not a separately chosen three-
point cover. After its allowed finite DVR and Kummer extension, put O = L[[t]], K = L((t)).
At each source node the complete local ring is

B = O[[u, v]]/(uv − ta), x = uN , y = vN .

The underlying state-current transition computed in (6.8) is, on V≤D,

ΣD = eL(1)(−1)L(0)+1∣∣
V≤D

, ΣDb = (−1)d+1
d∑

j=0

L(1)jb

j! (b ∈ Vd).

In particular no term leaves V≤D. The transition is constant in the balanced state-current frames,
including its Jacobian; it commutes with the inertia action. Changing the second trivialization by
ΣD identifies the bundle on the punctured node with the restriction of B⊗V≤D. The hypersurface
B is normal and Cohen–Macaulay of dimension two. Thus the reflexive-extension equivalence
across its closed codimension-two point ([30, Tag 0EBJ]) extends this bundle there as a coherent,
locally free node stalk. Away from nodes the prescribed finite Kummer marking charts and the
original smooth current bundle supply a coherent sheaf on the entire proper total cover; gluing
with these node extensions gives FD,O. This construction concerns the sheaf on the actual total
cover, not the restriction of a reflexive sheaf under a possibly nonflat special-fiber base change.

Choose an invariant effective external marking divisor P bounding all generic poles of s. For a
suitable finite m, s lies in H0(CK ,FD,O(mP )K). Properness and coherence make p∗FD,O(mP ) a
finite O-module. Since base change here is localization to the generic fiber, flatness of localization
gives

(p∗FD,O(mP ))⊗O K ≃ H0(CK ,FD,O(mP )K).
It follows that tmss is a global coherent section for some ms = ms(s, D) ≥ 0. Averaging by
|H|−1∑

h∈H h retains invariance. No uniform exponent in s or D is required.
Take the coefficient of tL after the extension. Near a node a term in the integral finite-state

current has the form t−ms+ℓurvsb with r, s, ℓ ≥ 0, b ∈ Vd, d ≤ D. For this paragraph s in the
exponent denotes an integer, not the current itself. Set k = r − s, n = d − 1 + k/N , e = aN ,
and p = eγ for the intermediate relative grade γ ≥ 0. The mode degree is d− n− 1 = −k/N , so
the source and target grade restrictions give p ≥ a max(0, k). Since p + as + ℓ = L + ms and
s ≥ max(0,−k), we obtain

(6.23)
a max(0, k) ≤ p ≤ L + ms − a max(0,−k),

|k| ≤
⌊

L + ms

a

⌋
, p + as + ℓ = L + ms.

Thus at fixed (D, L) there are only finitely many integers k, p, r, s, ℓ, and only finitely many
homogeneous state basis vectors. All L(1)jb are in V≤D, and the internal restricted-grade spaces
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are finite dimensional. Formula (6.11) gives all of their transposed node terms, including the
change of index and every L(1)j correction. Lemma 6.4 therefore cancels the two node residues
in this same tL coefficient; this uses neither an infinite sum interchange nor a bound common to
all D.

The thickening comparison in Lemma 6.2 transports the coefficientwise restrictions of tmss to
meromorphic currents on the actual normalized smooth three-point component covers. Its proof
is statewise and its finite-jet/frame constructions above preserve V≤D. Lemma 6.3 identifies
the fixed original three-point IO germs in those frames. Apply Lemma 6.8 on each component,
coefficient by coefficient, to the original outside/bubble functionals. The sum of their external
and node residues is zero; after node cancellation only the external residues remain. The already
established geometric physical-coordinate comparison of Lemma 6.5 acts on each b ∈ V≤D by
the identical finite matrices and on output restricted dual by inverse transpose. It therefore
sends precisely the remaining component action to the original physical RD(s) action, without
introducing another formal functional. The factors ρhM or ρhN and the logarithmic branch are
retained. Hence Φ⋆(RD(s)w) = 0 in R⋆ after the faithful finite root substitution. A-linearity
proves Φ⋆(JD) = 0.

The independent formal derivative identity of Lemma 3.20, also calculated directly from
the original IO L(−1)-axiom in the proof of Theorem 6.6 rather than from a full-state Ward
assumption, reads for every placement derivation δ

∂δΦ⋆(fw) = δ(f)Φ⋆(w) + fΦ⋆

(∑
i

δ(zi)L(−1)(i)w

)
= Φ⋆(∇δ(fw)), f ∈ A.

The coefficient module R⋆ is the fixed lower-bounded iterated Laurent/root series module:
differentiating an individual exponent only shifts a finite grade, and every fixed coefficient of the
original contraction is finite dimensional. Multiplication by expanded coefficients of A and formal
Leibniz differentiation preserve this lower-bounded series module; no summation of infinitely
many contributions to one coefficient is needed. For any j ∈ JD and any finite list of derivations,
iteration gives

Φ⋆(∇δ1 · · · ∇δr j) = ∂δ1 · · · ∂δr Φ⋆(j) = 0.

The definition of J diff
D includes their A-multiples, so Φ⋆(J diff

D ) = 0. The embeddings of the finite
state bundles preserve currents and their residue actions, hence J diff

D ⊆ J diff
D+1, and each ideal is

∇-stable by the Leibniz rule. Every element of J diff
∞ =

⋃
D J diff

D belongs to one such finite level;
therefore its image is zero. Since the finite root pullback of the selected collision coefficient field
is injective, no vanishing established only in a nonfaithful quotient of coefficient rings has been
used.

The preceding equations first give the unambiguous algebraic factorization Q∞ → R⋆ and its
formal horizontality. To make the completion assertion precise without using the later Theo-
rem 6.11, work at the chosen collision-boundary generic point after the same finite ramification.
By the prior Theorems 3.19 and 5.11, the finite quotient Q has a finite-rank regular-singular
O-lattice Λ in its generic fiber. Take its image Λ∞ in the generic quotient Q∞ ⊗A K. It is
a finite, torsion-free O-module (hence free), and is stable under the induced t∂t connection;
this construction uses only the algebraic quotient, not any stabilization theorem. Choose finite
O-generators of Λ∞ and lifts in Λ. Their original formal coefficient functions, evaluated by Φ⋆,
each have finite lower t-valuation after a fixed initial generalized-power factor is extracted. A
single lower bound works for these finitely many lifts. Thus the induced O-linear functional is
continuous from the t-adic lattice topology to the lower-bounded complete formal coefficient
module. It extends uniquely to Λ̂∞, or equivalently to the collision-root completion defined by
this lattice. Its derivative equation proves horizontality there. This is not an assertion of finite
local freeness of Q∞ on all of S; that assertion belongs to Theorem 6.11. □

Lemma 6.10. Let c be a specified rooted/logged comparison from an actual smooth three-input
component to a preferred E0 representative, within the same positive lower/direct based-path
homotopy class. It consists of the relative-endpoint homotopy of the based paths, all marked-root
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and output-root comparisons, and the resulting typed deck pullbacks and special-coordinate changes.
In particular it has no nontrivial pure-braid analytic continuation; such continuation is governed
by the flat connection, not by a finite state-frame gauge. After a finite Kummer coefficient-field
extension, let Jc act on every input by its ordered deck and special coordinate action, and on the
restricted output dual by the inverse transpose. Let jc be the induced comparison of invariant
finite-state meromorphic currents. For each D ≥ D0, each finite-pole current σ and algebraic
external tensor w,
(6.24) JcR

act
D (σ)w = Rref

D (jcσ)Jcw, (Φref ◦ Jc)(Ract
D (σ)w) = 0.

The second identity holds for the original product or iterate E0 formal functional, on each finite
relative-weight coefficient, including all formal derivative Ward relations. The comparison can
change a module M into TdM : the arrows in the first formula are typed, and no isomorphism
M ∼= TdM is presumed. On successive comparisons Jc2c1 = Jc2Jc1 , with the intermediate module
types retained.
Proof. In a centered root parameter the current action is the normalized residue (3.9). For every
local state b, (3.7) intertwines its complete field, including the positive Virasoro modes L(j), and
the current differential is changed by its actual Jacobian. Thus the two normalized residues are
conjugate, coefficientwise, proving the first identity at one marking. For a deck comparison d,
put YTdM (b, z) = YM (d−1b, z); its canonical underlying-vector-space arrow intertwines YM (b, z)
with YTdM (db, z). Summing over the marked orbits gives the first identity on the tensor product.
At infinity the dual arrow is (J−1

D )∗, so the same calculation includes the full opposite and L(1)
terms, without assuming the output vector fixed. Coordinate changes preserving a marked point
act on states through L(j), j ≥ 0, and deck pullback preserves conformal weight. Hence V≤D is
preserved, as are finite pole orders and the finite truncations in the residue; each equality lies in
a finite Kummer extension of the original Laurent coefficient module.

Theorem 6.9 says ΦrefR
ref
D = 0 for every D, without convergence. Compose this equality

with the first one. For derivatives use the coefficient-field gauge relation ∇act = J−1
c ∇refJc,

obtained by differentiating the same coordinate/current identities and the complete frame Jc;
the derivative of Jc must not be discarded. Thus the differential Ward ideal is carried into the
differential Ward ideal. Finally path lifting, root-coordinate substitution and the strict definition
of deck pullback respect ordered composition. Consequently the induced arrows obey the stated
composition law. Neither analytic continuation nor a five-input Ward identity is used. □

Theorem 6.11. There exists D∗ ≥ D0 on the fixed affine chart such that
(6.25) J diff

∞ = J diff
D∗ , Q∞ ∼= Q/K, K := J diff

D∗ /J diff
E .

The module Q∞ is finite locally free on S, and its induced integrable connection is regular singular
in the sense of Theorem 5.11. No uniform cutoff D∗ is asserted across different affine charts.
Proof. Let π : T ↠ Q be the quotient map and put

KD = π(J diff
D ) = J diff

D /J diff
E ⊆ Q, K =

⋃
D≥D0

KD.

The inclusions E ⊆ V≤D and the compatible current-bundle inclusions imply J diff
E ⊆ J diff

D ⊆
J diff

D+1, so all displayed quotients and inverse images are well defined. The smooth affine coordinate
ring A is Noetherian and Q is finite over A by Theorem 3.19. Thus its submodule K is finitely
generated. Choose K =

∑r
i=1 Aki with ki ∈ KDi , and take D∗ ≥ max(D0, D1, . . . , Dr) (take

D∗ = D0 if K = 0). Since the KD are increasing, K = KD∗ , and for every D,

π−1(KD) = J diff
D :

indeed, if π(x) = π(j) with j ∈ J diff
D , then x− j ∈ ker π = J diff

E ⊆ J diff
D . Taking inverse images

gives (6.25). This D∗ is chosen only on the fixed affine chart.
Each J diff

D is stable under all placement derivations by its definition and the Leibniz rule.
Hence K is stable under the induced connection on Q, and the formulas

∇∞
δ [q] = [∇δq], ∇∞

δ (f [q]) = δ(f)[q] + f∇∞
δ [q], [∇∞

δ ,∇∞
γ ] = ∇∞

[δ,γ]
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are well defined. Thus Q∞ = Q/K is a finite coherent A-module with integrable algebraic
connection. Since S is smooth over C, [25, Proposition 8.8], or Lemma 3.18, makes it locally free,
including at points where a priori it might have torsion.

For regularity, work on one irreducible component of S and write F = C(S). Let S be the
fixed normal proper compactification of Theorem 5.11. For any codimension-one point η of S \ S

put Oη = ÔS,η and Kη = Frac(Oη); this is a complete DVR because S is normal. The generic
quotient

0 −→ K ⊗A F −→ Q⊗A F
πF−→ Q∞ ⊗A F −→ 0

is exact by flat localization. It is an exact sequence of differential modules: stability under
DerC(A) extends by localization to rational derivations of F , and the quotient map is horizontal.
Extending scalars along F ↪→ Kη gives the horizontal surjection

πη : Qη := Q⊗A Kη ↠ Q∞,η := Q∞ ⊗A Kη.

In particular, its kernel is stable under the extended logarithmic derivation δη = t∂t, with the
chosen coefficient field held constant. This is a statement about the generic differential quotient;
it does not assert an exact base change for a reflexive integral extension of a current bundle. The
algebraic equality J diff

∞ = J diff
D∗ also remains true under this flat field extension.

By Theorem 5.11, the original differential module Qη has a full Oη-lattice Λη with ∇δη Λη ⊆ Λη.
Define its image inside the quotient vector space

Λ∞,η := πη(Λη) ⊆ Q∞,η.

It is generated over Oη by the images of finitely many generators of Λη. As a submodule of the Kη-
vector space Q∞,η it is torsion-free; this does not require that πη extend as a surjection between
previously chosen integral models. Since KηΛη = Qη and πη is surjective, KηΛ∞,η = Q∞,η. A
finite torsion-free module over the DVR Oη is free, so

rankOη Λ∞,η = dimKη Q∞,η.

The connection on the quotient is well defined for δη because its kernel is stable, and horizontality
gives, for every λ ∈ Λη,

∇∞
δη

(
πη(λ)

)
= πη

(
∇δη λ

)
∈ Λ∞,η.

The Leibniz rule extends this inclusion to the full image lattice; thus Λ∞,η is a full logarithmically
stable DVR lattice, also when the quotient has rank zero. If a lattice for Qη was first obtained after
a finite Kummer extension, the DVR-descent step of Lemma 5.10, already used in Theorem 5.11,
supplies the lattice over this Oη before taking its image. No descent of an arbitrarily chosen
integral quotient is assumed.

We have established regularity at each boundary prime of the same fixed normal proper
compactification. The hypotheses of [3, Theorem 1.1.1] now hold: S is smooth in characteristic
zero and (Q∞,∇∞) is a finite-rank algebraic integrable connection. Its codimension-one criterion
therefore gives regular singularity globally, including along exceptional divisorial valuations on
other models; a separate uniform cutoff D∗ at such valuations is unnecessary.

Finally, for the finite projective module Q∞ and every A-module R⋆, evaluation gives

Q∨
∞ ⊗A R⋆

∼−→ HomA(Q∞, R⋆), f ⊗ r 7−→ (q 7→ f(q)r).

Theorem 6.9 already constructs the original formal functionals on the algebraic quotient (and its
specified collision-root completion) and proves their derivative identity; this identification merely
places those same functionals in the dual connection. It does not appeal to the later analytic
continuation or convergence theorems. □

Theorem 6.12. For either original product or iterate from Definition 3.5, the normally convergent
function of Corollary 6.7 has a unique continuation as a horizontal analytic functional along
paths in the framed universal cover of its collision-free component. On an arbitrary resulting
framed chart its covariant local expression, with transported marked roots, based lifts, deck-module
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frames, logarithms and the inverse-transpose output restricted dual, annihilates the local seed
Ward ideal and the full-state ideal J diff

∞ . The original untransported grade series is asserted to
converge only in its own product or iterate chamber. A closed pure braid is allowed to act by
nontrivial monodromy, possibly mixing channel solutions.

Proof. We distinguish the preferred series, its analytic germ, and the analytic continuation of that
germ. Write Tα =

⊗
i Wi,α, with the output factor equal to the restricted contragredient D′

α, and
let SD,α denote the actual global, finite-pole, H-invariant V≤D-currents on the corresponding
framed cover. All assertions about an infinite external tensor below are first assertions on its
algebraic direct sum, on which a specified vector has only finitely many homogeneous components.

Choose a simply connected relatively compact subchamber U in the original product or iterate
convergence domain, with the outset based roots and logarithms. For each algebraic external
tensor w, Corollary 6.7 gives normal convergence of the fixed original IO contraction Φ⋆(w)
on U . For a fixed D, a finite-pole current s, and such w, Proposition 3.12 makes RD(s)w a
finite sum of algebraic external tensors. Therefore Φ⋆(RD(s)w) is an analytic function on U ; its
formal coefficient series is zero by Theorem 6.9, including the common root substitution used
there. Analytic uniqueness of the convergent expansion gives Φ⋆(RD(s)w) = 0 on U . The same
argument applies to every generator of J diff

D : the finite iterated L(−1)-derivative identities of
Lemma 3.20 are identities of normally convergent analytic functions, and termwise derivatives
converge on smaller compact subsets by Cauchy’s formula. Multiplication by a regular chart
coefficient and Leibniz differentiation introduce no infinite sum at any fixed algebraic input.
Hence this particular analytic germ kills J diff

∞ =
⋃

D J diff
D and satisfies δΦ⋆(w) = Φ⋆(∇δw) for

every placement derivation. It thus descends to a horizontal analytic functional on the already
finite locally free Q∞|U ; locally a finite set of representatives of a frame of Q∞ suffices to verify
holomorphy. In particular, it is the original IO germ, not an arbitrarily selected solution of the
Ward system. No analytic statement about the original grade series outside U is used.

On an overlap of two genuinely identified framed Hurwitz charts α, β, denote by jαβ,D :
SD,β

∼−→ SD,α the expression of the same global current under the cover, root and special-
coordinate comparison. The allowed pole orbits are transported, not changed; finite state
jets preserve V≤D since L(j)V≤D ⊆ V≤D for j ≥ 0. At an input marking the typed arrow
Ci,αβ : Wi,β →Wi,α is obtained by first taking the strict deck pullback Wi,β → Tdi

Wi,β and then
applying the relative-weight special-coordinate operator RTdi

Wi,β ,hi
(ρi); its target is the module

named by the actual α framing. The order is part of this formula: it does not identify distinct
twisting sectors or commute two deck elements.

At the output the local physical parameter is s = z−1, and the assigned module is D′, with the
inverse inertia. Define on the restricted dual itself the typed comparison C∞,αβ : D′

β → D′
α by the

same strict pullback followed by RD′
α,hD′ (ρ∞), using its own output special-coordinate parameter.

Every positive Virasoro operator LD′(j), j > 0, lowers relative grade, so this and its inverse act
by finite sums on each algebraic vector of D′. This is essential: the unrestricted transpose of
an origin-fixing positive-mode exponential on D generally takes D′ into its completion, not into
D′ itself. To express the correct output arrow by inverse transpose, let D̂ be the full graded
completion paired with D′ and put GD := (C−1

∞,αβ)t on that completed pairing space. Then, as a
well-typed map on restricted duals,

C∞,αβ = (G−1
D )t, ⟨C∞,αβd′, GDv⟩α = ⟨d′, v⟩β.

The complete opposite-field formula YD′(b, s) = YD(esL(1)(−s−2)L(0)b, s−1)t identifies this output
action with the original contragredient residue convention, including all L(1)jb and the derivative
Jacobian. It does not identify GD with RD,hD

(ρ∞) on the uncompleted primal. Put Bαβ =⊗
i Ci,αβ, including this output arrow. Both Bαβ and its inverse, and their derivatives in chart

parameters, are well defined on Tβ coefficientwise in every algebraic vector.
For each sβ ∈ SD,β the centered identity (3.7) transports the full state field and its actual

Jacobian. At the output apply that identity to D′, and the opposite-field formula just displayed.
For a root rotation u 7→ ζu the input factor is ζ−N(L(0)−h) and the fractional mode eigencharacter
is its reciprocal in the normalized root residue; at the output use the inverse-inertia action on D′.
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Deck changes satisfy YTdW (db, x) = YW (b, x), and their chronological products are typed. Thus
Proposition 3.12 gives for the same actual global current

(6.26) BαβRβ(sβ) = Rα(jαβ,Dsβ)Bαβ, BαβJD,β = JD,α.

The reverse inclusion uses the inverse current and frame arrows; in particular a local residue
calculation alone would not imply this equality without the global-current comparison.

In a local column trivialization write ∇α = d + Aα. A section with α-coordinates Bαβwβ has
β-connection

(6.27) ∇β = B−1
αβ∇αBαβ, Aβ = B−1

αβ AαBαβ + B−1
αβ dBαβ.

Here the placement term
∑

i dziLi(−1) is the connection in the original fixed physical frames; a
variable special-coordinate frame contributes the displayed derivative of B and is not silently
given the same fixed-frame matrix. Equation (6.27) implies for every derivation and j ∈ JD,β that
B∇β,δj = ∇α,δ(Bj). Using (6.26), the Leibniz rule and induction on the number of derivatives,
we therefore obtain

(6.28) BαβJ diff
D,β = J diff

D,α, BαβJ diff
∞,β = J diff

∞,α.

No common integer D∗ over different charts is required. These are equalities after restriction to
the overlap and, if the coordinate gauges are only analytic, after analytification. Consequently B
descends to an isomorphism of the full-state quotients with their connections.

For three successive actual comparisons, the ring-map convention for special coordinates,
their finite-jet actions and strict Td1Td2 = Td1d2 give Ci,αγ = Ci,αβCi,βγ with the intermediate
twisted sector retained. The same follows at infinity from the restricted-dual operators and
the contragredient pairing, hence Bαγ = BαβBβγ . This is a coordinate-gauge cocycle; it is not
analytic parallel transport along a path. The framed atlas therefore glues the finite locally
free integrable bundle (Q∞,∇∞) and its analytic dual. By local existence and uniqueness
for holomorphic integrable connections, the initial specific analytic horizontal germ extends
along every collision-free framed path. It depends only on the endpoint-fixed homotopy class
and is single valued on the framed universal cover. In an endpoint chart its coordinates are
Fβ(w) = Fα(Bαβw) for a pure overlap change, with the horizontally continued Fα used when a
path is involved. Equations (6.28) and (6.27) give

Fβ(J diff
∞,β) = 0, δFβ(w) = Fβ(∇β,δw).

For a closed pure braid, the endpoint coordinate gauge may be trivial while the flat parallel
transport is not; its monodromy acts on the horizontal solution space and preserves the full-state
Ward quotient. In particular there is no claim that the untransported original grade sum
converges outside its initial chamber or that a pure braid has trivial monodromy. □

7. Node reconstruction and actual iterate factorization

7.1. The three-point Ward converse. Fix simple ordinary modules X ∈ Cg, Y ∈ Ch and Z ∈
Cgh, and the based three-point H-cover of (P1;∞, 1, 0), where H = ⟨g, h⟩. Put T3 = Z ′ ⊗X ⊗ Y .
For D ≥ 0 let JD,3 ⊆ T3 be generated by the normalized residues of H-invariant meromorphic
currents with states in V≤D and poles confined to the three marked orbits. Define

J∞,3 =
⋃

D≥0
JD,3, WZ

XY = (T3/J∞,3)∗.

Choose D0 with E ⊆ V≤D0 . The three-point seed relations of Proposition 3.14 are then contained
in JD0,3, so that proposition implies dimCWZ

XY <∞. Here the residue normalization and the
based-root identification are those of Proposition 3.12; differential saturation is not imposed.

Definition 7.1. For ordinary X, Y, Z define Ĩ
( Z

X Y

)
to be the space of maps Y : X ⊗ Y →

Z{z}[log z] satisfying items (i), (ii) and (iv) of Definition 2.3, with the same preferred branches
Ai,Di, and πZ

γ Yn,j(Xα)Yβ = 0 if γ ≠ α + β − n − 1. No condition (iii) of that definition is
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imposed. The L(0)-commutator calculation in Lemma 2.4 uses only the one-V duality axiom
(with u = ω); hence Yn,j = 0 for j > 0 in this ordinary setting. Consequently

I
(

Z

X Y

)
⊆ Ĩ

(
Z

X Y

)
.

Proposition 7.2. Evaluation on the specified branch of z = 1 induces an isomorphism ev1 :
Ĩ
( Z

X Y

) ∼−−→WZ
XY . For ℓ ∈WZ

XY , x ∈ Xα, y ∈ Yβ and z′ ∈ (Z ′)γ, the inverse is

(7.1)
〈
z′,Yℓ(x, z)y

〉
= e(γ−α−β) log zℓ(z′, x, y),

where log 1 = 0 and the logarithm is continued along the prescribed based paths.

Proof. For homogeneous x ∈ Xα, y ∈ Yβ and each γ ∈ wt(Z), finite dimensionality of Zγ gives a
unique vγ(x, y) ∈ Zγ such that ⟨z′, vγ(x, y)⟩ = ℓ(z′, x, y) for every z′ ∈ Z∗

γ . Set

Yℓ(x, z)y =
∑

γ∈wt(Z)
vγ(x, y)zγ−α−β.

Only the coefficient in Zγ is used in each subsequent pairing: evaluation at z = 1 does not
mean summing the completed output in Z. Since Z is ordinary and grading-restricted, its
weights are bounded below and lie in finitely many cosets of N−1

Z Z; hence the coefficient with
n = α + β − γ − 1 vanishes for sufficiently large n in each allowed coset. This is the required
lower truncation, and the same coefficient formula is linear on algebraic X ⊗ Y . No logarithmic
coefficient has been introduced. We establish the one-V analytic axiom directly.

Fix homogeneous z′ ∈ (Z ′)γ , x ∈ Xα, y ∈ Yβ , a cutoff D, and u ∈ V≤D. On the specified based
H-cover of (P1;∞, 1, 0) consider the following formal, coefficientwise families:

F∞(w; u) =
∑

δ∈wt(Z)
⟨z′, YZ(u, w)vδ(x, y)⟩,

F0(w; u) = ℓ(z′, x, YY (u, w)y),
F1(w; u) = ℓ(z′, YX(u, w − 1)x, y).

The notation for the second and third families means application of ℓ to each coefficient, not
evaluation of a convergent series. For u ∈ Vd the coefficient of vδ in the first family has the
single possible mode un with n = δ + d− γ − 1, and therefore its w-power is wγ−δ−d. Thus the
apparently infinite completed output is never acted upon as a whole: every coefficient in the
local parameter s = w−1 is a finite-dimensional matrix coefficient, and the lower bound on δ
gives a finite negative part in s. More invariantly, the output local expression is written with YZ′

and the opposite-vertex coordinate transformation

esL(1)(−s−2)L(0)u = (−1)d
d∑

j=0

sj−2d

j! L(1)ju.

This is a finite sum, and lower truncation on the algebraic vector z′ gives the same finite pole
bound. At 0 and 1, lower truncation of YY (u, w)y and YX(u, w − 1)x gives finite negative
parts in their respective root parameters. A homogeneous basis of the finite-dimensional V≤D

has a common bound. All coordinate/root gauges and their inverses act on this truncation
through finite matrices of Laurent series with finite pole order; therefore they preserve the
finite-negative-part property.

These assignments, for every u ∈ V≤D, are precisely a collection τD,p of complete formal local
sections of V ∨

D at all marked lifts p ∈ Q. At the output, the restricted contragredient and its
full L(1) correction define the infinity component; the inertia congruences of the three original
twisted fields and the chosen roots define all other lifts by τD,hp = hτD,p. This uses neither a
Ward converse nor convergence of the reconstructed intertwining operator.

The theorem in [14, Theorem 6.1] must here be applied to the finite-rank bundle ED = VD⊗ωC :
its local dual one-form E ∨

D ⊗ ωC is exactly V ∨
D , while the global test sections are H0(C \Q, ED).
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In particular the theorem compares all Laurent coefficients, not merely principal parts. For an
invariant global test current a, the actual orbit-normalized residue formula of Proposition 3.12
yields ∑

p∈Q

Resp⟨τD,p, ap⟩ = |H| ℓ
(
RD(a)(z′ ⊗ x⊗ y)

)
= 0.

Indeed, if Ni is the inertia order over marking i, there are |H|/Ni lifts, each with residue Ni

times its normalized marked action; neither fractional modes nor the infinity leg produce an
additional factor. If a is not invariant, the H-equivariance of the entire local collection implies
that the total residue pairing with a equals that with |H|−1∑

h∈H ha, so it is again zero. This
verifies the strong residue criterion for every required global test section, not only for invariant
ones.

The finite-rank Strong Residue Theorem now supplies a section

λD ∈ H0(C \Q, V ∨
D )

whose complete germs are exactly τD,p. More explicitly, fix a common pole bound r for these
formal germs. Requiring a section of the finite-dimensional space H0(C, V ∨

D (rQ)) to match
their coefficients through any prescribed finite jet is an affine linear problem. The Serre-dual
obstruction is a residue pairing against a global section of VD ⊗ ωC(∗Q), and is zero by the
criterion above. Hence every finite-jet problem is solvable; the resulting nested nonempty affine
subspaces of this one finite- dimensional space stabilize and have a common point. This proves
that all Taylor coefficients, not merely principal parts, agree. Its poles at Q are finite by the
already established negative-power bounds; it has no poles away from Q. This use of the theorem
does not infer an analytic germ directly from an arbitrary formal power series: existence of the
algebraic global section forces the specified formal series to be its convergent local expansions.
Uniqueness follows since C is connected and a meromorphic section with zero complete germ at
one marked lift vanishes identically. Thus the H-average of λD equals λD itself. For D ≤ D′,
the finite-jet state-bundle inclusions commute with the prescribed field germs; restriction of λD′

has the same complete germs as λD, so uniqueness proves λD′ |VD
= λD. No infinite-rank strong

residue theorem is being used.
The chosen finite H-cover has no branch points away from 0, 1,∞. Each λD is meromorphic

on that cover with poles confined to the lifts of these three points. Consequently its three marked
Laurent expansions converge absolutely and locally normally in the root-coordinate domains
lying over |w| > 1, |w| < 1, and |w − 1| < 1, respectively, with the analytic branches selected by
the original based paths. They are the three formal series above, coefficient for coefficient. Thus
the sums over projected intermediate weights appearing in Definition 2.3(ii) converge absolutely
in its A1,A2,A3 and represent the analytic continuation of the same meromorphic section on
its selected rooted cover. For arbitrary z2 ̸= 0 substitute w = z1/z2; the L(0)-homogeneity of
each of the three module fields gives the same factor exp((γ − α− β − d) log z2). Its logarithm
is continued from log 1 = 0 along the fixed based paths, and the root/deck comparisons are
exactly those used to construct τD. The resulting multivalued function on M2 therefore has the
preferred restrictions on the original Di. This proves the complete one-V axiom, including the
required analytic convergence, without using the multiple-V axiom (iii).

Use the invariant global Virasoro current corresponding to the Möbius vector field w∂w. In
local physical coordinates ξ = w − 1 at 1, w at 0, and s = w−1 at infinity, its vector fields are
(1+ξ)∂ξ, w∂w, and −s∂s. Their canonical marked residues, including the restricted-dual opposite
action at infinity, give the single Ward identity

0 = ℓ(z′, LX(−1)x, y) + (α + β − γ)ℓ(z′, x, y).

The changes of physical coordinates here are Möbius, so their Schwarzian derivatives vanish; the
root-coordinate factors are already included in the normalized residue action and do not supply
a further scalar. Hence

(7.2) ℓ(z′, LX(−1)x, y) = (γ − α− β)ℓ(z′, x, y).
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Since LX(−1)x has weight α + 1, differentiating the reconstructed monomial gives

∂z⟨z′,Yℓ(x, z)y⟩ = (γ − α− β)zγ−α−β−1ℓ(z′, x, y) = ⟨z′,Yℓ(LX(−1)x, z)y⟩.

The restricted dual separates the output weight spaces, so the formal derivative axiom holds. All
defining requirements of Ĩ

( Z
X Y

)
have now been checked.

Conversely, let Y satisfy only items (i), (ii), (iv) and weight compatibility. The proof of
Lemma 3.15 for a single inserted state uses exactly the analytic convergence and continuation in
item (ii), the finite L(1) opposite-field formula at infinity, and finite state-coordinate covariance;
it never inserts a second independent V -state. Repeating that proof for every fixed V≤D supplies
a meromorphic H-equivariant V ∨

D section with its three prescribed complete germs. Pairing it
with any invariant global current and applying the ordinary residue theorem, with the same
|H|/Ni orbit multiplicities, proves ev1(Y)(JD,3) = 0 for every D. Thus evaluation lies in WZ

XY .
The L(0)-commutator calculation of Lemma 2.4 uses only item (ii) and ordinary grading, so
each paired coefficient is exactly a constant times zγ−α−β without nonconstant logarithms.
Consequently reconstruction after evaluation reproduces every weight component of Y ; evaluation
after reconstruction is ℓ by construction. The two maps are inverse. □

For the collision construction choose simple ordinary modules A ∈ CgA , B ∈ CgB , C ∈ CgC

and D ∈ CgAgBgC , and an actual product channel F whose intermediate object is a finite direct
sum. A finite linear combination of actual product channels is handled linearly. For arbitrary
external objects use the finite semisimple decompositions of Proposition 2.2; the finite union of
their exponent sets and the largest logarithm bound give common estimates. The converse just
proved applies on each simple summand; the extra-field axiom is not inferred here.

Fix the positive branch and the collision chart z2 = 1, z1 = 1 + q, q = te, e ∈ Z>0, t > 0. Set
Tin = A⊗B and Tout = D′⊗C, using the vector-space permutation only to regroup the external
factors; the operator order and the based paths are unchanged. For homogeneous a ∈ A, b ∈ B
and o ∈ Tout define

(7.3) F̂ (t; o; a, b) = ee(wt a+wt b) log t F (1 + te, 1; o; a, b).

The prefactor includes the lowest weights, which need not be rational. An iterate through an
ordinary intermediate module N with weights hN + γ (γ ≥ 0) has individual normalized powers
te(hN +γ). This last statement is a homogeneous coefficient identity as in Lemma 6.1, not an
assertion of convergence for a previously unconstructed iterate.

Proposition 7.3. Let F be a fixed actual product channel with the external modules and collision
normalization of (7.3). There exist a finite subset Σ ⊂ C and L ∈ N, depending on F and the
chosen collision branch but not on o, a, b, such that

(7.4) F̂ (t; o; a, b) =
∑
σ∈Σ

∑
n≥0

L∑
l=0

tσ+n(log t)lℓσ+n,l(o⊗ a⊗ b), ℓσ+n,l ∈ (Tout ⊗ Tin)∗.

The sets σ + N, σ ∈ Σ, are pairwise disjoint. In particular, inf{ℜβ : ℓβ,l ̸= 0 for some 0 ≤ l ≤
L} > −∞ whenever F̂ ≠ 0. The equality in (7.4) is an equality of branchwise Nilsson expansions;
the coefficient functionals are ordinary algebraic linear functionals, with no continuity assumption
on the infinite-dimensional external tensor product.

Proof. Put O = C[[t]], K = C((t)) and δ = t∂t. On homogeneous w = o⊗ a⊗ b, a ∈ Aα, b ∈ Bβ ,
set ν(w) = e

(
(α−hA)+(β−hB)

)
∈ N. The finite ramification q = te is chosen so that the relative

weight differences are integral. By Lemma 5.9 and the boundary estimates of Theorem 5.11,
the finite-rank quotient QK has a full O-lattice Λ ⊂ QK with ∇δΛ ⊆ Λ, tν(w)[w] ∈ Λ. Here
[w] denotes the image of the external algebraic tensor. The horizontal full-state quotient of
Theorem 6.11 (if denoted Q∞,K in its construction) is a differential quotient of QK . Let
π : QK ↠ Q∞,K and put

Λ∞ = π(Λ), ∇∞
δ Λ∞ ⊆ Λ∞, KΛ∞ = Q∞,K .
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The image is a finite torsion-free O-module, hence a full free lattice over the DVR O. In particular,
the passage to full-state Ward relations does not require a separate uniform cutoff for the external
vectors.

It is not necessary, and has not been proved, that Λ∞ is generated by weighted algebraic
tensors. Instead put

Mν :=
∑
w∈T

w homogeneous

O tν(w)π([w]) ⊆ Λ∞.

Since O is Noetherian and Λ∞ is a finite free O-module, Mν is a finite O-module. By the
definition of this sum, finitely many of its generators can be chosen in the actual specified form
gj = tν(wj)π([wj ]) with homogeneous algebraic wj ; choose 1 ≤ j ≤ s so that Mν =

∑
j Ogj .

Every tν(w)π([w]) belongs to this Mν , so

(7.5) tν(w)π([w]) =
s∑

j=1
aj(t; w)gj , aj(t; w) ∈ O.

This is finite for each w, and its fixed generators are independent of w. No equality Mν = Λ∞ is
asserted or needed.

We also check the analytic meaning of these coefficients. On the chosen collision disk let
R = C{t} and R̂ = O. The algebraic quotient and its specified algebraic tensor classes are
meromorphic in an algebraic local frame near the puncture. Thus each of the finite set gj ,
and each fixed tν(w)π([w]), lies in t−bRr after choosing a suitable common b for these finitely
many vectors. The R-module MR =

∑
j Rgj ⊆ t−bRr has completion MR ⊗R R̂ =

∑
j Ogj , as a

submodule, by flatness of R→ R̂. Therefore the membership in (7.5), checked over O, implies
membership already in MR: apply faithful flatness to the image of tν(w)π([w]) in t−bRr/MR. In
particular the aj(t; w) may be chosen in C{t}, not merely in C[[t]]. The number b and these
coefficient functions may depend on w; their pole-free character and the finite set of gj do not.
This distinction will give genuinely convergent, rather than only formal, Nilsson expansions.

By Theorem 6.9 on the preferred collision completion, together with Theorem 6.12 for the
actual analytic germ at the present framed placement, F annihilates the full-state Ward relations
and is horizontal. Consequently it is a horizontal functional on Q∞,K . The regular-singular
lattice Λ∞ and the regular-singular local theory [5, Chapter II, Proposition 5.4] give, for the
finitely many gj , expansions of the form

F (gj) =
∑

λ∈Ξj

Lj∑
l=0

tλ(log t)lfj,λ,l(t), fj,λ,l(t) ∈ C[[t]], |Ξj | <∞.

These are analytic regular-singular (Frobenius–Nilsson) expansions on the fixed logarithmic
branch, with the power series fj,λ,l convergent near t = 0; convergence follows from the analytic
regular-singular connection, not from a formal O-lattice alone. If a generator vanishes under F , its
expansion is zero. Set Ξ =

⋃
j Ξj and L = maxj Lj (take L = 0 when all vanish). Equation (7.5)

with the convergent coefficient functions just proved produces only nonnegative integer exponent
shifts, never increases L, and gives locally normally convergent expansions for each fixed algebraic
w. Finally the normalization in (7.3) is exactly

(7.6) F̂ (t; w) = te(hA+hB)F
(
tν(w)π([w])

)
,

where both powers use the prescribed branch. Hence the possible exponents belong to the finite
union e(hA + hB) + Ξ + N.

Partition this finite union by C/Z. Within each congruence class the finite set of initial
exponents is totally ordered by integer difference; choose its least element σ. Initial exponents in
other classes have disjoint progressions, and the union of all progressions in the given class is
contained in σ + N. Taking one σ per class produces a finite set Σ whose progressions σ + N
are pairwise disjoint. In particular, although the coefficients depend on w, the exponents and
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logarithmic degree are bounded using a fixed finite set of generators of Mν . Coefficient extraction
in (7.6) defines ℓσ+n,l(w) linearly for homogeneous w, and by finite linear extension for every
algebraic tensor. The finite uniform sets Σ and {0, . . . , L} give the asserted common lower bound
and complete the proof. □

7.2. Component currents and finite-rank collision coefficients. Keep the actual admissible
cover constructed in Lemma 5.5. At each source node write uv = taj , aj > 0, with the fixed
compatible coarse and root coordinates. For a finite state cutoff V≤d use the balanced current
frame of (6.8), including its entire L(1) correction and the involution eL(1)(−1)L(0)+1. On the
normalization we measure a current’s order at a node by the orders of its coefficients in this
frame. The component order is measured after the opposite-branch state transform.

For k ≥ 1, let Gin,k be the union over finite state cutoffs of invariant component currents on
the inner normalized cover, with arbitrary finite poles at its actual external marked orbits and
with balanced order at least k at every node lift. Define Gout,k similarly. Each component current
includes its H-induced translates. Its residue action is normalized by the same orbit and inertia
factors as the original seed.

Lemma 7.4. Fix J ∈ N and k ≥ 1 such that ajk ≥ J + 1 at every source node j. For σ ∈ Gin,k

with a finite state cutoff V≤d, there are an integer m = m(σ, J, d) ≥ 0 and an H-invariant current

s ∈ H0(CO, Fd,O(mP )
)H

, O = C[[t]],

whose restriction to the generic family is an actual global current. Here P is the full external
marked-orbit divisor and Fd,O is the coherent, O-flat finite-state current sheaf on the chosen
admissible family, in the balanced node frames. With the component-coordinate residue action
(before undoing the external relative-weight dilations),

(7.7) Rrel(s) ≡ Rin(σ) (mod tJ+1 HomC(T, T )[[t]]), Rrel(s) = Rin(σ) +
∑

r≥J+1
trRr.

The equality is coefficientwise on T = Tout ⊗ Tin; every residue coefficient on a fixed algebraic
tensor is a finite sum. Exchanging the components gives the analogous outer-current statement,
with zero inner component jet.

Proof. Fix d, J, k and put OJ = O/(tJ+1). We check the actual comparison at a node; a
comparison of finite-etale covers on a punctured three-point component alone does not supply a
filtration statement at its missing node.

For either collision, the coarse coordinates are the actual rational coordinates x = Z, y = ξ−1

(product), or x = Z − 1, y = ξ−1 (iterate), with xy = ρ. At a selected source node, after the
already permitted base change and unit-root choices in Lemma 6.2, these are equalities

xy = taN , x = uN , y = vN , uv = ta,

where N is the node inertia order. In particular, the y used on the actual punctured node is the
same y as on the fixed normalized three-point component; it is not changed by a new coordinate
choice.

Write v0 for the selected normalized-component root, vN
0 = y. By the explicit product/iterate

rational charts, the coarse open Uv = P1 \ {0, 1,∞} away from the node and external marking
disks has constant coordinate over OJ : additional moving-marking equations differ from the
removed factors by units, since ρ is nilpotent. Hence the actual cover and the constant normalized
cover are finite etale over Uv × Spec OJ . Tag 0BQB of [30] lifts their fixed, based special-fiber
isomorphism uniquely to the Hv-equivariant comparison ιv,J ; the comparisons commute with
reduction in J and with induction to the full H-orbit. The root check is independent of this
etale statement. Restrict ιv,J to the punctured y-disk. On the selected inertia sheet the two
actual finite-etale rings are

A0 = OJ((y))[v0]/(vN
0 − y), A1 = OJ((y))[v]/(vN − y).
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The ring on the right is the indicated summand of the actual node collar BJ [v−1], BJ = B/tJ+1B.
Because the comparison is over the same coarse coordinate y, its pullback takes v0 to ηv with
ηN = 1. The inherited selected root and based lift give η ≡ 1 (mod t). Since N is invertible,
(η − 1)(1 + · · ·+ ηN−1) = 0 implies η = 1. Thus

(7.8) ι♯
v,J(y) = y, ι♯

v,J(v0) = v on the selected punctured node sheet.

The same calculation with uN
0 = x holds on the other branch; for other sheet choices the prescribed

constant root phase and the strict deck pullback are applied together, with no identification of
differently twisted modules. This establishes precisely the extension to the punctured Kummer
collars that is not provided by Tag 0BQB on its own.

The finite-state current frame is associated to the actual coarse coordinate and its selected root.
In the frame in which the node order was defined immediately before this lemma, the transition
between the two oriented branches is the entire constant operator Σd = eL(1)(−1)L(0)+1|V≤d

, by
(6.8); its L(1) expansion is finite, Σ2

d = 1, and it commutes with the inertia action. Equation (7.8),
together with the complete coordinate representation, therefore identifies the normalized and
thickened balanced coefficients without a negative Laurent root gauge. In particular, if the
chosen component current has at the node the full expansion σ =

∑
r≥k crvr

0 in the balanced
frame, its actual transport on the punctured v-branch is exactly

(7.9) σ̃J =
∑
r≥k

crvr ∈ vkOJ [[v]]⊗ V≤d.

The symbols cr here include the already prescribed opposite-branch Σd transform; it is not applied
a second time. The external marked-root comparisons use the same fixed coarse component
coordinates and their tame Kummer roots, so σ̃J has precisely the transported external germs of
σ, with no additional poles away from the original marked orbits.

This is a substantive restriction on allowed gauges: the punctured unit 1 + t/v is not a
comparison of roots both satisfying vN = y, even though it reduces to 1 when t = 0. Nor may a
matrix in GLd(OJ((v))) be inserted independently of the current-coordinate cocycle. A regular
node-frame correction G ∈ GLd(BJ), if used instead, is also harmless: vkG is zero on D(u) when
ak ≥ J + 1, even though writing u = ta/v may lower the displayed exponent of v while adding
compensating powers of t. Thus one needs the actual rooted comparison (or this weaker integral
weighted property), not a blanket assertion about arbitrary punctured gauges.

Set the outer section to zero. At every node the element

f(v) =
∑
r≥k

crvr ∈ BJ ⊗ V≤d

is a regular completed-node section whose restrictions are the prescribed two sections: it equals
(7.9) on D(v), while on D(u)

f(ta/u) =
∑
r≥k

crtaru−r = 0 in BJ [u−1]⊗ V≤d,

since ar ≥ ak ≥ J + 1. We have constructed a section of the whole nonreduced node ring, not
inferred gluing merely from agreement on D(u) ∩ D(v) (which can be empty over OJ). The
construction respects Σd, opposite root rotation and H-transport, and is applied simultaneously
on all node orbits.

Let A be the Noetherian local ring of COJ
at one node and M its finite current module. Choose

an algebraic local element f whose image in the completed node has linear term u + v modulo
the square of the maximal ideal. Such an element exists by the isomorphism of cotangent spaces
under completion; equality to the entire formal series u + v is not asserted. Its special-fiber
reduction vanishes only at the node on a sufficiently small local neighborhood, so D(f) is the
punctured local curve; f avoids the minimal branch primes and is a non-zero-divisor. The already
defined punctured component sections give an element q ∈Mf . The completed gluing above says
that its image in M̂f lies in M̂ . Completion A→ Â is faithfully flat by [30, Tag 00MC]; because
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f is M -regular, the natural injection M ↪→Mf gives

(Mf /M)⊗A Â ≃ M̂f /M̂.

The class of q becomes zero on the right, hence was zero in Mf /M . Thus q ∈M . This proves
genuine local algebraic extension on the nonreduced OJ -curve. Since there are finitely many
nodes and the extensions agree on their punctured overlaps, they glue with the component
sections to a global H-invariant section

(7.10) s̄J ∈ H0(COJ
, Fd,OJ

(m0POJ
))H

for some finite external pole bound m0.
By Lemmas 5.2 and 5.5, every irreducible special-fiber source component maps finitely onto a

coarse component meeting an original external marking. Hence the actual Cartier divisor P has
positive degree on each geometric irreducible special-fiber component; O(P ) is relatively ample
for this proper relative nodal curve. The finite-state sheaf is coherent and O-flat by its actual
smooth and balanced free frames, so relative Serre vanishing [30, Tag 02O1] gives, after increasing
m ≥ m0, R1p∗Fd,O(mP ) = 0. Moreover multiplication by tJ+1 is injective, and therefore

0→ Fd,O(mP ) tJ+1
−−−→ Fd,O(mP )→ Fd,OJ

(mPOJ
)→ 0

is exact. Since Spec O is affine, its long cohomology sequence gives surjectivity of H0 reduction.
Lift s̄J and average by |H|−1∑

h∈H h (defined in characteristic zero) to obtain the required
invariant global s with s mod tJ+1 = s̄J . No bound uniform in σ, J, d is used.

At each actual external marked lift, compare the complete retained root coordinate and finite-
state coordinate frame with the fixed component chart. The comparison in the first paragraph
preserves all Laurent coefficients modulo tJ+1, not just a finite principal part, and on the other
component the transported section is zero. Thus, before reversing any external relative-weight
dilation, the marked normalized residue definition (3.9), including 1/Ni and the entire finite L(1)
opposite-field transform on an output restricted dual, gives for every external leg i

Ri,rel(s) ≡
{

Ri,in(σ), i inner,
0, i outer,

(mod tJ+1).

The deck map is the retained strict pullback in its actual twisting sector; this comparison does
not identify ThW with W by fiat. A fixed state cutoff, bounded marked poles and twisted-field
lower truncation show that, on any fixed algebraic tensor, only finitely many modes contribute to
a given t-coefficient. The reduction therefore takes place in the coefficientwise operator module of
(7.7) and does not require completion of End(T ). Summing the finite orbit-normalized marked
residues proves that equation. Interchanging the two normalized components, and using u in
place of v in the same local argument, proves the outer-current assertion. □

The finite-order lifting follows the truncated sewing-current method of [17, Section 2]; unlike
the untwisted setting there, the balanced node frame and tame-root covariance are verified
explicitly above.

On either normalized component C̃•, let P• be the reduced divisor of its external marked
orbits and Q• the reduced divisor of all its node lifts. Both are H-stable and P• ∩Q• = ∅. Let
FE,• be the finite-rank canonical current bundle restricted to that component, with its retained
root coordinates. For k ≥ 1 define the coherent subsheaf

FE,•,k := FE,•(−kQ•) = ker

FE,• −→
⊕

p∈Q•

(FE,•)p/mk
p(FE,•)p

 .

Here vanishing is measured in the balanced node frames, so the notation (−kQ•) is understood
in those frames. Since C̃• is smooth, this sheaf is locally free; its restriction to a neighborhood of
P• is FE,•. For • ∈ {in, out}, write Γ•,k := G•,kT•, B•,k := T•/Γ•,k. These are C-vector-space
quotients; the currents and their actions are taken on the actual normalized component with the
inherited monodromy and based roots.
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Lemma 7.5. For every k ∈ Z≥1, dimC Bin,k <∞, dimC Bout,k <∞.

Proof. Fix a component and k. It suffices to use the invariant currents valued in E ⊂ V : their
action space is contained in Γ•,k. Let p : C̃• → SpecC denote the proper smooth component
cover. Every connected component of C̃• meets P• (Lemma 5.2); hence O

C̃•
(P•) is ample. Since

FE,•,k is coherent, Serre vanishing gives an integer m = m(E, k) ≥ 0 such that

(7.11) H1
(
C̃•, FE,•,k(mP•)

)
= 0.

The H-action preserves all the divisors and the balanced frames; |H|−1∑
h∈H h is defined over C.

Fix an external marked orbit Hp̃i, a homogeneous b ∈ Bgi ⊂ E and an admissible mode
µ = αb − n, with n sufficiently large. Denote by Di =

∑
p∈Hp̃i

p its orbit divisor. For r ≥ 0 there
is an exact sequence

0 −→ FE,•,k(mP•) −→ FE,•,k(mP• + rDi) −→Pi,r −→ 0,

where Pi,r is the finite-length principal-part sheaf supported on Di. By (7.11),

(7.12) H0
(
C̃•, FE,•,k(mP• + rDi)

)H
↠ H0(Pi,r)H .

The invariant prescribed principal part is the pure mode germ uNiµ
i ιxi(b) dxi, induced over Hp̃i,

and is zero at the other external orbits. As FE,•,k = FE,• near P• and the root-coordinate gauge
is a finite Laurent matrix (Lemma 3.8), this germ defines an element of H0(Pi,r)H for some
finite r. Choose an invariant lift si,b,µ by (7.12); it belongs to G•,k by construction.

The correction bound must be computed after subtraction of the entire prescribed principal
part. All remaining germs belong to the fixed space FE,•,k(mP•), independently of n and of
the auxiliary pole order r. The finite inverse root-coordinate gauge has a fixed lower Laurent
exponent −Pi at each marking, and E has a finite homogeneous basis. Thus any correction mode
cν has Niν ≥ −Pi and

deg(cν) = wt(c)− ν − 1 ≤ max
c∈Bi

wt(c) + Pi/Ni − 1.

Taking the maximum over the finitely many markings gives Ck. At the output marking the
current acts on the actual restricted contragredient D′ using its g−1-twisted modes. The opposite-
field L(1)j terms are first included in the finite gauge, and each such state has its true weight
wt(c)− j. Its modes obey the same conformal-weight commutator on D′, so the same finite upper
degree bound applies, without identifying output and input mode labels or reversing the energy
inequality.

Its external residue operators have the form

(7.13) Ri(si,b,µ) = bµ + Ui, Rj(si,b,µ) = Uj (j ̸= i),

where the germs of the correction terms belong to FE,•,k(mP•) near P•. In particular there is an
integer Ck, depending on m, E, k and the finitely many marked-root gauges but not on n, such
that deg(cν) := wt(c)− ν − 1 ≤ Ck for every homogeneous mode summand cν of any Uj . The
same bound applies to the full finite L(j) corrections in the root-coordinate gauges. This is the
argument of (3.13), now applied to FE,•,k(mP•).

Choose Rk ∈ Z satisfying ∆(b, n) := wt(b) − αb + n − 1 > Ck, b ∈ Bgi , n ≥ Rk for every
external module on the component. Fix NPBW ≥ max(Rk−1, maxu Lu) and use the gi-eigenvector
spanning families of [31, Proposition 2.12], as fixed in (3.2). If a tensor word contains a leftmost
b

(i)
αb−n with n ≥ Rk, write w = b

(i)
µ v. By applying the Ward relation for si,b,µ to v, (7.13) gives

[w] = −
∑

j

[U (j)
j v] in B•,k, ε(c(j)

ν v)− ε(w) = D
(
deg(cν)−∆(b, n)

)
< 0

for every nonzero homogeneous correction term; D is a common positive integer clearing
the relative-weight denominators. The sum on each fixed v is finite by lower truncation.
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Lemma 3.3, applied over A = C, reduces the quotient to the image of the finite-dimensional
space

⊗
i KRk,NPBW(Mi) by Lemma 3.2. Thus dim B•,k <∞. The same argument applies to the

other normalized component. □

For β ∈ Σ + N define

J(β) = max
(
{0} ∪ {n ∈ N : β = σ + n, σ ∈ Σ}

)
,

k(β) = max
{

1, max
j

⌈
J(β) + 1

aj

⌉}
.

The maximum is finite, and ajk(β) ≥ J(β) + 1 for every source node j. Put ℓβ,l = 0 if β /∈ Σ +N
or l /∈ {0, . . . , L}.

Theorem 7.6. For every β ∈ Σ + N and 0 ≤ l ≤ L,

ℓβ,l

(
Γout,k(β) ⊗ Tin + Tout ⊗ Γin,k(β)

)
= 0,

so that

(7.14) ℓβ,l ∈
(
Bout,k(β) ⊗Bin,k(β)

)∗ ∼= B∗
out,k(β) ⊗B∗

in,k(β).

In particular, ℓβ,l has finite tensor rank as a bilinear form on Tout × Tin.

Proof. Put J = J(β) and k = k(β). On a homogeneous w = o⊗ a⊗ b ∈ Tout ⊗ Tin set

Dt(w) = te((wt a−hA)+(wt b−hB))w, ct = te(hA+hB).

The exponent defining Dt is in N, and the collision normalization (7.3) is

(7.15) F̂ (t; w) = ctF (t; Dtw).

For the physical Ward action Rphys(s) we calculate its relative-frame action using the geometric
component roots. If b ∈ Vd and n is an allowed, possibly fractional, twisted mode, put ∆b,n =
d− n− 1. On A and B (and only on these two legs) the physical-to-component linear scale is
x = teξ. The complete current density transformation, including the Jacobian and the fixed 1/Ni

root-orbit normalization, carries the physical bn term to t−e∆b,nbn. Directly, for a homogeneous
input v of relative weight γ,

(D−1
t bnDt)v = teγ−e(γ+∆b,n)bnv = t−e∆b,nbnv.

The shift ∆b,n is in e−1Z for the selected common ramification; hence every displayed exponent is
an integer. For a nonprimary state the finite coordinate transformation replaces b by the finitely
many L(1)jb; each term is treated with its own weight d− j and allowed mode index. The exact
root comparisons, continuous lowest-weight branches and typed noncommutative deck pullbacks
are those of the actual component-coordinate action in Lemma 7.4; the relative lowest weights
cancel inside the conjugation. On the unscaled D′ and C legs the dilation is the identity. The
D′ action is the restricted-contragredient opposite field, including the finite L(1) correction, not
a transpose of an arbitrary positive-mode operator on a completion.

Consequently, after this residue calculation, one obtains the correctly typed equality Rrel(s) =
D−1

t Rphys(s)Dt in the common fraction field, and for the currents lifted in Lemma 7.4 it has
the integral coefficientwise expansion (7.7). This is not a definition of an unrelated component
action and is not an unconditional assertion of integrality for arbitrary meromorphic currents.
Theorem 6.9 and (7.15) therefore imply

(7.16) F̂ (t; Rrel(s)w) = ctF (t; Rphys(s)Dtw) = 0

for each actual invariant current s and algebraic w. Here a formal operator series is evaluated
coefficientwise; Dt is diagonal on homogeneous vectors and need not be replaced by a scalar when
a current changes their weights.
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Choose σ ∈ Gin,k. By Lemma 7.4, there exists an actual global invariant s with

Rrel(s) = Rin(σ) +
∑

j≥J+1
tjSj , Sj ∈ HomC(T, T ),

where for any fixed algebraic input w, each Sjw is a finite algebraic sum and the congruence is
understood in the relative frames. Apply (7.16) to w:

(7.17) F̂ (t; Rin(σ)w) = −
∑

j≥J+1
tjF̂ (t; Sjw).

By Proposition 7.3, every F̂ (t; Sjw) has exponents in the same Σ + N and logarithmic degree at
most L, independently of j, w. If tjF̂ (t; Sjw) had a term tβ(log t)l, then β − j = σ0 + n, σ0 ∈
Σ, n ∈ N =⇒ j ≤ β − σ0 ≤ J , contradicting j ≥ J + 1. This calculation does not evaluate an
infinite sum of endomorphisms on the algebraic tensor product. Fix w and first form each of the
finite algebraic tensors Sjw. For each exponent class and exponent β, the condition β− j ∈ Σ+N
implies

0 ≤ j ≤ max
σ∈Σ

(ℜβ −ℜσ),

so only finitely many j can affect that coefficient. Each such Sjw is a finite sum of homogeneous
algebraic tensors and therefore has the same Σ, L bounds. The logarithmic factors change only
their logarithmic degree, not their exponent; no cancellation across different C/Z classes is
used. Thus the sum in (7.17) is a legitimate coefficientwise sum. As every possible contribution
to tβ(log t)l would require j ≤ J , none of the terms with j ≥ J + 1 contributes. Therefore
ℓβ,l(Rin(σ)w) = 0. The outer-current lifting gives ℓβ,l(Rout(σ′)w) = 0 for every σ′ ∈ Gout,k.

Over C the tensor product is exact, so
Tout ⊗ Tin

Γout,k ⊗ Tin + Tout ⊗ Γin,k

∼= Bout,k ⊗Bin,k.

Both factors are finite dimensional by Lemma 7.5, and taking duals yields (7.14). □

For o ∈ Tout and β ∈ Σ + N put

λβ,l,o(a, b) = ℓβ,l(o; a, b), Kβ,l = SpanC{λβ,l,o : o ∈ Tout}, Kβ =
L∑

l=0
Kβ,l,

with λβ,L+1,o = 0. By Theorem 7.6, Kβ,l ⊆ B∗
in,k(β), dimC Kβ <∞.

Lemma 7.7. Define E ∈ EndC(T ∗
in) by

(Eλ)(a, b) = λ(LA(−1)a, b) + λ(LA(0)a, b) + λ(a, LB(0)b).

Then, for β ∈ Σ + N, 0 ≤ l ≤ L and o ∈ Tout,

(7.18) (E − β/e)λβ,l,o = l + 1
e

λβ,l+1,o.

Consequently
EKβ ⊆ Kβ, (E − β/e)L+1Kβ = 0.

Proof. Take a ∈ Aα, b ∈ Bβ′ and o ∈ Tout, and fix the branch log q = e log t for q = te, t > 0.
Set, initially for q > 0,

F̂q(q; o; a, b) := qα+β′
F (1 + q, 1; o; a, b), F̂ (t; o; a, b) = F̂q(te; o; a, b).

The L(−1)-derivative property of the actual product intertwining operators [10, Definition 2.8],
with z2 = 1 fixed, gives ∂qF (1 + q, 1; o; a, b) = F (1 + q, 1; o; LA(−1)a, b). Since LA(−1)a ∈ Aα+1
and LA(0)a = αa, LB(0)b = β′b,

q∂qF̂q(q; o; a, b) = qα+β′+1F (1 + q, 1; o; LA(−1)a, b) + (α + β′)F̂q(q; o; a, b)

= F̂q(q; o; LA(−1)a, b) + F̂q(q; o; LA(0)a, b) + F̂q(q; o; a, LB(0)b).
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Thus t∂tF̂ (t; o; a, b) equals e times the sum of the three normalized evaluations on the last line.
By Proposition 7.3, both sides have a common locally normally convergent Nilsson expansion with
exponent set Σ +N and logarithmic degree ≤ L. Since t∂t

(
tβ(log t)l

)
= βtβ(log t)l + l tβ(log t)l−1,

coefficient uniqueness in the chosen branch gives βλβ,l,o +(l +1)λβ,l+1,o = e Eλβ,l,o. This is (7.18).
It holds for arbitrary a, b by their finite homogeneous decompositions. Iterating (7.18) proves
the two final assertions. □

Let π• : C̃• → C• be either inherited normalized H-cover, with the retained based roots and
physical-coordinate identifications. Denote by P• the reduced divisor of its external marked lifts
and by Q• the reduced divisor of its node lifts; they are disjoint and H-stable. Every connected
component of C̃• meets P• by Lemma 5.2. Let T• be the algebraic tensor product of the ordinary
incoming modules on that component. For d ∈ N let Fd,• denote its finite-rank current bundle
with states in V≤d and the balanced node frames of Lemma 6.2. For k ≥ 1 set

G•,d,k := H0
(
C̃•, Fd,•(∗P•)(−kQ•)

)H
, G•,k :=

⋃
d≥0

G•,d,k, G•,kT• :=
∑

s∈G•,k

R•(s)T•.

Here (−kQ•) denotes vanishing of each balanced root-frame coefficient to order ≥ k; R• is the
orbit-normalized current action, and every summand acts through a finite state cutoff. Define

(7.19) Bk := B•,k = T•/G•,kT•, Dk := B∗
k ⊆ T ∗

• , D :=
⋃
k≥1

Dk.

For a fixed component •, the inclusions Dk ⊆ Dk+1 follow from G•,d,k+1 ⊆ G•,d,k. This is the
same full-state quotient B•,k used in Theorem 7.6; Bk abbreviates it when the component is
fixed. Lemma 7.5 already proves dimC Bk < ∞: its proof uses only E-valued currents, whose
relations are contained in the full-state relation space. No additional quotient is being formed
here. Write Gk = G•,k when the component is fixed. Write Din and Dout for the spaces obtained
from the two components. At the inner outgoing node the chosen based path has label h−1, and
at the outer node it has label h, where h = gAgB; these are the inverse inertia labels fixed by the
balanced covering construction in Lemma 6.2.

Let N = ord(h) and choose a node root z = sN . For f(z) ∈ C((z)), the change-of-variable
formula is

(7.20) Resz=0 f(z) dz = 1
N

Ress=0 f(sN )NsN−1 ds.

For an H-invariant paired one-form η and a node lift Q̃ with stabilizer of order N ,

1
|H|

∑
p∈HQ̃

Resp η = 1
N

Res
Q̃

η.

The scalar paired integrand is invariant, so (7.20) applies after descent even when individual
state fields have fractional modes.

For homogeneous u ∈ Vd in the r-th eigenspace of the node inertia, the physical balanced
frame is eu = ιz(u)zd−1dz, with the full opposite-branch L(1)-transformation. An invariant root
coefficient has the form

fu(s) ∈ srC((sN )), sjeu is allowed only if j ≡ r (mod N).

Its monomial sjeu = zd−1+j/N ιz(u) dz extracts the mode ud−1+j/N by the normalized residue for-
mula; in particular deg ud−1+j/N = −j/N, j ≥ k =⇒ deg ud−1+j/N ≤ −k/N . The subsequence
k = N(a + 1), a ∈ N, is cofinal. For such k the allowed node coefficients in the r-eigenspace
are precisely sN(a+1)+rC[[sN ]] eu = zd+asrC[[z]] ιz(u) dz. This identifies the root-order filtration
with the weight-dependent outgoing-point filtration of [16, Section 3.1, definition of the outgoing
filtration] (in the untwisted case r = 0); the inertial congruence and full balanced frame are
retained here.



80 SHUN XU

7.3. Free-point propagation and the intermediate twisted modules.

Lemma 7.8. Fix a normalized component C̃•, k ≥ 1, λ ∈ Dk, w ∈ T• and d ≥ 0. Put

Fd,k := Fd,•(−kQ•), F †
d,k := HomO

C̃•
(Fd,k, ω

C̃•
) ≃ F ∨

d,• ⊗ ω
C̃•

(kQ•).

The calibrated incoming fields Y gi
i (u, zi), u ∈ V≤d, determine H-compatible formal germs τd,p of

F †
d,k at every p ∈ P•. They are the Laurent expansions of a unique H-invariant section

(7.21) τd ∈ H0
(
C̃• \ P•, F †

d,k

)H
.

This section is meromorphic at P• and, in a local F ∨
d,•⊗ω frame, has poles of order at most k along

Q•. For d ≤ d′ the restriction of τd′ to V≤d is τd. Consequently evaluation at p /∈ P•∪Q• provides
a well-defined linear functional Pλ(u, p; w), u ∈ V , with the inherited finite-order monodromy.
The construction does not assert parameter holomorphy for varying p without the additional
finite-jet argument below.

Proof. All bundles in the statement are on the smooth, proper normalized component cover. The
divisor Q• is reduced, H-stable and disjoint from P•; hence Fd,k and F †

d,k are finite-rank vector
bundles. In particular the node condition is encoded in the test-current bundle itself:

(7.22) H0(C̃•, Fd,k(∗P•)
)H = G•,d,k, F †

d,k = F ∨
d,• ⊗ ω(kQ•).

Here ω = ω
C̃•

. Thus regularity of a section of F †
d,k at the node means at most a k-th order pole

in the unfiltered dual frame; it does not mean regularity in that latter frame.
Let p ∈ P• lie over the incoming marking i. For u ∈ V≤d, vi the i-th tensor factor of w, and

zi = sNi
i the chosen physical/root coordinates, use the original gi-twisted field Y gi

i (u, zi)vi and
the calibrated finite Laurent coordinate gauge of Lemma 3.8 to define the local formal dual
germ τd,p. More precisely, its pairing with a local current is the corresponding local field-residue
pairing with λ; the physical residue is converted to a root residue by (7.20). For each u and w,
lower truncation gives Y gi

i (u, zi)vi ∈ Mi((z1/Ni

i )), with a finite negative part. As V≤d is finite
dimensional and the calibrated gauge has only finitely many Laurent entries, τd,p has a finite pole
order in a finite-rank root trivialization. The gi-eigenvalue congruences and the actual based-root
identifications supply τd,hp = hτd,p for h ∈ H. No monodromy-free interpretation of an individual
fractional field is made.

For any s ∈ G•,d,k, the definitions of the orbit-normalized actions give the unnormalized residue
identity

(7.23)
∑

p∈P•

Resp⟨τd,p, s⟩ = |H|λ(R•(s)w) = 0.

All local residues on the left are finite algebraic sums: s has finite-order poles, d <∞, and lower
truncation applies to the fixed vector w. The factor |H| follows from summing the full H-orbit,
including its inertia stabilizers, rather than from treating one root lift as an unramified point.

Let now s ∈ H0(C̃•, Fd,k(∗P•)) be arbitrary and put AvH(s) = |H|−1∑
h∈H hs. Since the

collection {τd,p}p∈P• is H-compatible, its total residue pairing with s equals that with AvH(s).
Thus (7.23) holds for all test currents. Apply the finite-rank strong residue theorem [14,
Theorem 6.1] (equivalently its bundle formulation in [16, Section 3, strong residue theorem])
to Fd,k and to these incoming formal dual germs. The theorem yields a section of F †

d,k on
C̃• \P• with precisely the prescribed Laurent expansions. The finite negative parts show that it is
meromorphic at the incoming marks. Averaging the result over H leaves those germs unchanged
and gives (7.21). This is an application of the finite-rank residue theorem, not of an infinite-rank
or untwisted propagation statement.

Every connected component of C̃• meets P• by Lemma 5.2. A meromorphic dual section with
zero complete Laurent germ at an incoming point therefore vanishes identically on that connected
component. The maps Fd,• ↪→ Fd′,• respect the balanced filtration and the calibrated incoming
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fields. Restriction of τd′ to Fd,• has the same incoming germs as τd, so uniqueness proves their
compatibility. Their evaluations define Pλ on the algebraic direct union V =

⋃
d V≤d, without

any infinite sum over d.
The following parameter criterion will be used for the finite-rank construction. Let B be a

smooth parameter open, and suppose a finite-rank bundle A on C̃• ×B already includes a fixed
relative effective polar divisor, finite flat over B; the incoming divisor P• ×B is fixed and meets
every connected component. Suppose the prescribed incoming Laurent germs have a common
finite negative bound and depend holomorphically, coefficient by coefficient, on b ∈ B. Assume
that for every b the pointwise residue criterion supplies a section of Ab(∗P•) with those germs.

After shrinking B about a chosen point, choose m≫ 0 so that relative Serre vanishing and
cohomology and base change yield

R1 prB∗A(mP•) = 0, H := prB∗A(mP•) is locally free,

with fiber H0(C̃•,Ab(mP•)). The pole bound may be enlarged once to contain the pointwise
sections locally on B; equivalently one assumes a uniform such m before applying this criterion.
Since each connected component meets P•, the complete incoming jets separate Hb; finite
dimensionality gives an r ≥ 1 such that the length-r jet map is injective at the chosen base point.
By semicontinuity, after further shrinking,

jetr : H −→ prB∗

(
A(mP•)|r(P•×B)

)
is an injective bundle map with locally free cokernel. The holomorphic r-jet vector of the
prescribed germs lies fiberwise in its image; hence it has a unique holomorphic preimage in H.
By pointwise uniqueness and existence, that preimage has all the prescribed germs. Such local
families glue by uniqueness. In particular, pointwise strong-residue existence alone is not being
used to claim parameter holomorphy without a fixed pole bound. □

Lemma 7.9. Let k ≥ 1, λ ∈ Dk, and let p be a free H-orbit disjoint from P•∪Q•. The functional
Pλ( · , p; · ) of Lemma 7.8 satisfies all Ward relations of the pointed component with an additional
untwisted V -module at Hp, without changing the outgoing level k. The construction can be
iterated. For two free orbits and a common physical coordinate ξ = p1 − p2 in a simply connected
disk disjoint from the other marked orbits,

(7.24) P 2λ(u, p1; v, p2; w) =
∑
m∈Z

ξ−m−1Pλ(umv, p2; w) = Pλ(Y (u, ξ)v, p2; w).

The Laurent series in (7.24) converges normally on compact subsets of a sufficiently small
punctured disk; its entire regular part (m < 0) is included. The opposite ordering represents
the same meromorphic functional away from all orbital diagonals, with the corresponding H-
transported states and frames.

Proof. We distinguish the finite-rank Ward calculation, the family construction, and the two-
free-point comparison. The untwisted propagation and double-propagation statements of [16,
Section 3, “Propagation of partial conformal blocks” and “Double propagation”] provide a
comparison of the method, but are not applied as results for twisted modules here.
(i) Fix d, k, w, v and a free point p0. On an H-free parameter neighborhood B of p0 write
Γ =

∑
h∈H Γh ⊂ C̃• ×B, where Γh = {(x, p) : x = hp}. The graphs are pairwise disjoint on B,

and Γ is a relative effective Cartier divisor. If σ ∈ H0(C̃•, Fd,•(∗P• + KHp0)(−kQ•))H , choose
m≫ 0 so that

R1 prB∗Ad,k,K,m = 0, Ad,k,K,m := pr∗
1 Fd,•(−kQ•)⊗O(mP• + KΓ).

Here mP• is relatively ample on every connected component, and Ad,k,K,m is a vector bundle, flat
over B. After shrinking B, cohomology and base change makes prB∗Ad,k,K,m locally free and its
fiber at p0 contains σ. Extend σ in a local frame, and average over H; this yields a family σ(p) of
actual currents of the same node level k. For a fixed finite set of test currents, one d, K, m suffices.
Near a collision with an old incoming point, each algebraic family is meromorphic after the finite
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root base change. Multiplication by some parameter power makes its coefficients integral. No
holomorphic dependence of Pλ is assumed in this construction.
(ii) Work first with a common unramified local coordinate z, with p represented by q. For u ∈ V
and the test coefficient (z − q)−1, the two expansions are

ιz,q(z − q)−1 =
∑
j≥0

qjz−j−1, ιq,z(z − q)−1 = −
∑
j≥0

q−j−1zj .

Consequently R>(q) =
∑

j≥0 qju−j−1 and R<(q) = −
∑

j≥0 q−j−1uj act on the original incoming
module. The actual module Jacobi identity, (2.1) with g = 1 and p = −1, gives

R>(q)Yi(v, q)w − Yi(v, q)R<(q)w = Yi(u−1v, q)w.

This equality is coefficientwise: in the first term the lower bound of Yi(v, q)w bounds j at each
fixed power; in the second ujw = 0 for j ≫ 0.

At a marking of inertia order Ni, write giu = e2πiαu, 0 ≤ α < 1, and fix its root/physical
branches. For K ≥ 1 set bK,j =

(K+j−1
j

)
. The equivariant coefficient zα(z− q)−K has expansions

ιz,q
(
zα(z − q)−K) =

∑
j≥0

bK,jqjzα−K−j ,

ιq,z
(
zα(z − q)−K) = (−1)K

∑
j≥0

bK,jq−K−jzα+j .

Thus R>(q) =
∑

j≥0 bK,jqjuα−K−j , R<(q) = (−1)K ∑
j≥0 bK,jq−K−juα+j . The coefficient iden-

tity (2.1), now with m = α, p = −K, yields

R>(q)Y gi
i (v, q)w − Y gi

i (v, q)R<(q)w

=
∑
ℓ≥0

(
α

ℓ

)
qα−ℓY gi

i (uℓ−Kv, q)w.

Indeed (−1)j
(−K

j

)
= bK,j and (−1)−K = (−1)K . The sum on the right is finite by uℓ−Kv = 0

for ℓ≫ 0. In the first term, its fixed q-coefficient uses only finitely many j by lower truncation
of Y gi

i (v, q)w; in the second term, uα+jw = 0 for j ≫ 0. Substitution q = τNi makes each
asserted coefficient a finite sum in the root Laurent series. Integral Laurent factors and the finite
positive-Virasoro corrections in the calibrated current gauge give the same assertion by linearity
and finite shifts.

Apply these identities to each finite state-frame coefficient of the meromorphic current family
from (i). The coefficients in its incoming and moving-point Laurent expansions have common
lower bounds after a single parameter-power multiplication. For a fixed parameter coefficient, only
finitely many current modes and input vectors occur. Since the original functional annihilates
G•,kT• on every algebraic input tensor, the transferred expression vanishes. In the physical/root
normalization of (7.20), the Ni free lifts approaching one inertia orbit cancel the factor 1/Ni.
We obtain the identity of complete root Laurent germs

(7.25) (Pλ)(Rp(σ)v; w) +
∑

i

(Pλ)(v; Ri(σ)w) = 0.

Both sides are meromorphic in p on the indicated finite cover. Their common zero germ at an
old incoming orbit implies the identity everywhere on that connected component. Thus Pλ(·, p; ·)
annihilates every additional-point Ward relation of node level k; it is again an element of the
corresponding partial Ward dual. The argument uses only the existing twisted incoming modules,
not a conjectural node module.
(iii) For a fixed list of algebraic state vectors and a finite state cutoff, lower truncation gives
finite pole bounds at each old marking and at every added free orbit; the associated divisors are
finite sums of the fixed markings and the graphs Γh. On an H-free parameter open they are
relative Cartier divisors. Apply the finite-jet criterion at the end of Lemma 7.8 to this specified
finite-rank bundle, after enlarging the incoming divisor by mP•. The H1-vanishing in (i), flatness
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and base change apply. The prescribed jets are obtained from finitely many actual incoming
module coefficients and are holomorphic in the parameters. Injectivity of the finite jet map and
pointwise existence therefore give a unique holomorphic family. The same argument works after
adjoining further copies of the genuine vacuum module V at free orbits, without changing k.
(iv) Fix p2 and consider the pointed component with the additional actual incoming V -module at
p2. Applying the now established one-point propagation to u at p1 = p2 + ξ prescribes, by the
definition of its incoming germ,

YV (u, ξ)v =
∑
m∈Z

(umv)ξ−m−1.

For each m ∈ Z, its propagated scalar coefficient is therefore exactly Pλ(umv, p2; w). This
statement includes m < 0; in particular, it does not follow only from the singular terms m ≥ 0.
The finite-rank residue theorem of Lemma 7.8, applied after the additional insertion, identifies
this complete formal germ with the Laurent expansion of an actual meromorphic dual section.
Since umv = 0 for m ≫ 0, its principal part is finite, and its regular Taylor part converges
normally on every smaller disk not meeting another marked orbit. This proves (7.24), with all
coefficients and the asserted convergence, and does not presuppose that OPE as a prior analytic
identity. Other lifts are obtained by H-transport.

We prove the uniqueness used to interchange the insertions. At an added unramified free
point p, prescribe the local current principal part u dξ/ξ and outgoing vanishing −kQ•. By the
finite-rank principal-parts sequence and H1(Fd,•(mP•−kQ•)) = 0 for m≫ 0, this part lifts to an
H-equivariant global current, with other poles only at the old incoming points. On the vacuum,
its residue is u−11 = u, whereas the regular local terms act by bj1 = 0 for j ≥ 0. Hence a partial
Ward functional with a free V -insertion is determined by its restriction to 1 at that insertion.
Restricting a partial Ward functional to 1 deletes the free insertion: currents regular at that
point act trivially on the vacuum, and the old Ward relations remain. Two iterated propagations
in opposite orders are partial Ward functionals of level k, and their restriction to both vacua
is λ. Apply the just-proved uniqueness successively at the two free orbits; they coincide. Joint
holomorphy from (iii) identifies the two germs with the same meromorphic continuation on the
collision-free locus. □

For a pair of states define their singular OPE order and the finite orbit bound by

p(u, v) = max
(
{0} ∪ {j + 1 : j ≥ 0, ujv ̸= 0}

)
,

MH(u, v) = max
(
{1} ∪ {p(γu, δv) : γ, δ ∈ H}

)
.

The maximum is finite by state truncation and finiteness of H. We use MH to bound the
transported diagonal poles; the multipliers in the operator condition remain the original Mij .

Lemma 7.10. Let πi : Ci → P1 be finite morphisms with Ci smooth projective, put C =
∏n

i=1 Ci,
and write C(C) for its rational-function field. Fix f ∈ C(C) and P ∈ C[z1, . . . , zn], and set
F (z) = P (z)f on the branches of π =

∏
i πi. For A ∈ GLn(C), β ∈ Cn, put

η = zA− β, z = (η + β)A−1, ξi =
{

ηi, δi = 0,

η−1
i , δi =∞,

δ ∈ {0,∞}n.

Write C{ξ} = C{ξ1, . . . , ξn} for the ring of convergent power-series germs at ξ = 0. If η = δ is
component-isolated for the full set of branches of F , then there exist Ni ∈ Z>0, bi ∈ Z≥0, and,
for each branch a, Ha,r ∈ C{ξ1, . . . , ξn}, 0 ≤ ri < Ni, such that

(7.26) F a((η + β)A−1) =
∑

0≤ri<Ni
1≤i≤n

n∏
i=1

ξ
(ri−bi)/Ni

i Ha,r(ξ).

The series in (7.26) converge absolutely on sufficiently small cut punctured polydisks. Thus η = δ
is regular in the sense of [10, Definition 2.6], with logarithm degree 0 and common finite exponent
sets for all branches. The same conclusion holds for any finite family and, branchwise, for



84 SHUN XU

caF a with ca ∈ C. The constants need not be compatible with analytic continuation, so this last
assertion concerns the local expansions only. The common exponent sets may depend on the
chosen family and on P .

Proof. Put ∆× = {ξ : 0 < |ξi| < ϵi}, shrinking ϵ so that every branch is holomorphic on ∆×. By
GAGA [29], f is algebraic; therefore F satisfies a monic equation over C(ξ),

(7.27) F d +
d−1∑
j=0

aj(ξ)F j = 0, aj ∈ C(ξ1, . . . , ξn).

Here ηi = ξi or ξ−1
i , so the affine-linear substitution does not change algebraicity. The coefficients

aj are elementary symmetric functions of all conjugate branches of F , counted with multiplicity.
Since these branches are holomorphic on ∆×, the aj have no poles there. After shrinking ∆, the
polar divisors of the rational functions aj are consequently supported on

⋃
i{ξi = 0}. Hence, for

some m ∈ Zn
≥0,

ξmaj ∈ C{ξ} (0 ≤ j < d), ξm =
∏

i

ξmi
i .

The analytic continuation of the finitely many branches gives finite monodromy on ∆×, whose
fundamental group is Zn. Choose Ni ≥ 1 divisible by the order of the monodromy of its ith
standard generator. The substitutions

ξi = sNi
i (1 ≤ i ≤ n)

then make every branch single-valued and holomorphic on the punctured s-polydisk. Equa-
tion (7.27), the preceding coefficient bounds, and the elementary bound for the roots of a monic
polynomial give a common b ∈ Zn

≥0 such that

sup
0<|si|<ϵ

1/Ni
i

∣∣∣sbF a(sN1
1 , . . . , sNn

n )
∣∣∣ <∞ for all branches a.

(The choice bi = Nimi is sufficient after enlarging the mi if necessary.) The bounded functions
extend across the coordinate axes by the removable-singularity theorem, applied successively,
and are holomorphic on the whole s-polydisk. Write their convergent Taylor series as

sbF a(sN) =
∑

q∈Zn
≥0

ca,qsq.

Group the exponents uniquely as qi = Niℓi + ri, 0 ≤ ri < Ni. Then

Ha,r(ξ) =
∑

ℓ∈Zn
≥0

ca,Nℓ+rξℓ ∈ C{ξ},

which proves (7.26) and its absolute convergence. At δi = ∞, ξi = η−1
i turns ξ

(ri−bi)/Ni

i C{ξi}
into a series with exponents in (bi − ri)/Ni − Z≥0, as required by [10, Definition 2.6]. Thus one
may take the common exponent set

Λ =
n∏

i=1

{
r − bi

Ni
: 0 ≤ r < Ni

}
, L = 0.

There are finitely many branches and finitely many functions in a specified family. Taking
common multiples of the Ni and increasing the bi gives common exponent sets; multiplication by
ca ∈ C changes only the coefficients. No uniform bound over unbounded families of polynomials
P is asserted. □

Proposition 7.11. Iterating the preceding construction gives P nλ for every finite number of free
V inputs. For fixed states and incoming vectors these are meromorphic finite-state dual sections
on the product of the proper component covers, with poles only at incoming orbits, outgoing orbits
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and orbital diagonals. The poles along a V –V diagonal have integer order. The original local
ordered expansions converge absolutely on their prescribed radial chambers.

For a full three-point Ward functional of actual ordinary modules, the homogeneous inverse
(7.1) therefore satisfies the complete additional-field requirement for complete twisted intertwining
operators [10, Definition 2.8(3)].
Proof. First iterate the pointwise Ward construction of Lemma 7.9. It uses only actual incoming
modules, including each added copy of V , and never a not-yet-constructed node module. Its
vacuum-uniqueness argument makes these pointwise propagations independent of their order.
For a full three-point functional take Q empty and include the actual contragredient module at
infinity among the incoming factors.

We prove parameter holomorphy by induction on the number n of free fields. Fix λ ∈ Dk, all
original input vectors, the states at the first n− 1 free points, and a finite cutoff V≤d for the last
state. Let B be an algebraic parameter open where those first n− 1 orbits are disjoint from one
another and from P, Q. In the last variable the pole bounds are already fixed, independently
of b ∈ B. At an original incoming orbit this is lower truncation on the fixed incoming vector,
uniformly on a finite basis of V≤d and its finite coordinate corrections. At a previously added free
orbit the incoming module is V with its fixed vector, so the same assertion follows from state
truncation. More explicitly, if the last test state has weight at most d and an earlier vacuum
input has homogeneous weight dj , then its m-th mode on that fixed input vanishes for m ≥ d+dj

by the nonnegative grading of V . Thus an integer Mj = max(1, d + dj) bounds the corresponding
OPE pole, uniformly as the earlier free positions vary on the collision-free base. At an original
incoming orbit one takes the maximum of the finitely many lower-truncation bounds on the
fixed incoming vector over a homogeneous basis of V≤d and over the finitely many root/deck
and positive-mode coordinate corrections. These operations lower the state weight and preserve
finite dimensionality, so the resulting integer ci is independent of the parameter values. At Q it
is precisely the dual bound of the fixed balanced level k. Include all H-translates. Thus there
are integers ci, Mj ≥ 0, depending on these fixed data but not on the free positions, such that
the last-variable dual section belongs fiberwise to

Ad,k = pr∗
1
(
F ∨

d,• ⊗ ω
C̃•

(kQ•)
)
⊗O

∑
i

ci(Pi ×B) +
∑
j<n

∑
γ∈H

MjΓj,γ

 .

Here Fd,• is the finite-rank current bundle of Lemma 7.8, and F ∨
d,• ⊗ ω(kQ•) is precisely its

node-filtered dual bundle in (7.22); the node bound is therefore included once, not added as an
unspecified extra pole. The graphs are x = γpj . After restricting to the H-free collision-free
parameter open B, they are disjoint relative Cartier divisors and avoid P• ∪Q•. Consequently
Ad,k is a finite-rank vector bundle, flat over B, and the incoming divisor P• × B is relatively
ample on every connected component.

The preceding bounds show, before choosing any auxiliary m, that the pointwise section belongs
to H0(C̃•, (Ad,k)b) for every b ∈ B: the original incoming poles are bounded by the ci, the moving
poles by the Mj , and the node order by k. Hence its membership in H0(C̃•, (Ad,k(mP•))b) for
every m ≥ 0 follows from the established pointwise bounds. Apply the finite-jet criterion at the
end of Lemma 7.8 to Ad,k: increase the incoming twist by mP• so that the required relative
R1 prB∗ vanishes, and choose a finite incoming jet order r for which the resulting jet map is
fiberwise injective. After shrinking B if necessary, cohomology and base change make its source
locally free, and its image is a holomorphic subbundle. Each specified incoming jet is a previous
(n − 1)-point propagation evaluated on one of finitely many actual mode vectors: the state
cutoff, the fixed pole orders and r make this list finite. These jets are holomorphic by induction.
Pointwise existence from Lemma 7.8 places the jet family in the image subbundle. Inverting the
jet map onto its image gives a holomorphic section whose complete incoming germs coincide,
by pointwise uniqueness, with the pointwise propagation. This proves joint holomorphy away
from the stated divisors. It uses only pole bounds in the last free variable, established at this
induction stage; the polar bounds in the earlier variables are obtained below by permuting them
into the last position.
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Now use the already established pointwise permutation symmetry to put any chosen variable
last. Its incoming and outgoing axis orders have the same position-independent bounds. At a
pair diagonal the full Laurent OPE of Lemma 7.9 gives the integer bound MH(ui, uj) in the
uncorrected physical frames. For the finite positive-Virasoro frame corrections, one must not
assert that this same minimum OPE order remains sufficient. If ui ∈ Vdi

and uj ∈ Vdj
are

homogeneous, all states appearing in their finite coordinate/deck corrections have weights at
most di and dj , respectively. Since V<0 = 0, their m-th products vanish for m ≥ di + dj . Thus
the explicit auxiliary bound

Maux
ij := max

(
1, MH(ui, uj), di + dj

)
controls every orbit-pair pole in these frames; it is fixed independently of the free positions.
It is an auxiliary convergence bound and does not replace any exponent Mij prescribed in
Definition 2.3(iii). The negative OPE terms are finite and their coefficients are lower-point
propagations, already holomorphic by induction. There are only finitely many axis and orbital-
pair divisors. Choose their fixed maximum orders for the data. Multiplication by these divisor
equations removes every pole at its generic point and extends the section away from intersections.
The remaining locus has codimension at least two in the smooth product of curves; Hartogs
extension in local vector-bundle frames removes it. Consequently P nλ is meromorphic on the
whole proper product with one fixed finite polar divisor. GAGA then makes its finite-state scalar
evaluations algebraic [29]. All constants here may depend on n, k, the finite state cutoffs and the
fixed algebraic vectors. They do not depend on the free positions; no bound uniform over all
vectors or all n has been used.

We check convergence of the original ordered sums. On a marked disk containing no other
marked orbit, use a common root coordinate for its cyclic inertia. After clearing the axis orders
and pair diagonal factors, the scalar is holomorphic on the product of these root disks. Its multiple
Taylor series converges absolutely by Cauchy’s estimate. For a normalized full three-point block
at ∞, 1, 0, the output disk has physical coordinate x = z−1 and radius |x| < 1. A common root
substitution xi = sN

i trivializes all its finite covering branches. Clear the diagonal factors using
the finite auxiliary orbit bounds Maux

ij . The resulting function H(s) has only coordinate poles, so
sbH(s) is holomorphic on |si| < 1. For smaller polyradii ri < ρi < 1, put M = sup|si|=ρi

|sbH(s)|.
Its Taylor coefficients satisfy

|An| ≤M
∏

i

ρ−ni
i ,

∑
n≥0
|An|

∏
i

rni
i ≤M

∏
i

(1− ri/ρi)−1.

The finitely many negative powers and root exponent classes give a convergent multiple Laurent
series before restoring the pair factors.

On the chamber |z1| > · · · > |zr| > 1 one has |x1| < · · · < |xr| < 1. For i < j, restoring a
cleared pole of integer order M∗

ij = Maux
ij uses

(zi − zj)−M∗
ij = x

M∗
ij

i

∑
a≥0

(
M∗

ij + a− 1
a

)
(xi/xj)a.

Each geometric series converges absolutely there. On a compact subchamber, cover by finitely
many small product neighborhoods on which an upper bound for |xi| is smaller than a lower
bound for |xj | whenever i < j. The preceding Cauchy estimate and the geometric bounds
then give absolute normal convergence of their finite product with the Laurent series. For a
fixed resulting exponent, the coefficient convolution is finite, not merely conditionally summable.
To see this already for two variables, suppress a fixed Kummer residue class and write H =∑

m1≥−b1, m2≥−b2 hm1,m2xm1
1 xm2

2 . Restoring one factor of order M makes the coefficient of xe1
1 xe2

2
equal to ∑

0≤a≤e1+b1−M

(
M + a− 1

a

)
he1−M−a, e2+a,

where an empty range contributes zero. On the Kummer cover each fixed residue class gives the
identical bound after dividing the corresponding integral exponents by the root order. With
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more variables, the smallest-index variable bounds all geometric indices leaving it; inductively
each subsequent variable bounds its outgoing indices after those entering it have been fixed.
Thus each target multidegree has finitely many contributors. This is an ordered finite coefficient
calculation. The incoming and exchanged chambers use the same calculation in their centered
coordinates.

Finally compare these coefficients with the prescribed weight sums. For homogeneous inserted
states u1, . . . , ur and final dual weight λZ , let ni be the mode index of the ith field in the
outside-to-inside order. Its exponent in zi is −ni− 1, and its degree is wt ui−ni− 1. The weight
immediately after the first j outside fields have been removed is µj = λZ −

∑j
i=1(wt ui − ni − 1),

for 1 ≤ j ≤ r. This triangular formula determines all projected intermediate weights from the
mode indices, and its differences recover every ni. Hence one Laurent coefficient is precisely the
finite-dimensional contraction at one original weight tuple. The prescribed germs, the complete
OPE and the finite coefficient convolution identify it with that contraction before convergence
is used. Absolute normal convergence of this Laurent expansion is therefore absolute normal
convergence of the original sums over µ1, . . . , µr. Finite simple-block decompositions add finitely
many such estimates.

For homogeneous ui ∈ Vdi
, a ∈ Xα, b ∈ Yβ, and z′ ∈ (Z ′)γ , the original L(0)-commutator

formula gives, on compatible logarithm branches,

fk(z1, . . . , zk) = z
γ−α−β−

∑
i<k

di

k fk(z1/zk, . . . , zk−1/zk, 1).
The power of zk is retained as a fixed complex power; it is not claimed to be algebraic in zk.
For each fixed zk ∈ C∗, the dependence on z1, . . . , zk−1 is an algebraic multivalued scalar on the
finite product cover, with the specified branches. The preceding estimate yields absolute normal
convergence of the original sums in |z1| > · · · > |zk| > 0.

Now fix any (Mij)1≤i<j<k allowed by [10, Definition 2.8(3)], so that zMij YV (ui, z)uj ∈ V [[z]].
The product PM (z) =

∏
1≤i<j<k(zi − zj)Mij is a polynomial in the free positions. The scalar

PM (z)fk(z1, . . . , zk−1, zk), for fixed zk, remains algebraic on that finite cover, irrespective of
whether the chosen exponents equal the auxiliary pole bounds M∗

ij = Maux
ij used in the convergence

proof. Lemma 7.10 therefore applies to every component-isolated corner of the complete collection
of its branches. No replacement of the prescribed Mij by larger integers is made in this regularity
argument.

The finite set of deck branches and the finitely many transported state vectors allow one to
take common multiples of the ramification indices and common pole bounds in Lemma 7.10.
Thus the exponent sets and logarithm degree 0 are common to all these branches for the fixed
inputs and multipliers. Changing the branch of the fixed power of zk multiplies its value by a
scalar and does not alter those exponents in z1, . . . , zk−1. Finite linearity extends the assertion
to arbitrary algebraic vectors. This proves the original radial absolute convergence and the
full quantifier over permitted Mij and component-isolated corners in [10, Definition 2.8(3)]; the
derivative axiom was proved independently in Proposition 7.2. □

Corollary 7.12. Under the standing hypotheses on V and G, the three-point Ward space and
the intertwining-operator spaces satisfy WZ

XY
∼= Ĩ

( Z
X Y

)
= I

( Z
X Y

)
.

Proof. Proposition 7.2 proves ev1 : Ĩ
( Z

X Y

) ∼−→ WZ
XY and the independent L(−1)-derivative

identity. By Proposition 7.11, its inverse satisfies item (3) of Definition 2.3; it already satis-
fies items (1), (2), (4) by definition. Hence Ĩ

( Z
X Y

)
⊆ I

( Z
X Y

)
. The reverse inclusion is the

evaluation-to-Ward map established in Proposition 3.16 and Proposition 7.2, proving the claimed
isomorphism. □

7.4. Residue identities and the full node action. Fix a node label g of order N , a based
root z = sN , and u ∈ Vd with gu = e2πir/N u (0 ≤ r < N). Put Pλ,u(z; w) = Pλ(ιz(u), z; w). For
m ∈ r/N + Z, define

(7.28)
(umλ)(w) := Resz zmPλ,u(z; w) dz

:= 1
N

Ress sNmPλ,u(sN ; w)NsN−1 ds, λ ∈ D , w ∈ T•.
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The second line specifies the residue of a fractional-power series; its normalization is (7.20). In
particular, if Pλ,u(z; w) =

∑
j∈r/N+Z cjz−j−1, then (umλ)(w) = cm. The monodromy conven-

tion Pλ,u(e2πiz; w) = Pλ,g−1u(z; w) forces these indices. Extend (7.28) linearly in u and write
YD(u, z) =

∑
m umz−m−1; the action on D and lower truncation are established in Theorem 7.13.

Theorem 7.13. The maps (7.28) are independent of the finite-state cutoff and compatible with
the specified root-coordinate transport. For homogeneous u ∈ Vd and every k ≥ 1,

(7.29)
umDk = 0

(
m ∈ r

N
+ Z, m ≥ d− 1 + k

N

)
,

umDk ⊆ Dk+max{0,N(d−m−1)}

(
m ∈ r

N
+ Z

)
.

Consequently YD makes D a weak g-twisted V -module. More precisely, for eigenvectors u, v,
m ∈ ru/N + Z, n ∈ rv/N + Z and p ∈ Z,

(7.30)

∑
j≥0

(
m

j

)
(up+jv)m+n−j

=
∑
j≥0

(−1)j

(
p

j

)
(um+p−jvn+j − (−1)pvn+p−jum+j)

(as an identity on D); the sums are finite on every fixed vector. Moreover YD(1, z) = idD and
YD(L(−1)u, z) = ∂zYD(u, z). In particular, for k = N(a + 1), a ∈ N, umDk = 0 whenever
m ≥ d + a.

Proof. All assertions are verified first on a fixed Dk. For λ ∈ Dk the k-vanishing condition on
the balanced current frame eu = ιz(u)zd−1 dz, together with Lemma 7.8, gives the root Laurent
bound

(7.31) Pλ,u(sN ; w) ∈ s1−k−NdC[[s]],

with only the character −r terms retained. Thus the lowest possible root exponent is 1− k−Nd.
The residue in (7.28) selects s−N(m+1); for m ≥ d−1+k/N , −N(m+1) ≤ −k−Nd < 1−k−Nd.
This proves the first assertion of (7.29) without using any node-module identity. It also gives
the lower truncation of YD(u, z)λ. Uniqueness of finite-rank propagation in Lemma 7.8, the
compatibility of its restrictions V≤D ⊂ V≤D′ , and the based coordinate covariance imply the
stated choice independence.

For stability, let v ∈ Ve be a g-eigenvector, n ∈ rv/N + Z, and put

δ = e− n− 1 ∈ 1
N Z, k′ = k + max{0, Nδ} ∈ N>0.

Take s ∈ Gk′ . A homogeneous node term of s is uzq dz with u ∈ Vd and q ≥ d− 1 + k′/N . When
its free-point residue is moved across the insertion v, the full local OPE (7.24) gives

Resζ=z ζqY (u, ζ − z)v dζ =
∑
j≥0

(
q

j

)
zq−jujv.

The sum is finite since ujv = 0 for j ≫ 0. For each nonzero summand,

(q + n− j)−
(
wt(ujv)− 1

)
= q + n− d− e + 2 ≥ k′

N
− δ

= k

N
+ max{0, δ} − δ ≥ k

N
, wt(ujv) = d + e− j − 1.

The first bound of (7.29), already proved for λ ∈ Dk, therefore annihilates its node residue; the
mode-index congruence follows from g(ujv) = e2πi(ru+rv)/N ujv. Incoming residues vanish by the
complete one-free-point Ward identity (7.25). For an arbitrary s one works in its finite state
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cutoff: only finitely many node terms contribute to the fixed residue, by (7.31), and the incoming
fields are lower truncated on the fixed algebraic tensor. Hence

(vnλ)(R•(s)w) = 0 (s ∈ Gk′ , w ∈ T•), vnλ ∈ Dk′ .

This proves the second assertion of (7.29), and therefore defines YD on the algebraic union D .
We prove the two iterated mode identities directly from the original propagation, before using

the twisted Jacobi identity. For λ ∈ Dk set

Pu,v(ζ, z; w) := P 2λ(ιζ(u), ζ; ιz(v), z; w).

Lemma 7.9 gives this particular double propagation with both added modules equal to the
genuine untwisted vacuum module V . Proposition 7.11 supplies its joint meromorphicity on the
actual rooted configuration cover, not an arbitrarily chosen solution of its Ward equations. In
the physical coordinate ξ = ζ − z its complete diagonal Laurent germ is

(7.32) Pu,v(z + ξ, z; w) =
∑
j∈Z

ξ−j−1Pλ(ιz(ujv), z; w), 0 < |ξ| ≪ |z|.

This is the complete incoming germ at the second free V -insertion in (7.24); in particular j < 0 is
not discarded. All state-coordinate corrections are transported through the actual based physical
frames before this formula is read. One must not identify two arbitrary root trivializations when
taking its coefficients.

We verify the first nested residue. Fix an allowed n and define on the |ζ| > |z| chamber the
coefficientwise single-variable object

Qn(ζ; w) := Resz znPu,v(ζ, z; w) dz,

where every fractional residue means exactly the normalized rooted residue of (7.20). This is
well-defined: for a fixed finite state cutoff, the double propagation is meromorphic with finite
polar orders at both axes and at their orbital diagonals. On the chosen |z| < |ζ| annulus, the
expansion of each diagonal pole is a power series in z/ζ with a finite lower z-exponent. For a
specified z-exponent, only finitely many terms from each such expansion and the lower-bounded
z-Laurent series can contribute. Consequently Qn is a meromorphic rooted section in ζ with
poles only at the original incoming orbits and at the node; it has some finite node pole order
K(n, u, v, w, d). We do not claim that this order is the original k.

Let pi be any old incoming marking. On disjoint rooted disks about pi and the node, expand
the prescribed complete incoming germ of Pu,v against every local state b ∈ V≤d. Normal
convergence on smaller disjoint annuli (or the corresponding finite coefficient calculation just
described) gives, for every incoming mode coefficient, the identity

[incoming mode] Qn(ζ; w)
= Resz zn[incoming mode]Pu,v(ζ, z; w) dz

= [incoming mode] P (vnλ)(ιζ(u), ζ; w).

The last equality is the definition (vnλ)(w′
i) = Resz znPλ(v, z; w′

i) dz for each algebraic vector w′
i

obtained by applying the actual old incoming mode to w. It uses no node-module Jacobi identity.
The stability assertion already proved above gives vnλ ∈ Dk′ with k′ = k + max{0, N(wt(v)−n−
1)}. Choose a finite K at least this k′ and the actual pole order of Qn at the node (and increase
the state cutoff if necessary). Both Qn and the independently constructed P (vnλ)(u, ζ; w) then
belong to the same finite-rank dual bundle F ∨

d,• ⊗ ω(KQ) and have identical complete incoming
germs at every old marking. Uniqueness in Lemma 7.8, component by component, gives equality
of these meromorphic rooted sections. Taking the outer ζm coefficient proves the first identity
below. The same argument with the two variables interchanged, first extracting ζm in |ζ| < |z|,
uses umλ ∈ Dk+max{0,N(wt(u)−m−1)} and proves the second identity. Thus

(7.33)
umvnλ = Res|ζ|>|z| Resz ζmznPu,v(ζ, z; ·) dz dζ,

vnumλ = Res|z|>|ζ| Resζ ζmznPu,v(ζ, z; ·) dζ dz.
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Here and throughout, the two residues are successive normalized rooted residues, not residues of
an undefined infinite-dimensional tensor product. All comparisons are made after fixing a test
vector, a finite state cutoff, and the two specified mode indices. This also proves the compatibility
of nested extraction with the selected root paths and strictly typed deck pulls.

We compute the diagonal normalization rather than suppressing the root branches. Put
ϵ = e2πi/N , ζ = sN

1 , z = sN
2 , and write gu = ϵruu, gv = ϵrv v. The root rotations in the two

free variables multiply the propagated scalar by ϵ−ru and ϵ−rv , respectively. The corresponding
factors from sNm

1 and sNn
2 are ϵNm = ϵru and ϵNn = ϵrv ; the Jacobians NsN−1

i dsi are invariant
under a full root rotation. Thus the paired two-form ζmznPu,v(ζ, z; w) dζ dz is single valued
around either physical coordinate axis, on the specified analytic branch. Its physical diagonal
ζ = z has exactly the root preimages s1 = ϵbs2 (0 ≤ b < N). Transport the b-th local root germ
to b = 0 using the actual cyclic inertia action; the state factor is ϵ−bru while the mode multiplier
is ϵbNm, whose product is

ϵb(Nm−ru) = 1.

For example the pullback of dζ/(ζ − z) has residue 1 at each of the N simple root diagonals:

Ress1=ϵbs2

NsN−1
1 ds1

sN
1 − sN

2
= 1.

After the transported eigencharacters cancel, the N local root residues are equal. The one
physical ζ-residue is the sum of these root residues divided by N ; therefore its diagonal coefficient
is N/N = 1. The second normalized residue in the z variable similarly equals its physical residue.
No additional N or 1/N remains. The cyclic inertia calculation is local to each node; arbitrary
global deck arrows are composed in their actual chronological order, with source and target
transported sectors, not commuted or silently identified.

Now fix p ∈ Z and pair the two-meromorphic propagation with (ζ − z)pζmzn dζ dz. On the
respective radial annuli the different binomial expansions are

(ζ − z)p =
∑
j≥0

(−1)j

(
p

j

)
ζp−jzj , |z| < |ζ|,

(ζ − z)p = (−1)p
∑
j≥0

(−1)j

(
p

j

)
ζjzp−j , |ζ| < |z|.

Using the just-proved nested identities, their iterated residues are, respectively,∑
j≥0

(−1)j

(
p

j

)
um+p−jvn+jλ, (−1)p

∑
j≥0

(−1)j

(
p

j

)
vn+p−jum+jλ.

The difference of these two radial residues equals the sum of the physical diagonal residues by the
residue theorem, with the normalization computed above. Put ξ = ζ − z and apply the complete
local OPE (7.32). The formal expansion ζm = (z + ξ)m =

∑
j≥0

(m
j

)
zm−jξj gives exactly

Resz zn Resξ=0(z + ξ)mξp
∑
q∈Z

ξ−q−1Pλ(uqv, z; ·) dξ dz =
∑
j≥0

(
m

j

)
(up+jv)m+n−jλ.

The equality is again coefficientwise. For fixed p its diagonal sum stops when up+jv = 0; each
radial sum stops because the rightmost mode um+j or vn+j kills λ for j ≫ 0, by the already proved
first bound in (7.29). Finite cutoff and lower truncation make all remaining scalar coefficients
finite. Thus contour comparison, equivalently the equality of three complete Laurent-germ
residues, proves (7.30) for every integer p, including p < 0, and for every w ∈ T•. Since the
evaluations on all w separate T ∗

• , this is an operator identity on the actual algebraic union D .
It has precisely the fractional-mode and sign convention of (2.1); no twisted module has been
assumed.

For the vacuum, propagation with a free 1-input gives Pλ(1, z; w) = λ(w), and hence
1m = δm,−1 idD . Taking v = 1, p = −2, n = −1 in (7.30), and using u−21 = L(−1)u,
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u−11 = u and uj1 = 0 for j ≥ 0, gives (L(−1)u)m−1 + mum−2 = um−2, (L(−1)u)q = −q uq−1.
Therefore YD(L(−1)u, z) = ∂zYD(u, z). For the conformal state put LD(q) = ωq+1. In the p = 0
specialization of (7.30) use ω0ω = L(−1)ω, ω1ω = 2ω, ω2ω = 0 and ω3ω = (cV /2)1. With field
mode indices m + 1, n + 1 this gives

[LD(m), LD(n)] = −(m + n + 2)ωm+n+1 + 2(m + 1)ωm+n+1

+ cV

2

(
m + 1

3

)
1m+n−1

= (m− n)LD(m + n) + cV

12 (m3 −m)δm+n,0 idD .

Together with (7.29), linearity, the eigenmode congruence and the vacuum identity, these are the
weak g-twisted-module axioms. No grading restriction or semisimplicity of D has been used. □

Proposition 7.14. Put gin = h−1 and gout = h, where h = gAgB. For • ∈ {in, out} there are
multiplicities m•,S ∈ N such that

(7.34) D• ∼=
⊕

S∈Sg•

S⊕m•,S ,
∑

S∈Sg•

m•,S dimC ShS
≤ dimC B•,1 <∞.

On Din, the conformal mode constructed in Theorem 7.13 satisfies

(7.35) (LDin(0)λ)(a, b) = λ
(
(LA(−1) + LA(0))a, b

)
+ λ

(
a, LB(0)b

)
= (Eλ)(a, b).

For the collision coefficients of Proposition 7.3,

(7.36) ℓβ,l = 0 (β ∈ Σ + N, 1 ≤ l ≤ L).

Proof. Fix • ∈ {in, out} and write g = g• and N = ord(g). By Theorem 7.13 and Proposition 2.2
there is an algebraic internal direct sum D• =

⊕
i∈I• Mi of ordinary irreducible g-twisted modules;

the index set is not assumed finite. Let Ωi = (Mi)hi
̸= 0 be the lowest-weight space. For

u ∈ Vd ∩ V
(r)

g and j ≥ 1 with j ≡ r (mod N), the actual balanced root monomial sjeu, with
eu = ιz(u)zd−1dz and z = sN , has normalized node residue ud−1+j/N , not Nud−1+j/N ; see (7.20)
and (7.28). The node weak-module commutator gives

[LMi(0), ud−1+j/N ] = − j

N
ud−1+j/N .

Because Mi is ordinary and has no weight below hi,

(7.37) ud−1+j/N Ωi = 0 (j ≥ 1, j ≡ r (mod N)).

This applies to the entire finite-jet balanced frame: its L(a > 0) corrections are already expressed
in that frame, preserve finite-state truncations, and each resulting monomial has its own allowed
inertia index. No identification of different deck-twisted sectors is made.

We relate these node modes to the full global Ward annihilator defining B•,1. Take λ ∈ Ωi ⊂ D•;
choose K with λ ∈ DK . For an arbitrary q ∈ G•,1, work in the finite state cutoff containing q
and pair the meromorphic current q with the actual propagated dual section of Lemma 7.8. The
ordinary global residue theorem, including the H-orbit normalization, reads

λ(R•(q)w) = −
∑

node orbits

∑
u,j≥1

cu,j(q) (udu−1+j/N λ)(w), w ∈ T•.

Here the local coefficients cu,j(q) are those of q in the actual balanced root frames, with the
node-orbit sum understood with its stabilizer factors. The sum is finite for fixed w: q has a
finite state cutoff and the propagated dual section has finite node pole order; hence only finitely
many positive root powers can contribute a residue. If the cover has several node orbits the same
calculation is made on each, with its actual node sector. Every term on the right vanishes by the
lowest-weight calculation, so λ(G•,1T•) = 0. Thus⊕

i∈I•

Ωi ⊆ D•,1 = B∗
•,1.



92 SHUN XU

The sum remains direct in the algebraic dual T ∗
• . Lemma 7.5 gives∑

i∈I•

dim Ωi ≤ dim B•,1 <∞.

Since every Ωi ̸= 0, the index set is finite. Replacing each Mi by its representative in Sg proves
(7.34), and LD•(0) is diagonalizable on the entire finite direct sum.

For the energy identity, use the actual normalized inner component with coarse physical
coordinate x and the marked locations 1, 0,∞. The global vector field ϑ = x∂x has precisely the
following local expansions:

marked point physical coordinate ϑ
1 ξ = x− 1 (1 + ξ)∂ξ

0 x x∂x

∞ z = x−1 −z∂z.

For Ty(y) = Y (ω, y) =
∑

n∈Z L(n)y−n−2, residues of Ty(y)f(y)dy extract L(−1) for f = 1 and
L(0) for f = y. Hence the physical local residues at these three points act respectively as

(7.38) LA(−1) + LA(0), LB(0), −LDin(0).

At the last point the sign comes from −z∂z; its mode is precisely the ω1 mode of (7.28), acting
on the constructed h−1-twisted node module. The original opposite-field identification at x =∞
is taken before this physical residue; it is not the transpose of an untransported input mode. The
physical changes x 7→ x− 1 and x 7→ x−1 are Möbius, so introduce no Schwarzian term.

The ramified root changes are not Möbius. At a marking of inertia order Ni, set y = sNi .
Equation (3.16) gives the exact identity

Ts(s) = N2
i s2Ni−2Ty(sNi)− cV (N2

i − 1)
24 s−2.

For the Euler residue, after the original orbit factor 1/Ni,

1
Ni

Ress yTy(y) dy = 1
N2

i

Ress sTs(s) ds + cV (N2
i − 1)

24N2
i

= Resy yTy(y) dy.

In the second line we substituted the displayed transformation:

Ress sTs(s) ds = N2
i Resy yTy(y) dy − cV (N2

i − 1)/24.

(The residues on the right are in their respective normalized physical-mode convention.) Thus the
vacuum Schwarzian term is retained and canceled when the physical mode is recovered; there is no
additional lowest-weight or central-charge shift. The translation part f(y) = 1 has no Schwarzian
residue, since the scalar term in (3.16) is proportional to s−Ni−1ds. The same computation is
performed at the output node, with its actual inverse inertia and restricted-contragredient field.

To use the global Ward relation without assuming the desired energy identity, fix λ ∈ Din,K

and pair its finite-state propagated meromorphic dual section with the global conformal current
determined by ϑ. Unlike a (−KQ) test current, this particular current need not vanish at the
node: the meromorphic paired one-form is nevertheless defined, and the global residue theorem
includes its node residue. That residue is the definition of the node conformal mode via (7.28);
the two old-mark residues use the original twisted-module Virasoro fields. With the actual
based root frames and the normalizations just computed, their sum is zero. Therefore for every
algebraic a, b,

(LDin(0)λ)(a, b) = λ((LA(−1) + LA(0))a, b) + λ(a, LB(0)b) = (Eλ)(a, b).

Finite homogeneous decomposition proves the formula for arbitrary a, b, hence establishes both
(7.35) and the preservation of Din by E .
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For every β, l, o, Theorem 7.6 puts λβ,l,o in Din. Lemma 7.7 and the energy identity give, with
H = LDin(0) and c = β/e,

(7.39) (H − c)λβ,l,o = l + 1
e

λβ,l+1,o, 0 ≤ l ≤ L, λβ,L+1,o = 0.

Since H is semisimple, its generalized c-eigenspace equals its c-eigenspace (and both are zero if c
is not an eigenvalue). The chain itself gives (H − c)L+1λβ,0,o = 0, so (H − c)λβ,0,o = 0 and the
l = 0 equation yields λβ,1,o = 0. Inductively, the equation at l = j − 1 then gives λβ,j,o = 0 for
every j ≥ 1. This argument also covers repeated simple summands having the same weight; no
distinctness of the eigenvalues is needed. Finally o, a, b range over all algebraic tensors, so their
matrix coefficients separate ℓβ,l, establishing (7.36) for every β and every l > 0. □

Proposition 7.15. Set h = gAgB, U = D ′
in, and fix the based logarithm log 1 = 0. There are

natural isomorphisms

(7.40) U ∼= A ⊠P (1) B, HomV (S, Dout)
∼−−→ I

(
D

S C

)
(S ∈ Sh).

They are induced by the evaluation maps at 1; their inverse operators satisfy all four conditions
of Definition 2.3, including the original additional-field requirement of [10, Definition 2.8].

Proof. By Proposition 7.14, Din and Dout are finite ordinary twisted modules. In particular

Din =
⊕

µ

(Din)µ, U =
⊕

µ

(Din)∗
µ, U =

∏
µ

Uµ,

with finite-dimensional weight spaces. The algebraic tensor product Tin = A ⊗ B and the
evaluation pairing Din ⊆ T ∗

in are those of (7.19). For a ∈ A, b ∈ B, define j(a, b) ∈ U by

(7.41) ⟨λ, j(a, b)⟩ = λ(a⊗ b) (λ ∈ Din).

Its component in Uµ is the restriction of evaluation to (Din)µ; no finite weight support for j(a, b)
is asserted. For homogeneous a ∈ Aα, b ∈ Bβ put

(7.42) Y in(a, z)b =
∑

µ∈wt(U)
zµ−α−βπU

µ j(a, b), log 1 = 0.

Since U is lower bounded and has only finitely many relative-weight cosets, this is lower truncated.
For every λ ∈ (Din)µ, its scalar coefficient is

(7.43) ⟨λ,Y in(a, z)b⟩ = zµ−α−βλ(a⊗ b).

The following finite-direct-sum compatibility will be used below. The three-point converse in
Proposition 7.2 is stated for simple ordinary modules. If the output is a finite ordinary direct
sum Z =

⊕q
i=1 Zi, then Z ′ =

⊕
i Z ′

i and the global three-point current action preserves each
output summand. Consequently, with the original based cover and all its roots fixed,

WZ
AB =

q⊕
i=1

WZi
AB, I

(
Z

A B

)
=

q⊕
i=1
I
(

Zi

A B

)
.

The first equality is obtained by applying every Ward generator to each output projection;
the second follows by projecting the four Du–Huang axioms to the finitely many summands,
and conversely taking finite sums of their normally convergent matrix coefficients on compact
subchambers. The finitely many prescribed corner exponent sets and logarithm bounds may be
united. The same argument, separately in any one of the three factors, applies to finite direct
sums of inputs. Hence the two earlier reconstruction results apply to U and to any finite ordinary
test module Z; no extension to unrestricted infinite direct sums is used.

We verify the analytic conditions before invoking any universal property. If s is a global
invariant current on the based three-point component cover, with state support in V≤d and a
finite pole divisor at the marked orbits, its node Laurent expansion has finitely many contributing
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modes on each algebraic input. The node field of Theorem 7.13 is defined by the same orbit-
normalized residues as the external current actions of Definition 3.11. For fixed w = a⊗ b and a
finite state cutoff d, let τλ,w,d be the finite-rank propagated dual section from Lemma 7.8. At the
node, its Laurent coefficients are the residues defining the node modes in Theorem 7.13. More
explicitly, write a fixed finite-state current in the balanced root frame at Q as sQ =

∑
u,j cu,jsjeu

with eu = ιz(u)zdu−1dz and z = sN . The coefficient of its node residue against the germ τλ,w,d is∑
u,j cu,j(udu−1+j/N λ)(w), with j restricted by the actual inertia character and with the factor

1/N of (7.20). Only finitely many pairs (u, j) contribute: u has finite state support, sQ has a
finite Laurent principal part at Q, and τ has a finite pole bound there. At a translated lift use
its transported H-state and root, rather than identifying two different twisted sectors. Thus the
orbit-normalized local pairing satisfies

(RQ(s)λ)(w) = 1
|H|

∑
p∈HQ

Resp⟨τλ,w,d, s⟩.

At the two incoming marked orbits the same pairing gives λ(RP (s)w), with the contragredient
opposite-field coordinate transform at ∞. The sum of all residues of this meromorphic one-form
on the smooth projective cover is zero. Hence

(7.44) (RQ(s)λ)(a⊗ b) + λ
(
RP (s)(a⊗ b)

)
= 0, λ ∈ Din.

Here RQ(s) is the actual node-mode action, and RP (s) is the sum of the incoming actions. The
calculation takes place in a single finite state cutoff; increasing that cutoff leaves the Laurent
coefficients unchanged by the compatibility in Lemma 7.8. No current with an infinite state
support or unrestricted infinite node mode sum is used. The functional

E : Din ⊗A⊗B −→ C, E(λ⊗ a⊗ b) = λ(a⊗ b),

annihilates all three-point global Ward relations by (7.44); each algebraic λ is a finite sum of
homogeneous components. Thus E belongs to the full three-point Ward space WU

AB of Section 7.
Proposition 7.2 therefore proves all three single-V branches and their absolute original projected
sums for (7.42). Proposition 7.11, applied to the same full three-point Ward functional, gives the
original finite strings of additional V fields, the radial weight sums and the component-isolated
regularity for every allowed collection (Mij); the based branches are unchanged. These are
items (ii) and (iii) of Definition 2.3. For λ ∈ (Din)µ, the stress-current identity (7.35) yields
λ(LA(−1)a⊗b) = (µ−α−β)λ(a⊗b). By (7.43), this is precisely ∂zY in(a, z)b = Y in(LA(−1)a, z)b,
so item (iv) holds. Thus

Y in ∈ I
(

U

A B

)
, ev0(Y in) = j,

where ev0 denotes evaluation at z = 1 with log 1 = 0 as in (2.6).
For an arbitrary Z ∈ Ch define

ΘZ : HomV (U, Z) −→ I
(

Z

A B

)
, f 7−→ f ◦ Y in.

This is well-defined and natural in Z. We construct its inverse without assuming (7.40). For
Y ∈ I

( Z
A B

)
set

(7.45) (ιYz′)(a⊗ b) := ⟨z′,Y(a, 1)b⟩, z′ ∈ Z ′.

Fix a finite sum of homogeneous vectors z′ ∈ Z ′ and let R(z′) be the greatest relative weight,
measured above the lowest weights of the finitely many simple summands containing its compo-
nents. Choose k ≥ 1 with k/N > R(z′), where N = ord(h). Every balanced node coefficient of a
current in Gin,k has allowed root order j ≥ k and hence acts on Z ′ through a mode of degree
−j/N < −R(z′). It annihilates z′. The complete three-point Ward identity of Y (Proposition 3.16,
with the contragredient node label) consequently gives

ιY(z′)
(
Gin,k(A⊗B)

)
= 0, ιY(z′) ∈ Din,k.
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The level k is allowed to depend on z′, as required by the algebraic union Din =
⋃

k Din,k. The
actual Virasoro L(0) relation also checks the grading of this map. If z′ ∈ (Z ′)γ , a ∈ Aα and
b ∈ Bβ, the L(0) commutator and the original L(−1) derivative identity for Y at z = 1 imply

⟨z′,Y(LA(−1)a, 1)b⟩ = (γ − α− β)⟨z′,Y(a, 1)b⟩.

Together with (7.35) this gives LDin(0)ιY(z′) = γιY(z′). Hence ιY is homogeneous-weight
preserving, so its restricted transpose below is defined on the algebraic restricted dual; no full
algebraic dual or completed-dual transpose is substituted.

For the promised mode comparison, fix u ∈ Vd and w = a⊗ b. In the actual output-node root
coordinate z = sN let

Gu,z′,w(z) :=
〈
Y h−1

Z′ (u, z)z′,Y(a, 1)b
〉
,

understood coefficientwise, with the original contragredient opposite-field and full finite L(1)
gauge at the output. This is the node expansion of the original one-V three-point duality function.
Its complete germs at both old incoming marks are exactly those prescribed for the one-free-point
propagation of ιY(z′): for every external mode coefficient, they agree by the product and iterate
expansions of that same one-V duality function, with unchanged based roots and deck stems. For
example, if vA

q a is the coefficient of the incoming field YA(v, ξ)a at 1, the compared coefficient is
exactly 〈

Y h−1
Z′ (u, z)z′,Y(vA

q a, 1)b
〉
;

the other old input gives ⟨YZ′(u, z)z′,Y(a, 1)vB
q b⟩. The original one-V duality applies separately

to every algebraic vA
q a and vB

q b; their full coefficient strings, including regular coefficients, are
the prescribed incoming germs. This comparison uses no prospective node-mode intertwining
identity. To justify the asserted global meromorphic comparison rather than postulate it, use the
reverse direction of Proposition 7.2: the original complete Y determines its actual full three-point
Ward functional. Its finite-state strong-residue reconstruction is the meromorphic dual section
whose output Laurent germ is G, with the same original based paths. The propagated side is
meromorphic by Lemma 7.8. Both therefore are finite-pole rooted dual sections; a common finite
cutoff and a common finite node level K contain them. Complete-germ uniqueness in Lemma 7.8
therefore identifies their whole Laurent series, not only their singular parts:

PιY z′,u(z; a, b) = Gu,z′,a⊗b(z).

Taking the normalized coefficient of z−m−1 yields, for every allowed m ∈ r/N + Z,(
umιYz′)(a, b) = ⟨uZ′

m z′,Y(a, 1)b⟩ =
(
ιY(uZ′

m z′)
)
(a, b).

On every fixed vector these coefficients and their root-orbit sums are finite; the h−1 node
and Z ′ have the same twisted label. This proves the mode intertwining before transposition,
for all algebraic a, b, without relying on a later matching lemma. Thus ιY : Z ′ → Din is a
V -homomorphism. Restricted contragredience of the finite ordinary objects supplies a V -map

fY = ι′
Y : U = D ′

in −→ (Z ′)′ ∼= Z.

Its evaluation satisfies, for homogeneous a, b, z′,

⟨z′, fYj(a, b)⟩ = ⟨ιY(z′), j(a, b)⟩ = ⟨z′,Y(a, 1)b⟩.

The weight-compatibility formula of Lemma 2.4 then identifies the entire operators: ΘZ(fY) = Y .
Conversely, (7.41) gives ιΘZ(f) = f ′ : Z ′ → Din, so fΘZ(f) = f . Hence ΘZ is a natural bijection.
Evaluation at 1 identifies it with f 7→ f ◦j, the universal map of Definition 2.5. The uniqueness of
the P (1)-tensor product in Theorem 4.3 gives the first isomorphism in (7.40), with its canonical
evaluation map.

For the outer component take S ∈ Sh and f ∈ HomV (S, Dout). Evaluation gives Ef (d′⊗s⊗c) =
f(s)(d′ ⊗ c), d′ ∈ D′, s ∈ S, c ∈ C. The full outer-node Ward identity, the equivariance of f ,
and the finite homogeneous decomposition of s make Ef a full three-point Ward functional on
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D′ ⊗ S ⊗ C. Proposition 7.2 reconstructs a single-insertion operator from Ef ; Proposition 7.11
verifies all its additional-V conditions, for the prescribed multipliers, branches and original
projected sums. On homogeneous d′ ∈ (D′)γ , s ∈ Sα, c ∈ Cβ its matrix coefficient is explicitly

(7.46) ⟨d′,Yf (s, z)c⟩ = zγ−α−βf(s)(d′ ⊗ c),

which also verifies truncation. The outer stress-current Ward relation, with marked points∞, 1, 0,
gives f(LS(−1)s)(d′ ⊗ c) = (γ − α− β)f(s)(d′ ⊗ c), and (7.46) proves the derivative condition.
Consequently Yf ∈ I

( D
S C

)
.

Conversely, for Y ∈ I
( D

S C

)
define

(7.47) fY(s)(d′ ⊗ c) := ⟨d′,Y(s, 1)c⟩.

For every algebraic s ∈ S, its finite relative-weight support supplies k such that all balanced node
coefficients of order ≥ k annihilate s. The full three-point Ward identity makes fY(s) ∈ Dout,k.
Fix u ∈ Vd, s0 ∈ S, and algebraic d′, c. The original complete one-V duality for Y provides, in
the physical coordinate of the outer incoming node at 1, the whole local germ

Gout
u,s0,d′,c(z) = ⟨d′,Y(Y h

S (u, z)s0, 1)c⟩,

including its regular Taylor part. Each coefficient is a finite matrix coefficient on the algebraic
input s0. The independently propagated germ PfY (s0),u(z; d′ ⊗ c) has the same complete germs
at the old output and C marking: these follow from the other two original one-V regions of
the same Y. For instance, at the old C-mark and for an incoming coefficient vC

q c the compared
scalar is ⟨d′,Y(YS(u, z)s0, 1)vC

q c⟩; at the old output it is obtained by the full opposite-field
operator acting on d′. All these are equal as complete formal incoming coefficients by the fixed
original operator’s one-V duality, with the finite extra-field expansion supplied when necessary by
Proposition 7.11. The reverse Ward direction of Proposition 7.2 identifies the matrix coefficients
of this original Y with an actual meromorphic three-point dual section; the propagation on
the other side is meromorphic by Lemma 7.8. Both objects have finite node pole order after
choosing a common cutoff and level K, since fY(s0) ∈ Dout,k and the original twisted field
YS(u, z)s0 is lower truncated. By the complete-germ uniqueness in Lemma 7.8 they agree as
rooted meromorphic sections. Extracting each normalized node coefficient therefore gives the
actual typed identity

(uDout
m fY(s0))(d′, c) = fY(uS

ms0)(d′, c).

The required root phases and 1/N normalization occur on both sides through the same based
node coordinate; when a deck arrow changes the sector it is applied to both sides in the fixed
chronological order. Hence fY is a genuine V -homomorphism, rather than merely a linear
map into T ∗

out. The evaluation identities (7.46)–(7.47) and Lemma 2.4 show that Y 7→ fY and
f 7→ Yf are mutually inverse and natural in S. This proves the second identification in (7.40).
If a : S1 → S is a V -homomorphism in the h-sector, then Ef◦a(d′, s, c) = Ef (d′, a(s), c), so
the outer bijection is natural contravariantly in S; the inner bijection is natural covariantly in
Z by composition of weight-preserving maps. The two directions recover the complete formal
intertwining operators because their fixed homogeneous matrix coefficients have the same value
at 1 and the forced weight power zγ−α−β, not merely identical full-Ward annihilators. □

7.5. Balanced node jets and the coefficient kernel. Fix the actual admissible source family
p : CO → Spec O, O = C[[t]], of Lemma 6.2. At a chosen node lift use

(7.48) B = O[[s+, s−]]/(s+s− − ta), x = sN
+ , y = sN

− , q = te, e = aN.

Here a, N ∈ Z>0 and N is the inertia order. In the balanced current frame of (6.8) the completed
finite-state sheaf is F̂d,O = B⊗CV≤d. We identify this common free module using the plus-branch
balanced frame. Thus a coefficient state b in the common frame is represented by b on the
plus branch and by Σdb on the minus branch, where Σd = eL(1)(−1)L(0)+1|V≤d

. This convention
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applies for both signs of k. Fix b ∈ Vd homogeneous for the inertia action, and k ∈ Z such that
the coefficient below is inertia-invariant. Put

(7.49) σk(b) =
{

sk
+b, k ≥ 0,

s−k
− b, k < 0.

The state-current transition to the opposite branch is the full L(1)-corrected balanced transition,
with the opposite inertia character. In particular, on the punctured overlap,

(7.50) sk
+ = taks−k

− (k ≥ 0), s−k
− = t−aksk

+ (k < 0).

The monomials in (7.49) belong to the integral node module; neither identity asserts the integrality
of the displayed negative power on its own.

Lemma 7.16. Let J ∈ Z≥0 and choose K ∈ Z>0 satisfying K > |k|, aK ≥ J + 1. There exist
m ≥ 0 and an H-invariant section s ∈ H0(CO, Fd,O(mP ))H whose jet at the chosen node, in
the balanced frame, equals σk(b) modulo

(7.51) IJ,K = (tJ+1, sK
+ , sK

− ) ⊂ B.

At the other node lifts the prescribed jets are its H-translates. Here P is the actual full external
marked-orbit divisor and Fd,O is the O-flat coherent finite-state current sheaf of Lemma 7.4. In
the balanced relative component frames, the node germs of the coefficient currents of s through
t-order J agree with the prescribed balanced Laurent germs, modulo local errors with component
node order at least

K − ⌊J/a⌋

and modulo tJ+1. These local errors need not themselves extend to global component currents.
Their node residue pairing with a propagated functional of level at most this order is zero. No
assertion concerning the physical relative-weight dilation is included in this estimate.

Proof. Write OJ = O/(tJ+1), and let Q denote the finite set of actual source nodes. We construct
the prescribed jet using an algebraic coherent quotient and establish the necessary algebraization.
At one selected node let A be the Noetherian local ring of CO, m its maximal ideal, and Â = B with
maximal ideal m̂ = (t, s+, s−). The quotient B/IJ,K is a quotient of C[t, s+, s−]/(tJ+1, sK

+ , sK
− ),

hence is Artinian of finite C-dimension (at most (J + 1)K2). In particular m̂n0 ⊂ IJ,K for some
n0. Completion induces the canonical isomorphism A/mn0 ≃ Â/m̂n0 . Take the inverse image of
IJ,K/m̂n0 in A/mn0 , and call the resulting ideal of A IA. Thus A/IA ≃ B/IJ,K , compatibly with
completion. The chosen balanced trivialization similarly identifies the finite jet of the actual
current sheaf with (B/IJ,K)⊗C V≤d; the ideal IA defines an actual coherent quotient supported
at the node. There is no claim that a general infinite formal germ is algebraic.

The inertia generator acts on the node coordinates by s+ 7→ ϵs+ and s− 7→ ϵ−1s−, and on
states by the prescribed inertia representation. It preserves IJ,K ; the hypothesis that σk(b) is
inertia-invariant says exactly that its class is fixed by this stabilizer. Strict deck transport sends
this jet to each of the other nodes in the same H-orbit, and the ideal, being symmetric in the
two oriented branches, is carried to the corresponding ideal there. The finite-state transition
is a B-linear change of frame of the actual coherent sheaf; it cannot change the ideal defining
its jet quotient. The complete opposite-branch balanced transition is the constant, invertible
Σd = eL(1)(−1)L(0)+1|V≤d

from (6.8); it includes every positive L(1) correction and preserves V≤d.
This also verifies compatibility when deck transport compares opposite orientations. Taking the
direct sum of these local finite-length quotients over Q therefore gives an actual H-equivariant
coherent quotient Fd,O ↠ JJ,K , with coherent kernel KJ,K , and the prescribed jets give
σ̄ ∈ H0(CO, JJ,K)H . Finite sums of compatible monomial jets are handled by the same quotient
and linearity.

The external marked divisor P is disjoint from Q, so JJ,K(mP ) is canonically identified
with JJ,K using the nowhere-vanishing canonical section of O(mP ) near Q. The allowed
actual admissible-cover geometry ensures that P meets every geometric irreducible special-fiber
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component in positive degree. Hence O(P ) is relatively ample on this proper nodal family.
Relative Serre vanishing [30, Tag 02O1], applied specifically to the coherent kernel KJ,K , yields
for m≫ 0

(7.52) R1p∗
(
KJ,K(mP )

)
= 0.

The genuine coherent exact sequence

0 −→ KJ,K(mP ) −→ Fd,O(mP ) −→JJ,K −→ 0

and affineness of Spec O now give

H0(CO, Fd,O(mP )) ↠ H0(CO, JJ,K).

Lift σ̄ and apply |H|−1∑
h∈H h. Since the chosen jet is already invariant, averaging leaves it

unchanged. The resulting s is an H-invariant global section of the actual current sheaf, with
the required jet on every node orbit. Here m depends only on the fixed finite data, never on a
subsequently chosen Ward test tensor.

We check the coefficientwise estimate in the original balanced frames. Express the difference
between the completed jet of s and its prescribed lift as

E = tJ+1E0 + sK
+ E+ + sK

− E−, E0, E+, E− ∈ B ⊗ V≤d.

It is enough to calculate on the monomials of these integral series, since a fixed t-coefficient and
fixed node exponent receives only finitely many contributions. For tjsK+r

+ ss
− (j, r, s ≥ 0), the

substitutions in the two punctured normalized branches give

tj+assK+r−s
+ , tj+a(K+r)ss−K−r

− .

Set L = K − ⌊J/a⌋ > 0. If the first term survives modulo tJ+1, then j + as ≤ J and hence
K +r−s ≥ K−⌊J/a⌋ = L. The second term is zero modulo tJ+1 because a(K +r) ≥ aK ≥ J +1.
The calculation for sK

− B is the same with the branches exchanged, and tJ+1B vanishes modulo
tJ+1 on both branches. Consequently, for every 0 ≤ j ≤ J , the coefficient of tj in the error is a
local node germ vanishing to order at least L in its balanced frame. This conclusion concerns
germs; subtraction of a prescribed local monomial does not assert that the difference is a global
component current.

It remains to relate these node germs to the actual global residue operators, without forgetting
state-coordinate factors. The opposite-branch frame change is precisely the complete constant Σd,
so its action replaces each coefficient state c by the finite sum Σdc at the same node monomial.
It cannot alter either the t-order or the node order above. The root rotation multiplies sp

+ or
sp

− by a root of unity; inertia selection discards forbidden congruence classes, and typed deck
pullback transports c and its module sector together. None decreases the order. By Lemma 6.2,
the coefficient restrictions sj,• of the actual global s are genuine meromorphic currents on the
normalized component, with poles only at its external markings and nodes. Their node germs,
rather than their global differences from local monomials, are the objects just estimated.

For λ ∈ D•,k0 with k0 ≤ L, pair sj,• with the actual propagated dual section of Lemma 7.8. In
a balanced root frame, pairing that section with a basis current has the form f(s±)ds±, with
f ∈ s−k0

± C[[s±]] by (7.22). Multiplication by a local error in sL
±C[[s±]]⊗ V≤d therefore has zero

node residue. The global residue theorem on the proper normalized component gives

λ(R•(sj,•)w•) = −
∑

node orbits
Resbase⟨Pλ, sj,•⟩,

and each node residue on the right may be replaced by its prescribed Laurent monomial. The
orbit factors are exactly 1/Ni as in (3.9); the external output uses its full restricted-contragredient
field. Each residue is a finite mode sum on a fixed algebraic tensor. This proves the claimed
residue consequence without globalizing a local error or using any node-matching identity.

All these estimates are in the balanced relative component frames. In particular, if a scaled
external leg has a mode bn of weight shift ∆ = wt(b) − n − 1, then D−1

t bnDt = t−e∆bn; its
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exponent can be negative. Therefore our modulo-tJ+1 comparison cannot be conjugated to the
physical frame without a separate coefficientwise analysis. No such physical-frame claim is used
here. □

For a fixed actual product F , use its normalized collision coefficients and write ℓβ = ℓβ,0;
ℓβ,l = 0 for l > 0 by Proposition 7.14. By Theorem 7.6 and the partial node spaces, each ℓβ

belongs to the algebraic tensor Dout ⊗Din. Set ℓγ = 0 for an absent exponent γ and define

(7.53) JΣ(γ) = max
(
{0} ∪ {n ∈ Z≥0 : γ = σ + n, σ ∈ Σ}

)
.

The set Σ is the finite uniform exponent support of Proposition 7.3; in particular (7.53) is
well-defined even when ℓγ = 0. The shift ak = e(k/N) ∈ Z preserves exponent classes modulo Z.

For homogeneous u ∈ Vd, d ∈ Z≥0, and an allowed mode index m define, on the inverse-inertia
node module,

(7.54) Cm(u) = (−1)d
d∑

j=0

1
j!
(
L(1)ju

)
2d−j−m−2.

Thus Cm(u) is an operator (not a state); the modes on the right act on the specified inverse-twisted
module.

Lemma 7.17. Let u ∈ Vd be homogeneous with gu = e2πir/N u, and let m ∈ r/N + Z. Put
α = m− d + 1. Then (7.54) is the opposite-field mode appearing in the restricted contragredient
action of [7, (3.16), Lemma 3.8]. For every nonzero summand,

deg
(
(L(1)ju)2d−j−m−2

)
= α, 2d− j −m− 2 ∈ −r/N + Z.

Moreover, as operators on the inverse-twisted module,

(7.55) Cm(L(−1)u) = −mCm−1(u).

Proof. Let M be the indicated inverse-g-twisted module, with all modes on the right interpreted
as operators on M . Starting from the original opposite-field expression (not a new field axiom),
expand a homogeneous u ∈ Vd:

Y op
M (u, z) = YM

(
ezL(1)(−z−2)L(0)u, z−1) = (−1)d

d∑
j=0

zj−2d

j!
∑

q∈−r/N+Z
(L(1)ju)qzq+1.

The j-sum ends at d because L(1)ju ∈ Vd−j , V<0 = 0, and gL(1) = L(1)g. The coefficient at
z−m−1 occurs exactly when q + j − 2d + 1 = −m− 1, that is, q = 2d− j −m− 2. This proves
formula (7.54), including the sign and the mode index. Since m ∈ r/N + Z, each such q lies in
−r/N + Z, the actual mode coset for M ; no two sectors have been identified. Its weight shift on
M is

(d− j)− q − 1 = m− d + 1 = α,

independently of j. Each sum is finite on every algebraic vector; its opposite-field coefficient
is well defined in the usual restricted-contragredient pairing. More precisely, for the actual
restricted dual M ′,

⟨uM ′
m w′, w⟩ = ⟨w′, CM

m (u)w⟩, w′ ∈M ′, w ∈M,

which fixes the transpose direction and gives the DLM contragredient action. The transpose on
M ′ is well defined because the homogeneous modes have fixed finite weight shift.

For the derivative, let vj = L(1)ju, and use the Virasoro commutators to calculate (with
v−1 = 0)

L(1)jL(−1)u = L(−1)vj + j(2d− j + 1)vj−1 (j ≥ 0).
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Now L(−1)u ∈ Vd+1, so the left opposite-mode formula has 0 ≤ j ≤ d + 1, not merely j ≤ d.
The j = d + 1 term is retained in the reindexing below, even though vd+1 = 0. Applying the
ordinary state-mode derivative (L(−1)vj)q = −q(vj)q−1 to the first term gives

Cm(L(−1)u) = (−1)d+1
d+1∑
j=0

1
j!
[
−(2d− j −m)(vj)2d−j−m−1

+ j(2d− j + 1)(vj−1)2d−j−m

]
.

Put i = j − 1 in the second sum. For each 0 ≤ i ≤ d, the common state vi and common mode
index 2d− i−m− 1 then have total coefficient

(−1)d+1

i!
[
−(2d− i−m) + (2d− i)

]
= (−1)d+1m

i! .

The first summand at j = d + 1 is zero; the final second-sum term at j = d + 1 contributes
to i = d and has therefore not been omitted. Since Cm−1(u) = (−1)d∑d

i=0(vi)2d−i−m−1/i!, the
claimed identity follows:

Cm(L(−1)u) = −mCm−1(u).

The calculation holds for fractional m with the same algebraic mode convention and is independent
of any later node-matching theorem. □

Theorem 7.18. Put h = gAgB, U = D ′
in, and e = aN as in (7.48). Let u ∈ Vd ∩ V

(r)
h be

homogeneous, where hu = e2πir/N u, and let

k ∈ r + NZ, m = d− 1 + k

N
, α = k

N
.

For β /∈ Σ + Z≥0 set ℓβ = 0. Then, as an identity in the algebraic tensor product Dout ⊗Din,

(7.56) (um ⊗ id)ℓβ = (id⊗Cm(u))ℓβ−eα (β ∈ C).

Furthermore,

(7.57) ℓβ ∈ (Dout)β/e ⊗ (Din)β/e,

where a missing weight space is zero. The maps

(7.58) TF |Uw : Uw = (Din)∗
w −→ (Dout)w, x 7−→ (id⊗x)ℓew,

assemble to a homomorphism of ordinary h-twisted V -modules TF : U → Dout.

Proof. All tensors in this proof are algebraic. By Theorem 7.6 each coefficient is a finite-rank
bilinear form, so it is an element of Dout ⊗Din, and, by Proposition 7.14, both node modules
are finite direct sums of ordinary twisted modules. In particular, they have finite-dimensional
homogeneous subspaces, and the mode operators in the assertion act on the actual algebraic node
modules. We work throughout in the balanced relative frames, never transporting a congruence
by a possibly nonintegral physical dilation.

The comparison furnished by a global current is as follows. On the A, B input legs, the
relative-weight dilation is Dt|Aµ⊗Bν = te((µ−hA)+(ν−hB)) id; it is the identity on the outer D′, C
legs. For a mode bn of b ∈ Vd on either of the two scaled legs, put ∆ = d − n − 1. On a
homogeneous vector v of relative weight q one has the modewise identity

D−1
t bnDtv = teq−e(q+∆)bnv = t−e∆bnv.

Every such exponent is integral for the common ramification e; there is no additional hA or hB

factor, because their contributions cancel in this conjugation. An unscaled leg has no such factor.
For nonprimary states the actual coordinate gauge produces the finite list L(1)jb of weights d− j,
and the same calculation is applied separately to each resulting mode. At an output D′ leg the
full restricted-contragredient opposite field is used instead of an untyped transpose; the root
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phases, stabilizer 1/Ni and strictly ordered deck pullbacks are those in (3.9) and Lemma 7.16.
This is the actual physical-to-relative residue calculation of (7.15)–(7.16), and it gives, in the
coefficientwise relative-frame space,

(7.59) F̂ (t; Rrel(s)w) = 0, Rrel(s) = D−1
t Rphys(s)Dt, F̂ (t; w) = ctF (t; Dtw)

for every actual invariant global current s and algebraic external tensor w. The conjugation
formula alone gives no assertion about integral t-orders. The latter, in the same relative frame,
is supplied only by the independently proved coefficientwise residue statement of Lemma 7.16.

For the finite-level coefficient comparison, fix β and the allowed m = d− 1 + k/N , and set

γ+ = β, γ− = β − ak, J = max{JΣ(γ+), JΣ(γ−)}.

For every 0 ≤ j ≤ J retain the finite collection of nonzero coefficients ℓγ+−j , ℓγ−−j , where absent
exponents mean zero. By Theorem 7.6 each of these coefficients admits a finite algebraic tensor
decomposition with factors in D•. By the union definition (7.19), choose kmax so that all of these
finitely many factors belong to D•,kmax . If a node mode is applied to a factor in one of the finitely
many comparisons, increase kmax by the finite mode-level bound of (7.29). This choice uses
neither the desired matching identity nor any later factorization theorem, and is independent of
the subsequently chosen external test tensor. Choose

K > max{|k|, kmax + ⌊J/a⌋}, aK ≥ J + 1, LK = K − ⌊J/a⌋ > kmax.

Lemma 7.16 then produces an actual invariant current s with the integral balanced jet σk(u).
Write sj,• for its genuine coefficient currents on the normalized components. For 0 ≤ j ≤ J
their node germs differ from the prescribed principal monomials by local germs Ej,• of order
at least LK . We make no assertion that these differences are global currents. Pair sj,• with
the propagated section of each factor λ ∈ D•,kmax of ℓγ±−j . The residue consequence proved in
Lemma 7.16 applies: the pairing with Ej,• belongs to sLK−kmax

± C[[s±]]ds± and has zero node
residue. The global residue theorem for the actual sj,• therefore expresses its external Ward
action solely by the prescribed principal node residues. This holds for each factor in the finite
tensor decompositions, hence for the selected coefficients themselves. For a term tq with q ≥ J +1
to contribute to one of the two selected exponents γ±, one would need γ± − q = σ + n for some
σ ∈ Σ, n ≥ 0; then q ≤ JΣ(γ±) ≤ J , a contradiction. This also shows local finiteness: for a fixed
target exponent there are only finitely many possible integer q ≥ 0; for each such q the residue of
the coefficient current on a fixed algebraic tensor is a finite sum of actual modes. Logarithms are
absent by (7.36); multiplication by integral powers of t only shifts an exponent inside its fixed
C/Z class. In particular no infinite series of endomorphisms has been applied to a completed
tensor product. This proves the finite-level vanishing of the local error residues for both selected
exponents, not an identity obtained by applying a Ward ideal to a local germ.

We identify the principal node residues and their signs directly. For an algebraic w• and
λ ∈ D•,kmax , apply the global residue theorem to the actual complete one-free-point propagated
dual section Pλ of Lemma 7.8, paired with the component current obtained from s. Its external-
marked residue is λ(R•(s•)w•); its remaining residue is the normalized node coefficient of Pλ,
with the opposite output field on the inner side. Their sum is zero. On the plus branch the
balanced density eu = ιz(u)zd−1dz, z = sN

+ , satisfies

1
N

Ress+ s
N(d−1)+k
+ Pλ,u(sN

+ ; w•)NsN−1
+ ds+ = Resz zd−1+k/NPλ,u(z; w•)dz = (umλ)(w•),

where the equality is the original normalized-root mode definition, not a new action. On the
opposite branch the complete state/current involution Σ = eL(1)(−1)L(0)+1, together with reversal
of the node-residue orientation, gives −Cm(u), where Cm(u) is precisely the finite sum in (7.54).
This statement is checked mode by mode by expanding Σu =

∑
j(−1)d+1L(1)ju/j! and using the

opposite local density zd−j−1dz from (6.8); its mode label is 2d− j−m− 2. The node residue on
each physical component is the root residue divided by the stabilizer order N , already included
in (7.20). The full state gauge includes all j > 0 terms; neither a second factor N nor a new root
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phase appears. The two component-current residues sum with the signs shown below, since each
individual global residue theorem writes its external-mark sum as minus its node residue. All
comparisons use the same selected root, so a noncommuting deck element only changes both
typed source and target of this comparison, never their order.

For k ≥ 0, the integral jet is sk
+u and its opposite branch representative on the punctured

annulus is taks−k
− Σu. After the above marked-versus-node residue identification and the finite

error calculation, the global relative Ward identity yields at the two selected exponent depths

(7.60) [tγ+ ]
(
(um ⊗ id)ℓ̂(t)− tak(id⊗Cm(u))ℓ̂(t)

)
= 0.

The factor tak belongs to the opposite branch contribution, not to a physical-frame conjugation.
Hence

(um ⊗ id)ℓβ = (id⊗Cm(u))ℓβ−ak (k ≥ 0).

For k < 0 the other jet s−k
− u in the common plus-branch trivialization is the integral one. Its

plus-branch expression is t−aksk
+u, while its minus-branch expression is s−k

− Σu. Thus the same
principal node residues are t−akum and −Cm(u), respectively; the full state transition is applied
exactly once. The finite-level Ward comparison has a different positive power of t:

[tγ− ]
(
t−ak(um ⊗ id)ℓ̂(t)− (id⊗Cm(u))ℓ̂(t)

)
= 0, γ− = β − ak.

This is legitimate with the same J and K because −ak > 0 and both target exponents were
included when J and kmax were chosen. Taking this coefficient gives

(um ⊗ id)ℓβ = (id⊗Cm(u))ℓβ−ak (k < 0).

Finally ak = aN(k/N) = eα. The calculation made no assumption that either of the shifted
coefficients is nonzero. If both are absent their evaluations vanish; if just one is absent, the same
finite-level Ward equality forces the mode of the other to vanish. Exponents in an unrelated
C/Z class do not contribute, as ak is integral. Since β and the test tensor were arbitrary,
finite-dimensional restricted dual separation proves (7.56) as an equality of algebraic tensors for
all β ∈ C.

The inner L(0) eigenvalue is determined independently by Lemma 7.7, (7.35) and (7.36):

(id⊗Lin(0))ℓβ = (β/e)ℓβ.

Only now put u = ω, d = 2, m = 1, k = 0 in the already proved mode relation. Because
L(1)ω = 0, C1(ω) = ω1 = Lin(0), and the outer mode ω1 = Lout(0). Therefore

(Lout(0)⊗ id)ℓβ = (id⊗Lin(0))ℓβ = (β/e)ℓβ.

The ordinary finite semisimple decompositions of the two node modules give the weight statement
(7.57), including the case in which β/e is not an occurring weight.

Let x ∈ Uw = (Din)∗
w, so that TF x = (id⊗x)ℓew is an actual element of the finite weight

space (Dout)w. An algebraic vector of U = D ′
in has finite weight support; hence this defines

an algebraic weight-preserving linear map on U . Both U and Dout are h-twisted, since the
inner node has inverse inertia h−1 and restricted contragredience reverses it. By Lemma 7.17,
deg um = d − m − 1 = −α, while deg Cm(u) = α, and for y ∈ Din, (uU

mx)(y) = x(Cm(u)y).
Consequently

uout
m TF x = (id⊗x)(um ⊗ id)ℓew

= (id⊗xCm(u))ℓe(w−α)

= TF (uU
mx).

Every contraction is legitimate in a finite-dimensional algebraic weight space. For an absent
exponent ew or e(w−α) the corresponding coefficient is zero and the same identity applies. This
establishes commutation with every allowed twisted mode and therefore TF ∈ HomV (U, Dout),
without appeal to Schur–Hom decomposition or exact spanning. □
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Theorem 7.19. Every actual product of two complete twisted intertwining operators on the fixed
inherited cover is a finite linear combination of actual iterates on the positive product–iterate
overlap. The intermediate objects belong to CgAgB , the factors satisfy Definition 2.3, and the
equality is between the original physical-coordinate, restricted-dual weight sums with their specified
branches.

Proof. It suffices initially to take ordinary simple external modules and one actual product
channel with a simple ordinary intermediate module. A finite direct sum of intermediate modules
gives a finite sum of such channels; the final extension to arbitrary objects will use only the finite
semisimplicity of Proposition 2.2. Retain throughout the collision roots, based paths, physical
coordinates and positive logarithms fixed before (7.3). Put

h = gAgB, U = D ′
in, I in

S = I
(

S

A B

)
, Iout

S = I
(

D

S C

)
(S ∈ Sh).

Both U and Dout belong to the h-sector and are finite ordinary modules by Proposition 7.14. By
the actual evaluation identifications of Proposition 7.15,

HomV (U, S) ∼−→ I in
S , f 7−→ f ◦ Y in, HomV (S, Dout)

∼−→ Iout
S .

In the second arrow the operator associated to g is specified, without a new choice of root, by
g(s)(d′ ⊗ c) = ⟨d′,Yout

g (s, 1)c⟩. Finite semisimplicity, Schur’s lemma and these two evaluation
maps give the finite decompositions

U ∼=
⊕

S∈Sh

S ⊗ (I in
S )∗, Dout ∼=

⊕
S∈Sh

S ⊗ Iout
S .

The first multiplicity space is the dual of HomV (U, S) = I in
S ; the second is HomV (S, Dout) = Iout

S .
Every space appearing here is finite-dimensional, and HomV (S, S′) = 0 for nonisomorphic simple
S, S′; equal conformal weights do not identify distinct simple modules.

We describe the Hom isomorphism explicitly. For f ∈ HomV (U, S) and g ∈ HomV (S, Dout),
send their two associated complete operators to g ◦ f . This defines

(7.61)
⊕

S∈Sh

Iout
S ⊗ I in

S
∼−−→ HomV (U, Dout), Yout

g ⊗ Y in
f 7−→ g ◦ f.

To construct its inverse, use the two displayed finite semisimple decompositions, take the S-
diagonal block of a homomorphism T : U → Dout, and regard it as a linear map (I in

S )∗ → Iout
S .

Finite-dimensional evaluation identifies this linear map with a unique tensor in Iout
S ⊗ I in

S .
These operations are inverse, because on S-isotypic blocks a homomorphism is idS tensored
with its multiplicity map. In particular, multiple copies of S are retained in that map. This
description also shows that changing bases changes the tensor coordinates but not the associated
homomorphism or operator pair.

Fix the original product F . Theorem 7.18 provides an actual h-twisted module map TF : U →
Dout; no iterate factorization is used in its construction. Choose finite bases of the two operator
spaces. Under the inverse of (7.61), write

TF ←→
∑

S,µ,ν

cS
µνYout

S,µ ⊗ Y in
S,ν .

The sum is finite because the number of S and both fusion spaces are finite. By Proposition 7.15,
each factor is an actual complete intertwining operator satisfying all four conditions of Defini-
tion 2.3; it is not merely a three-point Ward functional. The constants cS

µν are the coordinates of
the one module map TF : they are independent of external test vectors, q and t. Their change
under a new basis leaves the sum of composed maps, and hence the eventual finite iterate,
unchanged.

We prove the coefficient identity directly from the defining pairing. Let a ∈ Aα, b ∈ Bδ be
homogeneous, o = d′ ⊗ c ∈ Tout, and w ∈ C. The canonical inner evaluation j(a, b) ∈ U of (7.41)
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has a well-defined component xw = πU
w j(a, b) ∈ Uw; for λ ∈ (Din)w it satisfies ⟨λ, xw⟩ = λ(a⊗ b).

Theorem 7.18 gives ℓew ∈ (Dout)w ⊗ (Din)w and TF xw = (id⊗xw)ℓew. Therefore

ℓew(o; a, b) =
(
TF πU

w j(a, b)
)
(o)

=
∑

S,µ,ν

cS
µν

(
gS,µfS,νπU

w j(a, b)
)
(d′ ⊗ c)

=
∑

S,µ,ν

cS
µν

〈
d′,Yout

S,µ

(
πS

wY in
S,ν(a, 1)b, 1

)
c
〉

.

Here fS,ν : U → S and gS,µ : S → Dout are the actual module maps specified above. The last
equality uses fS,ν j(a, b) = Y in

S,ν(a, 1)b and fS,νπU
w = πS

wfS,ν , followed by the actual outer node
evaluation. Thus the intermediate projection has exactly the position displayed; the fixed-w
contraction involves only finite-dimensional weight spaces. In particular, no sum in U is treated
as an algebraic vector. The S-summands and all of their multiplicity coordinates remain distinct
even if they have the same w. If ew is outside the collision support, ℓew = 0 by definition, so this
formula imposes the same zero condition on the sum of actual iterate coefficients. If β ≠ ew for
every node weight w, then ℓβ = 0 by (7.57); this also excludes missing exponents. Lemma 4.5
says that the homogeneous vectors πU

w j(a, b) span U as a, b, w vary, and hence gives uniqueness
of the recovered map; it is not needed to assert convergence of an infinite evaluation.

On the prescribed positive branch set q = te with log q = e log t and log 1 = 0. Ordinary
L(0)-homogeneity of each complete inner operator gives, component by component,

πS
wY in

S,ν(a, q)b = exp
(
(w − α− δ) log q

)
πS

wY in
S,ν(a, 1)b,

so that
qα+δY in

S,ν(a, q)b = qLS(0)Y in
S,ν(a, 1)b, qLS(0)πS

w = qwπS
w.

These are equalities in the completed output interpreted weightwise, not assertions that the sum
lies in S. No rationality or integrality of w is required and there is no additional Kummer phase
along the positive branch. Substitution of the already established coefficient pairing shows that
the normalized finite iterate has the formal expansion

qα+δ
∑

S,µ,ν

cS
µν

〈
d′,Yout

S,µ(Y in
S,ν(a, q)b, 1)c

〉
∼
∑
w

qwℓew(o; a, b) =
∑

β∈Σ+N
tβℓβ(o; a, b).

The notation ∼ at this stage means equality of all homogeneous coefficients, before asserting an
analytic equality. The second equality uses (7.4), (7.36), (7.57) and qw = tew. The union Σ + N
consists of disjoint progressions, and the fixed branch separates their exponent classes. Thus no
exponent is lost or identified by an unlicensed reordering.

The analytic step follows independently of the preceding formal comparison. For the original
product F , its original intermediate-grade contractions converge absolutely and locally normally
on |z1| > |z2| > 0 by Corollary 6.7: its original operators are complete and its intermediate module
is ordinary (or a finite ordinary direct sum). For each newly constructed iterate the two factors
above are complete and S is simple ordinary, so the same prior corollary, applied separately to
the iterate chamber, gives absolute local normal convergence of its original intermediate-weight
sum on |z2| > |z1 − z2| > 0. The finite combination remains normally convergent. In particular,
when z1 = 1 + q, z2 = 1 and 0 < q < 1, both sets of original sums converge: 1 + q > 1 > q. They
use the selected roots and the same positive real logarithms, not branches transported along
unrelated paths.

Moreover, Proposition 7.3 constructs for the original normalized product an actually convergent
finite-exponent-class Nilsson expansion near t = 0, and Proposition 7.14 removes all its positive
logarithmic powers. The iterate’s expansion converges on the same sufficiently small positive q-
interval by the preceding normal-convergence result. Since every coefficient of the two convergent
generalized-power expansions has just been identified, the two analytic functions are equal for all
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sufficiently small q > 0. This uses both independent convergence statements: coefficient equality
by itself would not exclude a nonzero analytic function flat to infinite order at the collision. The
common slice of the product–iterate overlap is the open set{

q ∈ C : 0 < |q| < 1, |1 + q| > 1
}
;

its component containing the small positive interval has the common inherited rooted branch.
By the one-variable identity theorem, the equality extends throughout that based component,
with the continuation of both complete-operator sums fixed from the positive interval. Other
unrelated monodromy branches are not identified.

Finally, let a, b, c, d′ be homogeneous and put κ = wt(d′)− α− δ − wt(c). For each product
contraction, the two L(0)-commutators contribute scaling exponents which add to κ. For an
iterate through a homogeneous intermediate vector of weight w, the inner operator contributes
w−α−δ and the outer operator contributes wt(d′)−w−wt(c); their sum is again κ, independent
of S and w. Consequently both normally convergent original sums satisfy, on consistently
continued branches,

Φ(z1, z2) = exp(κ log z2) Φ(z1/z2, 1), log
(
(z1 − z2)/z2

)
= log(z1 − z2)− log z2

with the logarithms initially chosen on the positive-real overlap. Scaling is verified termwise on
every fixed intermediate weight before invoking normal convergence; it does not commute an
uncontrolled infinite completion with an operator. The equality on the z2 = 1 slice therefore
gives, for z2 > 0 and 0 < z1 − z2 < z2, the physical equality

F (z1, z2; o; a, b) =
∑

S,µ,ν

cS
µν

〈
d′,Yout

S,µ

(
Y in

S,ν(a, z1 − z2)b, z2
)
c
〉

.

The holomorphic identity theorem, on the jointly based connected component of |z1| > |z2| >
|z1 − z2| > 0, extends this equality to the original product–iterate overlap with its specified
rooted continuation. There is no sewing-factorization or associativity assumption here. Finite
homogeneous decomposition extends the identity to algebraic external vectors, while the finite
simple direct-sum decompositions of Proposition 2.2 extend it to arbitrary external objects;
composition with module morphisms preserves the concrete evaluation pairings. □

The finite choices in the preceding constructions are summarized below. Throughout, the
source family is the actual admissible extension of the framed generic cover; component covers
and roots are inherited from it.

Result Fixed data Choice of bounds and comparison

Lemma 6.2 One generic current, its
finite state space and
inherited node roots.

Clear its poles by tm(s). For each tested coefficient
the window of Lemma 6.4 is finite; no bound
uniform in the current is used.

Lemma 7.4 Finite state cutoff d,
parameter depth J and
node level k.

First require ajk ≥ J + 1 at every node; then
choose the external pole bound by Serre vanishing.
The congruence is in relative component frames.

Lemma 7.9 One normalized component,
level k, finitely many states
and algebraic tests.

Enlarge the finite state and incoming pole bounds
for these tests. Finite-jet uniqueness gives
parameter holomorphy and the full OPE;
compatible cutoffs retain each regular coefficient.

Theorem 7.18 One exponent β and one
mode, with root degree
k = N(m− d + 1).

Choose J for β, β − ak and a common tested level
kmax; then take K > max{|k|, kmax + ⌊J/a⌋} and
aK ≥ J + 1. Choose the external pole bound last.
Apply the physical relative-weight conjugation
before coefficient extraction.

8. Associativity and the elementary structure maps

8.1. Associativity from actual iterate factorization. Fix homogeneous A ∈ Cg, B ∈ Ch,
C ∈ Ck and put U = A ⊠ B, W = B ⊠ C, L = U ⊠ C, R = A ⊠ W . We use the natural
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identifications

(8.1) PD
ABC

∼= HomV (R, D), IDABC
∼= HomV (L, D), D ∈ Cghk,

from (4.6). For f : R→ D and v : L→ D, denote their original restricted-dual scalar realizations
by ΦP

D(f) and ΦI
D(v), respectively. These converge in their respective chambers by Corollary 6.7.

The universal P (z)-map and its Hom characterization are those of [10, Section 4], as realized
here by Theorem 4.3.

Lemma 8.1. The factorization of Theorem 7.19 induces a unique natural epimorphism

bA,B,C : L −→ R

characterized on the positive product–iterate overlap by

(8.2) bA,B,C Ycan
A⊠B,C(Ycan

A,B(a, z1 − z2)b, z2)c = Ycan
A,B⊠C(a, z1)Ycan

B,C(b, z2)c

after evaluation against every restricted-dual vector.

Proof. Write U = A ⊠ B, W = B ⊠ C, L = U ⊠ C, and R = A ⊠ W . All four objects and
every permitted output D ∈ Cghk are finite direct sums of ordinary modules in the indicated
sectors. The natural algebraic pair-space identifications (4.6) are obtained by applying the
binary universal property twice, before defining any three-fold associator. They represent finite
sums of actual complete operator pairs, since the fusion spaces are finite-dimensional. We
regard a scalar realization as the family of its original restricted-dual matrix coefficients for all
homogeneous algebraic inputs, on the inherited positive-rooted overlap. The relevant original
intermediate-weight sums are absolutely and locally normally convergent by Corollary 6.7.

We prove iterate faithfulness. Let f ∈ HomV (L, D) and suppose its entire iterate scalar family
vanishes on the positive overlap. Fix homogeneous a ∈ Aα, b ∈ Bβ, c ∈ Cγ and d′ ∈ D′

δ; put
κ = δ − α − β − γ. At z2 = R0 > 0, z1 = R0(1 + q), 0 < q < 1, its original convergent weight
sum is

(8.3) Rκ
0

∑
µ∈wt(U)

qµ−α−β〈d′, fYcan
U,C(πU

µ Ycan
A,B(a, 1)b, 1)c

〉
.

Here wt(M) is the weight set of an ordinary module and πU
µ : U → Uµ is its finite-dimensional

weight projection. This is an equality of scalar analytic functions, not an application of an
uncompleted operator to an infinite sum. For some positive integer N and finitely many lowest
weights λj ,

wt(U) ⊆
r⋃

j=1
(λj + N−1Z≥0).

Thus after q = ξN and a fixed logarithm, the exponents N(µ− α− β) lie in finitely many cosets
of Z, with a lower integer bound in each coset. Group equal exponents, including those coming
from different simple summands, before taking Laurent coefficients. Distinct cosets modulo Z are
eigencharacters of continuation ξ 7→ e2πiξ; finite-dimensional Vandermonde projection onto the
distinct characters separates their convergent generalized Laurent series. Within each coset the
usual uniqueness of Laurent coefficients separates every distinct µ. This remains valid when the
λj are not rational and when their differences are integers. Hence the vanishing family implies〈

d′, fYcan
U,C(πU

µ Ycan
A,B(a, 1)b, 1)c

〉
= 0 (every µ, a, b, c, d′).

By Lemma 4.5, the displayed inner projected vectors span Uµ for each µ, and the projected
canonical coefficients for (U, C) span L. The restricted dual of D separates D, so f = 0.

For product faithfulness take f ∈ HomV (R, D) and z1 = R0 > 0, z2 = R0ρ. Its original weight
sum is

Rκ
0

∑
ν∈wt(W )

ρν−β−γ〈d′, fYcan
A,W (a, 1)πW

ν Ycan
B,C(b, 1)c

〉
.
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The actual positive-real product–iterate overlap on this slice is 1
2 < ρ < 1: here z1 > z2 >

z1 − z2 > 0. If the scalar family vanishes on that overlap, analytic uniqueness within the product
chamber, where this same original weight sum converges for 0 < ρ < 1, extends its vanishing to
0 < ρ < 1. We may therefore analyze the convergent expansion at ρ = 0. The same finite-coset
and monodromy–Laurent uniqueness argument shows that each ν-coefficient vanishes. Lemma 4.5
first spans the individual Wν , then the canonical coefficients for (A, W ) span R; hence f = 0.
No associator or inverse factorization enters either injectivity argument. In particular, coincident
conformal weights and multiplicities cause no loss of coefficients because the full Uµ or Wν is
tested.

For f ∈ HomV (R, D), the exact-spanning theorem applied to each actual complete product
pair in its finite expansion via (4.6) produces a finite sum of actual complete iterate pairs. The
iterate identification in that same equation assembles this finite sum into a map FD(f) : L→ D
whose original normally convergent scalar family satisfies

(8.4) ΦI
D(FD(f)) = ΦP

D(f)

on the specified positive overlap. This is not merely an identity of formal collision coefficients.
Iterate faithfulness proves uniqueness of FD(f); it therefore proves its linearity. For u : D → D′,
composition with u preserves all typed complete operators, original weight projections and
the inherited rooted branch. Both uFD(f) and FD′(uf) consequently have iterate realization
ΦP

D′(uf), whence FD′(uf) = uFD(f). This proves naturality in D.
Take D = R and define bA,B,C := FR(idR) ∈ HomV (L, R). With u = f : R → D in the

established output naturality,
FD(f) = f ◦ bA,B,C .

The defining equation for D = R is precisely (8.2) after restricted-dual evaluation. Iterate faithful-
ness gives uniqueness of b among morphisms satisfying this scalar equation. The completion b is
legitimate because b preserves all ordinary weights and acts componentwise on the corresponding
products.

For a triple of morphisms u = (uA : A → A′, uB : B → B′, uC : C → C ′), let L(u) =
(uA ⊠ uB) ⊠ uC and R(u) = uA ⊠ (uB ⊠ uC), defined solely by the binary representing property.
Its defining equation identifies the two canonical operator pairs after substituting uAa, uBb, uCc.
Therefore R(u)bA,B,C and bA′,B′,C′L(u), both maps L → R′, have identical original iterate
realizations. Iterate faithfulness forces

R(u)bA,B,C = bA′,B′,C′L(u).

All maps have sector ghk at their respective targets; no noncommuting sector labels have been
interchanged. The finite direct-sum case follows by the biadditivity of the binary representing
functor, which follows from additivity of complete-operator spaces and does not use associativity.

Lastly let p : R ↠ Q := coker b. The category Cghk is finite semisimple abelian, so Q ∈ Cghk

and both scalar realizations with output Q are defined. As pb = 0, the already established
equation with f = p gives

ΦP
Q(p) = ΦI

Q(pb) = 0.

Product faithfulness implies p = 0. Since the cokernel projection p is epic, Q = 0; thus
bA,B,C : L ↠ R is an epimorphism. No reverse exact spanning, associativity or categorical
coherence has been invoked. □

Lemma 8.2. Let A =
⊕

g∈GAg be a G-graded finite-length abelian category, with G finite, a
biadditive product ⊠ satisfying Ag ⊠Ah ⊆ Agh, and an action Ts satisfying TsTt = Tst, T1 = id
and Ts(Ag) ⊆ Asgs−1. Suppose there are isomorphisms X ⊠ Y

∼−−→ TgY ⊠ X (X ∈ Ag) and
epimorphisms bX,Y,Z : (X ⊠ Y ) ⊠ Z ↠ X ⊠ (Y ⊠ Z) for all homogeneous triples. Then every
bX,Y,Z is an isomorphism. Neither the pentagon nor either crossed hexagon is assumed.

Proof. For a homogeneous triple Xi = (Xi, Yi, Zi) with labels (gi, hi, ki) define

ρ(Xi) = (Tgihi
Zi, Xi, Yi), Xi+1 = ρ(Xi), Li = (Xi ⊠ Yi) ⊠ Zi, Ri = Xi ⊠ (Yi ⊠ Zi).
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The new first label is (gihi)ki(gihi)−1, so the total label of Xi+1 is (gihi)ki(gihi)−1gihi = gihiki,
with the displayed noncommutative order. Since Xi ⊠ Yi ∈ Agihi

, crossed binary commutativity
supplies the precisely typed isomorphism

Ci = cXi⊠Yi,Zi : Li = (Xi ⊠ Yi) ⊠ Zi
∼−−→ Tgihi

Zi ⊠ (Xi ⊠ Yi) = Ri+1.

The parenthesized object Xi ⊠ Yi is used as one input of a binary isomorphism; no reassociation
has been performed. Write bi = bXi,Yi,Zi : Li ↠ Ri. For composition length ℓ we obtain

(8.5) ℓ(Ri) ≤ ℓ(Li) = ℓ(Ri+1).

We establish periodicity without an associator. The three entries of ρ(X) are a cyclic permu-
tation of those of X, with one entry replaced by a G-translate. Inductively, every entry in every
Xi is isomorphic to TsX0, TsY0 or TsZ0 for some s ∈ G: indeed TsTt = Tst, and permutation
introduces no new object. There are at most 3!|G|3 ordered triple isomorphism classes of these
forms, even for nonabelian G. Rotation is invertible on such classes: explicitly its inverse is

ρ−1(A, B, C) = (B, C, T −1
bc A), b = deg B, c = deg C.

The two formulas are inverse because deg B deg C = bc and TbcT
−1
bc = id. Hence the initial

triple lies on a finite cycle, not merely a preperiodic tail. Choose r > 0 and componentwise
isomorphisms Xr ≃ X0. Biadditivity (indeed ordinary functoriality) of ⊠ induces η : Rr

∼−→ R0,
without any rebracketing. Thus ℓ(Rr) = ℓ(R0), and summing (8.5) for i = 0, . . . , r − 1 yields

0 ≤
r−1∑
i=0

(
ℓ(Li)− ℓ(Ri)

)
=

r−1∑
i=0

(
ℓ(Ri+1)− ℓ(Ri)

)
= 0.

Every nonnegative summand is zero. Since each bi is epic, its kernel has length ℓ(ker bi) =
ℓ(Li) − ℓ(Ri) = 0. Thus every bi is monic and epic and hence an isomorphism in the abelian
category.

An explicit inverse also follows from only the already given epis and binary isomorphisms.
Define

Ei = biC
−1
i : Ri+1 ↠ Ri, Q = C−1

0 E1 · · ·Er−1η−1 : R0 ↠ L0,

where the E-product is empty for r = 1 and composition is read right to left. For r = 1,

Q = C−1
0 η−1; for r = 2, the typed chain is R0

η−1
−−→ R2

E1−→ R1
C−1

0−−−→ L0. Every factor is epic
or invertible; thus Q is epic. The map H = b0Q : R0 ↠ R0 is an epic endomorphism of a
finite-length object. The exact sequence 0→ ker H → R0

H−→ R0 → 0 forces ℓ(ker H) = 0, so H
is invertible. Put c = QH−1 : R0 → L0. Then

b0c = idR0 , (cb0)Q = cH = Q.

As Q is epic, cb0 = idL0 . This proves the displayed formula is a genuine two-sided inverse; its
resulting morphism is independent of the choice of r, η and the binary crossed isomorphisms by
uniqueness of inverses.

In the present application each sector of CG is a finite semisimple abelian category by Proposi-
tion 2.2, and G is finite. The binary object assignment of Theorem 4.3 is biadditive: on each
variable a direct-sum input yields a direct sum of complete-operator spaces, hence a direct
sum of the corresponding representing objects, uniquely by the binary universal property. It
preserves sector products, and TsTt = Tst strictly as functors by the preliminary convention. The
maps cX,Y of Lemma 4.4, obtained from actual Du–Huang skew-symmetry and positive-path
P (z)-transport, are typed binary isomorphisms, without using any triple associator. Lemma 8.1
provides the required epis on every homogeneous triple. Therefore the abstract argument applies;
for nonhomogeneous objects it applies componentwise to their finite direct-sum decomposition.
No action tensorator coherence, pentagon, hexagon or rigidity is used. □
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Theorem 8.3. For A ∈ Cg, B ∈ Ch and C ∈ Ck, put L = (A ⊠ B) ⊠ C and R = A ⊠ (B ⊠ C).
The natural epimorphism bA,B,C : L → R of Lemma 8.1 is an isomorphism. Set aA,B,C :=
bA,B,C , cA,B,C := b−1

A,B,C : R −→ L. For D ∈ Cghk, the mutually inverse natural maps

(8.6)
PD

ABC −→ IDABC , f 7−→ f ◦ bA,B,C ,

IDABC −→ PD
ABC , v 7−→ v ◦ cA,B,C

identify the original product and iterate weight sums:

(8.7) ΦI
D(fbA,B,C) = ΦP

D(f), ΦP
D(vcA,B,C) = ΦI

D(v).

The equalities hold normally on the positive product–iterate overlap with compatible logarithms,
and after common analytic continuation along a collision-free path with its framing retained. In
the common formal binary representatives, aA,B,C also equals the positive-real P (z)-transport
normalization (8.11).

Proof. Fix A ∈ Cg, B ∈ Ch, C ∈ Ck, and put U = A ⊠ B, W = B ⊠ C, L = U ⊠ C, R = A ⊠ W .
All four objects lie in their ordered sectors, and both L, R lie in Cghk. Lemmas 8.1 and 8.2 give
b : L

∼−→ R and c = b−1 : R
∼−→ L. For every D ∈ Cghk, the independent binary representing

identifications (8.1) are PD
ABC ≃ HomV (R, D) and IDABC ≃ HomV (L, D). They are not identified

in advance. Postcomposition with b gives f : R→ D 7→ fb : L→ D, and postcomposition with c
gives v : L → D 7→ vc : R → D; indeed (fb)c = f and (vc)b = v. This proves the two inverse
maps (8.6) with their asserted types.

The first scalar identity is the original normally convergent equality (8.4), since FD(f) = fb
by Lemma 8.1. Applying it to f = vc : R→ D gives

ΦP
D(vc) = ΦI

D((vc)b) = ΦI
D(v).

Thus the reverse identity is a consequence of cb = idL; no reverse exact-spanning assertion is being
used. Both realizations here mean families of matrix coefficients of the original restricted-dual
intermediate-weight sums, not abstract continuation solutions. Their injectivity, already proved
separately for product and iterate in Lemma 8.1, shows that the correspondence is uniquely
determined by these scalar equalities. No equality of conformal weights of distinct intermediate
simple modules is needed.

Fix homogeneous a ∈ Aα, b0 ∈ Bβ, c0 ∈ Cγ , d′ ∈ D′
δ, and put κ = δ − α− β − γ. For R0 > 0

and 0 < q < 1 set z2 = R0, z1 = R0(1 + q), so that z1 − z2 = R0q. By the L(0)-commutator of
the actual complete operators, an inner B ⊠ C component of weight ν contributes Rν−β−γ

0 at z2
and the outer operator contributes [R0(1 + q)]δ−α−ν . Similarly an inner A ⊠ B component of
weight µ contributes (R0q)µ−α−β, and its outer operator contributes Rδ−µ−γ

0 . Their products
have the same Rκ

0 factor. Consequently the two original sums are

ΦP
D(f) = Rκ

0
∑

ν∈wt(B⊠C)
(1 + q)δ−α−ν〈d′, f Ycan

A,B⊠C(a, 1)πB⊠C
ν Ycan

B,C(b0, 1)c0
〉
,(8.8)

ΦI
D(v) = Rκ

0
∑

µ∈wt(A⊠B)
qµ−α−β〈d′, v Ycan

A⊠B,C(πA⊠B
µ Ycan

A,B(a, 1)b0, 1)c0
〉
.(8.9)

Every fixed ν or µ term is a finite-dimensional algebraic contraction; the vectors evaluated by the
inner complete operator before projection belong in its completed output and need not belong to
its algebraic direct sum. Finite sums over homogeneous components handle nonhomogeneous
algebraic inputs. All fractional and possibly nonrational conformal powers are evaluated with
the indicated real logarithms.

The common physical chamber is

O = {(z1, z2) ∈ C2 : |z1| > |z2| > |z1 − z2| > 0}.

The biholomorphic change (z1, z2) = (z2(1+q), z2) identifies it with C∗×{0 < |q| < 1, |1+q| > 1}.
For z2 = R0 > 0 and q ∈ (0, 1) the inequalities hold; indeed at (3, 2) one has q = 1/2. Corollary 6.7,
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applied to the actual complete operator pairs obtained from the binary representatives, supplies
absolute and local normal convergence of each unregrouped original weight sum on its own
product or iterate chamber, hence simultaneously on O. No associativity assertion is used in this
convergence input. The inherited rooted logarithms on the positive slice satisfy

log z2 = log R0, log(z1 − z2) = log R0 + log q, log z1 = log R0 + log(1 + q).

On a simply connected sheet of O with these continued logarithms, L(0)-homogeneity identifies
the two holomorphic scalar functions with zκ

2 times their respective functions of q from the
above original sums. The scalar equality proved by Lemma 8.1 holds for all sufficiently small
positive q and all such external tests. The one-variable identity theorem first extends it to the
connected q-sheet; the common homogeneity factor then extends it in z2 on the same two-variable
logarithmic sheet. Equivalently, the identity theorem can be applied successively in q and z2.
This proves (8.7) as an equality of the original convergent grade sums throughout the designated
sheet, not just equality of formal collision expansions.

For u = (uA : A → A′, uB : B → B′, uC : C → C ′), let L(u) = (uA ⊠ uB) ⊠ uC and
R(u) = uA ⊠ (uB ⊠ uC), using only binary functoriality. Lemma 8.1 gives

R(u)bA,B,C = bA′,B′,C′L(u), L(u)cA,B,C = cA′,B′,C′R(u).

For any output morphism h : D → D′, one has h(fb) = (hf)b and h(vc) = (hv)c. These identities
give naturality in all four variables; finite semisimple direct sums extend it to nonhomogeneous
objects without invoking any coherence condition. By Theorems 6.9 and 6.12, the two original
scalar realizations, on a common framed placement chart, solve the same finite-rank Ward con-
nection and possess covariant analytic continuation along collision-free paths. In fact, once their
equality of holomorphic germs has been established above, uniqueness of analytic continuation
already forces equality along one and the same lifted path, with its continued roots, deck frames
and logarithms. It imposes no equality between functions reached along different paths; nontrivial
monodromy remains possible. Output and input module maps commute with the placements
and their L(−1) connection operators, so these comparisons preserve naturality.

Use the fixed formal representative UX,Y and its complete canonical operator Ycan
X,Y of The-

orem 4.3 at every P (t), t > 0. Although the representing objects are then literally the same,
the canonical P (t)-maps are the distinct evaluations It

X,Y = evlog t(Ycan
X,Y ). For the positive-real

interval from s to t, (2.8) is satisfied by TX,Y
s,t = idUX,Y

, since its two sides are precisely the
evaluation at s of this same formal operator. By the P (s)-universal property this transport is
uniquely the identity. It is not claimed to be the identity for unrelated independently chosen
representing objects or for paths with winding.

At the actual positive configuration (z1, z2, 0) = (3, 2, 0), put L3,2 = (A ⊠1 B) ⊠2 C and
R3,2 = A ⊠3 (B ⊠2 C). The two canonical scalar contractions are, respectively,〈

d′, Ycan
A⊠1B,C(Ycan

A,B(a, 1)b0, 2)c0
〉

,
〈
d′, Ycan

A,B⊠2C(a, 3)Ycan
B,C(b0, 2)c0

〉
,

with their original intermediate-weight projections understood; the two displayed expressions
are not uncompleted products of arbitrary formal infinite vectors. Via the common formal
representatives, L3,2 = L and R3,2 = R as modules. The standard product-to-iterate comparison,
traditionally written A−1

3,2 : L3,2 → R3,2, is characterized by identifying the two original analytic
scalar germs on the positive-rooted overlap in a neighbourhood of (3, 2), for every algebraic input
and restricted-dual test. Its evaluation at (3, 2) identifies the displayed two canonical contractions.
Here its existence is supplied by the previously constructed b, not by a pre-existing associativity
isomorphism. Its uniqueness follows from the iterate scalar faithfulness in Lemma 8.1 with output
R3,2: two maps L3,2 → R3,2 with that full-germ property have zero difference under the original
iterate realization. Equality at only one numerical input and one placement would not suffice for
this inference. Equation (8.2) at (3, 2) therefore gives

(8.10) A−1
3,2 = bA,B,C in the fixed common formal representatives.

This argument defines and identifies the comparison before using the positive-real formula (8.11).
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Finally, the four arrows of that formula have the following literal domains and codomains:

(A ⊠1 B) ⊠1 C
TA⊠1B,C

1,2−−−−−−−→ (A ⊠1 B) ⊠2 C
A−1

3,2−−−−→ A ⊠3 (B ⊠2 C)
idA ⊠3TB,C

2,1−−−−−−−−→ A ⊠3 (B ⊠1 C)
TA,B⊠1C

3,1−−−−−−−→ A ⊠1 (B ⊠1 C).

All terms lie in Cghk with the prescribed ordered sector product. Each T is the identity on
its fixed formal representative, and by binary functoriality so is idA ⊠3TB,C

2,1 . Their composite
is therefore A−1

3,2 = bA,B,C . Thus the independently specified positive-real normalization (8.11)
agrees with aA,B,C = bA,B,C , without assuming a pentagon, triangle, crossed hexagon or any
other associator coherence. □

8.2. The unit triangle and the monoidal group action. For t > 0 write ⊠t = ⊠P (t) and
TX,Y

s,t : X ⊠s Y
∼−→ X ⊠t Y for the transport of (2.8) along [s, t] ⊂ R>0, with log s, log t ∈ R. For

X, Y, Z ∈ CG put A−1
3,2 : (X ⊠1 Y ) ⊠2 Z

∼−−→ X ⊠3 (Y ⊠2 Z). By Theorem 8.3, this is the inverse
product-to-iterate map characterized by the original weight sums. The associator is fixed by

(8.11) aX,Y,Z = TX,Y ⊠1Z
3,1 ◦ (idX ⊠3TY,Z

2,1 ) ◦ A−1
3,2 ◦ TX⊠1Y,Z

1,2 .

The positive half-braid is (4.8). The normalization agrees with the P (z) convention of [24,
Sections 12.2–12.3]; the twisted P (z) transport used here is that of [10, Section 4].

Proposition 8.4. For X, Y ∈ CG,

(8.12) (idX ⊠lY ) ◦ aX,V,Y = rX ⊠ idY : (X ⊠ V ) ⊠ Y −→ X ⊠ Y.

Moreover, lV = rV : V ⊠ V → V .

Proof. For t > 0 define ltY : V ⊠t Y → Y and rt
X : X ⊠t V → X by the actual complete operators

Y g
Y and ΓX = Ω−Y g

X :

ltY It
V,Y (v ⊗ y) = YY (v, t)y, rt

XIt
X,V (x⊗ v) = ΓX(x, t)v.

The first target is in the sector of Y , and the second in the sector of X. Skew symmetry uses
the fixed Ω− branch; for the vacuum ΓX(x, t)1 = etLX(−1)x in X. Both displayed operators
satisfy the complete intertwiner axioms, so the P (t) universal property gives these maps without
invoking a triangle. For s, t > 0 apply the transport defining equation (2.8) before applying the
unit maps. In the first case it gives, with both sides evaluated on Is

V,Y (v ⊗ y),

ltY TV,Y
s,t Is

V,Y (v ⊗ y) = YY (v, s)y = lsY Is
V,Y (v ⊗ y).

For rX the same calculation gives ΓX(x, s)v on both sides, with the same Ω− branch. By
uniqueness in (2.7),

(8.13) ltY TV,Y
s,t = lsY , rt

XTX,V
s,t = rs

X .

The transports are isomorphisms, and so are ltY , rt
X by Lemma 4.4.

At (z1, z2) = (3, 2) put

(8.14) (idX ⊠3l2Y )A−1
3,2︸ ︷︷ ︸

L

= TX,Y
2,3 (r1

X ⊠2 idY )︸ ︷︷ ︸
R

: (X ⊠1 V ) ⊠2 Y −→ X ⊠3 Y.

On the left the intermediate arrows have targets X ⊠3 (V ⊠2 Y ) and X ⊠3 Y ; on the right they
have targets X ⊠2 Y and X ⊠3 Y . No completed vector is inserted as an argument of either of
these module maps.

Fix algebraic homogeneous x ∈ Xα, y ∈ Yβ , and w′ ∈ (X ⊠3 Y )′
δ. Use the legal algebraic inner

inputs (x, 1) and the original restricted-dual contraction of I2
X⊠1V,Y (I1

X,V (x⊗ 1)⊗ y), with its
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intermediate-weight projectors. The complete product–iterate identity from Theorem 8.3 and
the vacuum identity give the L-contraction

⟨w′,Y3
X,Y (x, 3)y⟩.

For R, first use binary naturality for r1
X and then transport. Since r1

XI1
X,V (x⊗ 1) = eLX(−1)x,

its contracted original product is the intermediate-weight series∑
n≥0

1
n!⟨w

′,Y3
X,Y (LX(−1)nx, 2)y⟩.

This expression does not denote evaluation of a P (2)-intertwining map on a general vector of
X. To see precisely that it is legitimate, put x≤M =

∑M
n=0 LX(−1)nx/n! ∈ X. Every x≤M is

algebraic, and the weight-preserving isomorphism r1
X identifies the projections of I1

X,V (x⊗1) with
those of

∑
n(r1

X)−1LX(−1)nx/n! in the completed intermediate space. For each M , the outer
evaluation on x≤M is defined in the ordinary sense; the original product convergence identifies
its restricted-dual scalar limit with the displayed intermediate-weight series. More directly, for
λ = δ − α− β, Lemma 2.4 gives a scalar C such that

⟨w′,Y3
X,Y (x, z)y⟩ = Czλ, ⟨w′,Y3

X,Y (L(−1)nx, 2)y⟩ = C n!
(

λ

n

)
2λ−n.

The second identity follows by differentiating the same scalar germ n times, not by applying an
infinite exponential operator. The binomial series converges absolutely for |(3− 2)/2| = 1/2 < 1,
on the prescribed positive branch. Therefore both original scalar contractions equal C3λ. This
also checks their analyticity and their agreement at the actual placement (3, 2, 0), rather than
only formally at z = 0.

Let
ϕ = (L−R)((r1

X)−1 ⊠2 idY ) : X ⊠2 Y −→ X ⊠3 Y.

Its domain and codomain are genuine ordinary modules. Set Fϕ(z) = ⟨w′, ϕYcan
X,Y (x, z)y⟩ = Cϕzλ

for the corresponding complete formal operator. By the already established original contractions
and binary naturality, its finite truncated Taylor coefficients satisfy

0 = lim
M→∞

M∑
n=0

1
n!⟨w

′, ϕYcan
X,Y (L(−1)nx, 2)y⟩ = Cϕ

∑
n≥0

(
λ

n

)
2λ−n = Cϕ3λ.

The limit is justified exactly as above, for the ϕ-composed complete operator; composition with
a module map preserves weight projections and the L(−1)-derivative identity. It follows that
Cϕ = 0 for every homogeneous x, y, w′. The restricted dual separates the weight completion;
thus the associated formal operator is identically zero. Faithfulness of the P (2) representing map
(2.7) gives ϕ = 0, and invertibility of r1

X gives (8.14). In particular, no value at a single positive
radius has been used to infer vanishing of an arbitrary infinite collection of unrelated coefficients:
for each fixed homogeneous test there is just the single homogeneous scalar germ Cϕzλ.

The entire source of the left side of (8.12) is (X ⊠1 V ) ⊠1 Y . Apply (8.11) with the ordered
triple (X, V, Y ); use transport naturality, (8.13), and then the raw identity:

(idX ⊠1l1Y )aX,V,Y

= (idX ⊠1l1Y )TX,V ⊠1Y
3,1 (idX ⊠3TV,Y

2,1 )A−1
3,2TX⊠1V,Y

1,2

= TX,Y
3,1 (idX ⊠3l2Y )A−1

3,2TX⊠1V,Y
1,2

= TX,Y
3,1 TX,Y

2,3 (r1
X ⊠2 idY )TX⊠1V,Y

1,2

= TX,Y
3,1 TX,Y

2,3 TX,Y
1,2 (r1

X ⊠1 idY ) = rX ⊠ idY .

The third equality is binary functoriality of the transport, not an identification of differently
parameterized maps. For the vacuum module itself, ordinary VOA skew symmetry is YV (v, z)w =
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ezL(−1)YV (w,−z)v on its fixed branch. Hence ΓV (v, 1)w = YV (v, 1)w for all v, w ∈ V . The two
universal P (1) maps (2.9) therefore represent the same complete operator; uniqueness gives
lV = rV , independently of the triangle. □

Proposition 8.5. The pullback functors Tk with the tensorators (4.7) and unit maps jk form a
strong monoidal G-action: for k, l ∈ G they satisfy (2.11) and, for X, Y, Z ∈ CG,

(8.15)
Tk(aX,Y,Z)Jk

X⊠Y,Z(Jk
X,Y ⊠ idTkZ)

= Jk
X,Y ⊠Z(idTkX ⊠Jk

Y,Z)aTkX,TkY,TkZ .

The left and right unit diagrams commute and the crossed braiding satisfies (2.12).

Proof. For X ∈ Cg, the strict pullback is TkX ∈ Ckgk−1 with YTkX(u, z) = YX(k−1u, z). Direct
substitution gives

YTkTlX(u, z) = YX(l−1k−1u, z) = YTklX(u, z), T1 = id .

For a complete intertwining operator Y of type
( Z

X Y

)
the same formal series, now of type( TkZ

TkX TkY

)
, obeys the four original Du–Huang conditions: lower truncation and the L(−1) identity

are unchanged because kω = ω; one- and multiple-V analytic identities are those for Y with each
inserted v replaced by k−1v; the original branches, grades and projections are unchanged. This
gives Jk,t

X,Y at every fixed P (t) by its defining universal equation

Jk,t
X,Y It

TkX,TkY = It
X,Y : TkX ⊗ TkY → Tk(X ⊠t Y ).

(The equality on the right uses the unchanged underlying vector spaces, not an identification of
two differently twisted module structures.) Pulling back by k−1 constructs its inverse. The same
construction at t = 1 is (4.7).

Since (kl)−1 = l−1k−1, both Jkl
X,Y and Tk(J l

X,Y )Jk
TlX,TlY

are maps TklX ⊠ TklY → Tkl(X ⊠ Y )
whose composition with the source canonical map is exactly the pulled-back I1

X,Y . Its universal
uniqueness gives

Jkl
X,Y = Tk(J l

X,Y )Jk
TlX,TlY

, J1
X,Y = id .

For the unit arrow jk : V → TkV , jk(v) = k−1v,

YTkV (u, z)jk(v) = k−1YV (u, z)v = jk(YV (u, z)v), jkl = Tk(jl)jk, j1 = id .

The last equality acts on v as l−1k−1v; its order cannot be interchanged when G is nonabelian.
These are precisely the group-level tensorator and unit coherences, proved without reference to
any monoidal associativity coherence.

For s, t > 0, the two well-typed maps

Jk,t
X,Y TTkX,TkY

s,t , Tk(TX,Y
s,t )Jk,s

X,Y : TkX ⊠s TkY → Tk(X ⊠t Y )

represent the same pulled-back evaluation at s of the formal operator belonging to the P (t)
representative. More explicitly, compose each with Is

TkX,TkY and use the defining transport
equation (2.8); both results are evlog s(Yt

X,Y ) on the pulled-back modules. Uniqueness in (2.7)
gives

(8.16) Jk,t
X,Y TTkX,TkY

s,t = Tk(TX,Y
s,t )Jk,s

X,Y .

The same proof applies to the specific upper-half-plane path −1→ 1 if all evaluation logarithms
are continued along that path; this does not assert path independence under winding.
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At the actual configuration (3, 2, 0) consider the following two morphisms, both with source
((TkX ⊠1 TkY ) ⊠2 TkZ) and target Tk(X ⊠3 (Y ⊠2 Z)):

(TkX ⊠1 TkY ) ⊠2 TkZ
Jk,1

X,Y ⊠2id
−−−−−−→ Tk(X ⊠1 Y ) ⊠2 TkZ

Jk,2
X⊠1Y,Z−−−−−→ Tk((X ⊠1 Y ) ⊠2 Z)

Tk(A−1
3,2)

−−−−−→ Tk(X ⊠3 (Y ⊠2 Z)),

(TkX ⊠1 TkY ) ⊠2 TkZ
A−1

3,2|TkX,TkY,TkZ

−−−−−−−−−−−→ TkX ⊠3 (TkY ⊠2 TkZ)
id⊠3Jk,2

Y,Z−−−−−−→ TkX ⊠3 Tk(Y ⊠2 Z)
Jk,3

X,Y ⊠2Z−−−−−→ Tk(X ⊠3 (Y ⊠2 Z)).

To compare them, precompose with the actual nested canonical P (1), P (2)-maps on algebraic
inputs and pair with an arbitrary homogeneous restricted-dual output vector. The first chain
becomes the k-pullback of the original canonical iterate contraction; the second becomes the
original canonical product contraction for TkX, TkY, TkZ followed by the raw comparison. Theo-
rem 8.3 equates these original normally convergent contractions, and their pullbacks are obtained
by replacing every additional inserted state v by k−1v; L(0)-projections, based branches and
algebraic weight sums are unchanged. The scalar germ equality holds for every input and every
restricted-dual test, and Lemma 4.5 separates the maps by the canonical coefficient vectors. Thus

(8.17)
Tk(A−1

3,2)Jk,2
X⊠1Y,Z(Jk,1

X,Y ⊠2 idTkZ)

= Jk,3
X,Y ⊠2Z(idTkX ⊠3Jk,2

Y,Z)A−1
3,2|TkX,TkY,TkZ .

Insert (8.17) and (8.16) into each of the four typed positive transport arrows of (8.11). Every
transported outer/inner tensorator has matching P (t) parameters, so the resulting two composites
are exactly

Tk(aX,Y,Z)Jk
X⊠Y,Z(Jk

X,Y ⊠ idTkZ) and Jk
X,Y ⊠Z(idTkX ⊠Jk

Y,Z)aTkX,TkY,TkZ .

They have source (TkX ⊠ TkY ) ⊠ TkZ and target Tk(X ⊠ (Y ⊠ Z)), proving (8.15). This uses
the already proved analytic associator comparison, not a pentagon or an axiom imposed on Jk.

Both sides of the first equation below have source V ⊠ TkX and target TkX, and both sides of
the second have source TkX ⊠ V and target TkX:

(8.18)
Tk(lX)Jk

V,X(jk ⊠ idTkX) = lTkX ,

Tk(rX)Jk
X,V (idTkX ⊠jk) = rTkX .

Precompose with the corresponding canonical maps. The left unit then yields YX(k−1v, 1)x,
equal to YTkX(v, 1)x. The right unit gives ΓX(x, 1)(k−1v) = ΓTkX(x, 1)v by the same Ω− skew
formula and kL(−1) = L(−1)k. The source jk already contributes the necessary k−1; there is no
second pullback. Binary universality proves both equalities. In particular, the maps jk are not
silently replaced by the identity TkV = V .

For X ∈ Cg, Y ∈ Ch, both sides of the raw identity below have source TkX ⊠1 TkY and target
Tk(TgY ⊠P (−1) X), of sector kghk−1:

(8.19) Tk(R1
X,Y )Jk,1

X,Y = Jk,−1
TgY,XR

1
TkX,TkY .

Indeed the raw skew operator defining (2.10) has the fixed upper-half-plane log(−1) = πi

and the actual translation eL(−1). On pulling back, the state insertions v become k−1v, and
the twisting sector of the reordered input is Tkgk−1(TkY ) = Tk(TgY ), since TkTg = Tkgk−1Tk.
Specifically, after precomposition with I1

TkX,TkY (x⊗ y) the left side is the underlying-vector-space
evaluation of eL(−1)I−1

TgY,X(y⊗x) in Tk(TgY ⊠P (−1) X). On the right, the raw commutor first gives
eL(−1)I−1

Tk(TgY ),TkX(y ⊗ x); Jk,−1
TgY,X sends this to exactly the same pulled-back evaluation. These

are the full evaluations of Ω+ with the original +πi logarithm, including its fractional-power
phases; there is no extra phase from pullback. Uniqueness of the P (1) representative proves
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the raw equality. Continue (8.16) along the same upper-half-plane path from −1 to 1 with its
inherited logarithms. Compose it with (8.19) and (4.8) to obtain

Tk(cX,Y )Jk
X,Y = Jk

TgY,XcTkX,TkY .

The two maps have source TkX ⊠ TkY and target Tk(TgY ⊠ X). The assertion compares one
and the same lifted half-turn and makes no claim about arbitrary winding paths. Naturalities
of Jk, jk and c follow from the same canonical evaluations and binary universality. No crossed
hexagon, equivariantization or rigidity has been used. □

9. Coherence

9.1. Four-input convergence and the pentagon. We establish a common convergence
domain for the five four-input tree channels.
Lemma 9.1. Let L0 = C((s)), and let M be an ordinary (in particular, grading-restricted and
L(0)-semisimple) g-twisted V -module of finite order N , with restricted contragredient M ′. Let λ−
be a three-point Ward functional with an M ′-input, and let λ+ be an actual outside-component
Ward functional with an M -input. Assume

(9.1) λ±
(
R±(σ±)w±

)
= 0

(
σ± ∈J±, w± algebraic

)
,

where J± denotes the invariant meromorphic current space on the corresponding actual compo-
nent, with arbitrary finite node-pole order. The values of λ+ may belong to

(9.2) R =
⊕
α∈A

sαL1, |A| <∞, L1 = C((s1/f )), f ≥ 1,

where sα is a formal monomial and the summands are L1-lines. Fix compatible framed branches,
local root coordinates, and a balanced degeneration of the original based cover in which the
two-leaf component is attached to the outside component along M ⊗M ′. Then the relative-grade
contraction

Φ = (λ+ ⊗ λ−) (ΓM (ρ)) , ΓM (ρ) =
∑

γ∈ΛM

ργ

dim MhM +γ∑
i=1

mγ,i ⊗m∨
γ,i, ΛM ⊆ N−1Z≥0,

with the physical frame and lowest-weight factors restored as in Lemma 6.5, is defined coefficien-
twise in the attaching parameter. For every invariant generic current σ on the original based
cover and every algebraic external state w, the following holds for a suitable integer d ≥ 1:

(9.3)
Φ
(
Rgen(σ)w

)
= 0 in

⊕
β∈B

tβR((t1/d)),

|B| <∞, ρ = taN after finite base change.

The identity descends to the original framed coefficient field and does not require convergence of
the remaining s-series.
Proof. The coefficient module is used with its explicit support, not as a completion of the node
tensor product. Use the ordinary grading M =

⊕
p∈eΛM

MhM +p/e from the statement; if a
finite semisimple sum has several lowest-weight cosets, apply the same argument separately to
its finitely many summands. Each MhM +p/e and its restricted dual are finite dimensional, so
Pp =

∑
i mp,i ⊗m∨

p,i is an algebraic tensor. The symbol ΓM (te) =
∑

p tpPp is never evaluated as
a single vector of M ⊗M ′: by definition its contraction is the collection of R-valued coefficients
obtained with p fixed. The only infinite sum remaining at this stage is in the spectator variable,
inside the Laurent field L1. Choose the monomial shifts in (9.2) modulo f−1Z without repetition;
thus different summands are formally independent, including after the common finite coefficient-
field extension used below.

Put K0 = L0((ρ)). By [2, Corollary 3.0.5 and Theorem 4.3.2], the balanced H-cover over K0
extends, after a finite extension of the ρ-adic DVR, to an admissible H-cover over its stable four-
input boundary. The projective nodal source and its inertia charts follow from [2, Lemma 2.2.1
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and Theorem 4.3.2]. Preserve the original marked sections, the auxiliary framing lift, and the
remaining ratio s during this extension. Lemma 5.4 then gives, after enlarging the coefficient
field L1 ⊂ L,

O = L[[t]], K = L((t)), U+U− = ta,

x+ = UN
+ , x− = UN

− , ρ = x+x− = taN , a, N ≥ 1.

Here U+, U− are node root coordinates, not the L×-unit introduced below. Neither an additional
outside marking nor a remaining-ratio coordinate varies with t.

We justify the use of Lemma 6.2 in this five-point degeneration. Let FE be its coherent
finite-state current sheaf, enlarged by the prescribed polar divisor at the extra outside marking,
and let σ be one fixed generic invariant current. To justify extension of an actual generic section,
let p∗FE(Dext) denote its coherent direct-image module over the complete DVR O (the source is
proper and the marked polar divisor is Cartier). Its generic fibre contains the given section σ
by coherent base change over the fraction field: a fixed element of this localization is a finite
sum of fractions with powers of t as denominators. Hence a power tm(σ) clears its denominator.
Averaging over H is legitimate in characteristic zero and commutes with this localization. Thus
there is an integer m = m(σ) ≥ 0 such that

(9.4) tmσ ∈ H0(C, FE(Dext)
)H over O.

The argument is the same coherent-lattice localization as in the proof of Lemma 6.2; it is not
an assertion that m is uniform over all currents. The extra section is disjoint from the node.
Consequently the comparison maps ιv,J on punctured components and the finite Kummer charts
at the old markings used in that proof persist over O/(tJ+1). The invariance of finite étale covers
under nilpotent thickenings [30, Tag 0BQB] and the fixed root frames preserve these comparisons
for every J . At each source node the state transition is still Σ = eL(1)(−1)L(0)+1, with all
L(1)-terms. The normalized residue is the selected-lift residue of (6.6). The statement about
“coefficients on the normalization” must be interpreted after the actual rooted comparison, not by
taking coefficients in arbitrary t-dependent local trivializations. More precisely, fix J . Delete the
node and the external marked divisors from each normalization and use the fixed limiting marked
coordinates there. The nilpotent finite-etale lifting comparison, pinned down by the chosen
based lift and compatible selected roots, identifies the actual pulled-back cover on this punctured
open modulo tJ+1 with the constant normalized cover over O/(tJ+1). Apply the full finite-state
coordinate transition to the current sheaf under this identification. The result is a single globally
defined Laurent polynomial in t of degree at most J on the fixed punctured normalization. Its
coefficient of tj patches across overlaps, hence is an actual meromorphic component current; poles
occur only at the prescribed marks and node, and have finite order for each fixed j. At the node
it is evaluated in the inherited balanced root frame, whose finite L(1) corrections have already
been included. These comparisons are compatible when J increases. Without this transport
a coefficient of a global family section need not itself be a global component section, since its
untransported transition functions may depend on t.

For precision, if Dj bounds the poles of the coefficient of tj and F is a field of definition for
the outside framed component and FE(Dj), then flat field extension gives

(9.5) H0(CF , FE(Dj)
)
⊗F L

∼−−→ H0(CL, FE(Dj)L

)
.

Thus each coefficient is a finite L-linear combination of actual outside currents, and (9.1) applies
L-linearly, also in R ⊗L1 L. This uses the hypothesis for every algebraic M-state; it does not
apply any Ward identity to an uncompleted infinite vector of M .

We check the interchange of node residues and contraction. Fix σ, one homogeneous b ∈ Vd

occurring in its finite-state part, and a monomial multiplying the standard node current b xd−1
+ dx+

in its balanced expansion

t−m+ℓU r
+U s

−b, ℓ, r, s ≥ 0, k = r − s, n = d− 1 + k

N
, e = aN.
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Set p = eγ ∈ Z≥0 for a homogeneous summand of ΓM (te). The +-branch mode bn has degree
δ = −ak in t-grading. At coefficient tj , Lemma 6.4 yields

(9.6)
p + as + ℓ = j + m, a max(0, k) ≤ p ≤ j + m− a max(0,−k),

|k| ≤
⌊

j + m

a

⌋
, r = s + k ≥ 0.

Indeed, when k ≥ 0, the mode lowers relative degree by ak; hence p ≥ ak, and s ≥ 0 forces
p ≤ j + m. When k < 0, integrality of the original node monomial requires s ≥ −k, whence
p ≤ j + m + ak; there is no extra lower bound beyond p ≥ 0. These inequalities also imply
ak ≤ j + m for k ≥ 0 and −ak ≤ j + m for k < 0. For fixed j, p, k run through finite sets and
as + ℓ = j + m− p leaves only finitely many nonnegative (s, ℓ); r = s + k is then determined.
The calculation holds for a completed integral node section by inspecting its image in the finite
quotient needed for this one coefficient, rather than interchanging an unrestricted formal sum with
a residue. For fixed j this is a finite set of (p, k, r, s, ℓ), including the convention MhM +p/e = 0
for absent grades. All operations below are therefore on finite-dimensional spaces, although the
s-pole orders of their R-valued coefficients need not be uniformly bounded as p varies.

Write Pp ∈MhM +p/e ⊗M ′
hM +p/e for the coevaluation tensor and Γ =

∑
p tpPp. The two node

residues of (9.2) act by

(9.7)

(bn ⊗ id)Γ = t−δ(id⊗bt
n)Γ,

R+,nodeΓ = (bn ⊗ id)Γ,

R−,nodeΓ = −t−δ(id⊗bt
n)Γ,

(R+,node + R−,node)Γ = 0.

Here bt
n is the algebraic transpose on M ′; the full opposite-mode formula, including the∑d

j=0 L(1)jb/j! correction, is (6.11), as in [7, Section 3] and [10, Section 2]. For the direc-
tion of transposition, if bn : Mp → Mp+δ, its algebraic transpose is bt

n : M∗
p+δ → M∗

p . For any
basis ei of Mp and any basis fa of Mp+δ, the elementary identity

∑
i bnei⊗ei =

∑
a fa⊗bt

nfa gives
(bn⊗ 1)Pp = (1⊗ bt

n)Pp+δ. Consequently the coefficient on the right of the corresponding identity
for Γ is shifted from tp+δ to tp precisely by t−δ = tak, not its inverse. The actual opposite residue
is not an untyped transpose: the balanced opposite-node field, with its full finite eL(1)(−1)L(0)+1

state transformation, is what realizes −bt
n after the displayed power of t. Both sides use the

same selected-root 1/N orbit normalization; under a deck change the primal and restricted-dual
arrows are inverse transposes, so this elementary identity is unchanged. Equation (9.7) is read
coefficientwise using (9.6); the two residue signs and the factor 1/N are those of (6.6) and (3.11).
On induced source components the simultaneous H-pullback and the orbit-normalization identity
give the same cancellation. Apply the two component Ward identities (9.1) and sum: the node
terms cancel by (9.7), leaving

(9.8)
(
λ+ ⊗ λ−

)(
Rext(σ)w ⊗ ΓM (te)

)
= 0 coefficientwise in t.

It remains to identify this with the physical contraction. Write the physical cherry displacement
as rch = Uρ, with U ∈ L× independent of t; fix its logarithm and put (Uρ)ζ = U ζρζ on that
branch. For homogeneous a, b of weights λA, λB, and vµ = PµY(a, 1)b ∈Mµ, define the outside
node-frame change by

Ψx
out(m) = Ψphys

out
(
ULM (0)m

)
, x = (Z − anchor)/U,

with all other marked local frames held fixed. Then, weight by weight,

(9.9)
(Uρ)µ−λA−λB Ψphys

out (vµ)

= ρhM Ψx
out

(
ρµ−hM PµY

(
(Uρ)−LA(0)a, 1

)
(Uρ)−LB(0)b

)
.

Explicitly, PµY((Uρ)−LA(0)a, 1)(Uρ)−LB(0)b = (Uρ)−λA−λB vµ, whereas Ψx
out(vµ) = UµΨphys

out (vµ).
The right side of (9.9) is thus ρµUµ−λA−λB ρ−λA−λB Ψphys

out (vµ), exactly its left side. The factor
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ρhM is indispensable: it restores the removed lowest-weight monomial. This computation is
performed at fixed µ, before either the spectator series or the node sum is formed. The identity
is an equality of individual finite homogeneous contractions; it does not invoke convergence of the
µ-sum. The full finite state-coordinate gauge conjugates every external residue operator in (9.8)
to its physical counterpart. Equation (9.9) restores the weights and the retained lowest-weight
monomial; the global root scale is restored by the DR factor of Lemma 6.5. Consequently (9.8)
is precisely (9.3). Finally the coefficient-field and DVR extensions are injective (also on each
formal monomial line); the zero identity descends to the original framed coefficient field. □

Definition 9.2. Write the five four-input trees as
T1 = (((AB)C)E), T2 = ((A(BC))E), T3 = (A((BC)E)),
T4 = (A(B(CE))), T5 = ((AB)(CE)).

For each tree use the following normalized physical coordinates (zA, zB, zC , zE), with actual
positions R(zA, zB, zC , zE), R ̸= 0 and the indicated logarithm:

(9.10)

T1 (1 + u + uv, 1 + u, 1, 0)
T2 (1 + u, 1 + uv, 1, 0)
T3 (1, u(1 + v), u, 0)
T4 (1, u, uv, 0)
T5 (1 + u, 1, v, 0).

For its two-leaf cherry let Mi be its ordinary output, ρi the collision ratio, si the remaining ratio
and rch

i = Uiρi its physical displacement. The node inertia and outside three-input channel are,
respectively,

cherry gMi (ρi, si) Ui outside
T1 AB gAgB (v, u) Ru I
T2 BC gBgC (v, u) Ru I
T3 BC gBgC (v, u) Ru P
T4 CE gCgE (v, u) Ru P
T5 AB gAgB (u, v) R P

Here P and I indicate the original product and iterate E0 channels. These are coordinate
definitions, not assertions that the five channel functionals coincide.

Lemma 9.3. Use Definition 3.6. For each of the five trees Ti of Definition 9.2, carry its specified
positive-chamber five-point cover, including its based lift, complete lower-comb paths and external
roots, to the actual cherry boundary. The two normalization components are given the inherited
paired node lift and opposite node roots; choose their E0 and binary reference expressions by
transporting these induced frames to the positive Du–Huang preferred (1, 0,∞) coordinates. The
three-point operator at every vertex remains the original fixed operator at z = 1, log 1 = 0.
In this one jointly rooted physical frame the coefficient of each cherry grade µ of the original
three-operator channel is precisely

(9.11) (Uiρi)µ−αiΨi
(
πMi

µ Yi(pi, 1)qi; si
)
,

with the same vectors and intertwining-operator labels as in (9.15). The outside functional has
full-state formal Ward over its spectator Laurent coefficient field, and the binary functional has
three-point Ward. If the cherry parameter is written ρi = te, then e is chosen divisible by the node
inertia order, the two cherry marking root orders, and the finite ramification orders of the actual
rooted Hurwitz comparison; a further finite extension of the spectator field accommodates its root
orders. All logarithms remain those continued from the positive outset. This claim concerns a
specified jointly induced rooted frame, not literal equality of arbitrary independently preselected
three-point frames.

For comparison with two independent reference frames let Aµ : Mact
µ →M0

µ and Bµ : (Mact
µ )′ →

(M0
µ)′ be the typed residual root/deck comparison arrows after the explicit physical scale in (9.9)

has been extracted. They preserve each individual homogeneous node grade; no nonlinear jet
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change is concealed in these grade-wise arrows. Put Kµ = BµAt
µ. If λ0

O, λ0
B are the fixed original

three-point coefficients and GO, GB the external residual comparison arrows, the same physical
finite contraction in those references is

(9.12) (Uiρi)µ−αi
∑

j

λ0
O(fj ; GOwO)λ0

B(Kµf j ; GBwB).

Here fj , f j are a reference dual basis. When the reference pair is induced from the same actual
node, Bµ = (A−1

µ )t and Kµ = 1. With independently chosen reference frames, the compensation
in (9.12) is retained; the assertion does not identify the two untransported scalar expressions.

Proof. The positive chamber of four ordered finite positions is convex. Transporting the one
based lift and the full lower-comb path system along its positive paths is therefore independent of
the chosen positive homotopy. For a cherry of consecutive leaves X, Y , the lower boundary stem
represents the ordered word γXγY ; the bubble has meridians (gX , gY , (gXgY )−1), and the outside
has the collapsed meridian gXgY with the other original meridians in order. Apply the actual
stable reduction to this specified generic cover, not to a separately reconstructed cover with only
the same meridian tuple. By the balanced local model of Lemma 9.1, the normalizations inherit
the same lifted boundary stem and opposite node root parameters. Every original external
marking retains its already selected lift and root. The unramified outside based lift is obtained by
lifting the right-hand segment from the transported five-point basepoint to the outside basepoint;
it is not independently set equal to an E0 lift. For a potentially disconnected normalization
component, use the induced H-cover from its actual monodromy-image subgroup, as in the
convention preceding (2.17).

Write r = Uiρi > 0 for the physical cherry difference and ξ = (Z − ZY )/r. Since this affine
change has positive slope, the restriction of the original lower/direct paths is homotopic, with
its specified based stem, to the preferred three-point paths for (ξX , ξY ) = (1, 0). The original
marking roots satisfy rphys

X = r1/NX rbin
X and rphys

Y = r1/NY rbin
Y after transporting those same

roots; the complex powers use the continued positive logarithm. The comparison here uses
the entire based path: along the lower corridor the chosen cluster stem followed by either
terminal leaf stem is homotopic, relative to its end disk, to the original lower-comb reference path.
Uniqueness of path lifting identifies the marking lifts; the normalized local root is the particular
root rphys

X /r1/NX , not an arbitrarily chosen root of the same coarse coordinate. On positive real
changes of scale its root phase is constant. The initial calibration in Definition 3.6 therefore
identifies this rooted/logged lower germ with the Du–Huang preferred one: at ξX − ξY = 1 its
continued logarithm is exactly zero. The uniqueness assertion is based path lifting plus the
prescribed special-root torsor element, rather than a classification by monodromy tuples alone.
Thus the bubble germ of the specified operator is its original Yi(pi, 1)qi, not a new conformal
block obtained merely from the inertia tuple. The output node root is the balanced opposite of
the outside node root, so their module maps are typed contragredient inverses. In particular the
two actual node maps preserve the restricted coevaluation, on each homogeneous grade including
its lowest-weight line.

To compare the outside with an auxiliary E0 outset, use the actual right-hand based path
and the given roots to form the typed coordinate/deck arrow of Lemma 6.10. It transports the
original E0 formal full-state Ward, including all V≤D cutoffs, into the actual outside component.
No analytic continuation or five-point convergence is invoked. For an outside physical local
coordinate X = Z − ZY and its collar coordinate x = X/Ui, their node state frames are related
by the complete action of Lemma 3.10; restoring the lowest-weight line gives U

LMi
(0)

i on the
node input. By the original L(0)-commutator for Yi, and not by specifying a new functional, its
homogeneous bubble coefficient carries rµ−αi . The finite homogeneous identity (9.9) therefore
identifies the resulting physical contraction with (9.11). This identification is made before taking
any infinite sum.

The two distinct scales can be seen explicitly. For T3 = A((BC)E), take (zA, zB, zC , zE) =
(1, u(1 + v), u, 0), h = gBgC , r = uv, U = u, ξ = (Z − u)/(uv), x = (Z − u)/u. The outside
is the original product E0 in the global Z-positions (1, u, 0). Its node insertion is transported
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by uLM (0), and the original bubble coefficient is mµ = πµYBC(b, 1)c. On this induced frame
(uv)µ−wt(b)−wt(c)FP (mµ; u) is exactly the original T3 coefficient. In independently chosen reference
frames, it is FP (uLM (0)JM m; Jextw; u) before restoring the bubble and lowest-weight factors:
the J ’s are actual-to-reference typed transport arrows, not numbers chosen to fit the weight
exponent. For T5 = ((AB)(CE)), take (zA, zB, zC , zE) = (1 + u, 1, v, 0), h = gAgB, r = u, U = 1,
ξ = (Z−1)/u, x = Z−1; the outside is the original product E0 at (1, v, 0). The original coefficient
is uµ−wt(a)−wt(b)FP (πµYAB(a, 1)b; v), with no additional spectator dilation. Both identities are
obtained from the actual normalized coordinate changes and fixed operators.

The five relevant ordered contractions, all taken on the same positive physical chamber, can
therefore be checked without a cross-tree factorization hypothesis: their cherry/outside data
are (AB, I), (BC, I), (BC, P ), (CE, P ), (AB, P ), respectively; the ordered internal twist is gAgB,
gBgC , gBgC , gCgE , gAgB. In particular, the outside use of E0 Ward is on a genuine three-input
source with the collapsed meridian in its original position, not on a source identified solely from
a tuple of conjugacy classes.

For the other three trees the additional data are: T1 uses AB, h = gAgB, r = uv, ξ =
(Z − 1− u)/(uv), outside iterate (1 + u, 1, 0); T2 uses BC, h = gBgC , r = uv, ξ = (Z − 1)/(uv),
outside iterate (1 + u, 1, 0); T4 uses CE, h = gCgE , r = uv, ξ = Z/(uv), outside product (1, u, 0).
Their outside node collar scales are U = u. The actual five-point right basepoints and the outside
three-point right basepoints are, in order T1, . . . , T5,

(5+2u+uv, 4+u), (5+u+uv, 4+u), (3+2u+uv, 3+u), (3+u+uv, 3+u), (4+u+v, 3+v).

In each case the specified comparison path is the right-hand real segment between these two
points, lifted from the original five-point based lift. For every cherry leaf X, the comparison of
its original special root with the bubble root is exactly the positive factor r1/NX ; for a non-cherry
external leaf its original centered physical root is inherited on the outside without replacement.
Because the three root normalizations for the cherry species AB, BC, CE all have positive scaling
and the same initial lower-comb marking path, this list gives a single root assignment to each
shared external marking, not five conflicting assignments. The same transported physical external
roots are used wherever a marking occurs in more than one tree. In particular the fixed-zero
marking E in T4 is not re-rooted on its bubble. The lower stems for AB in T1, T5 and for BC in
T2, T3 are homotopic through the ordered positive chamber; this compares their smooth rooted
origins without asserting any equality of tree-channel conformal blocks.

Only after the physical scale and the full opposite-node coordinate change have been extracted
do the residual based-root arrows act on individual node grades. On the positive affine comparison
charts these residual arrows consist of root rotations and typed deck maps; they commute with
L(0) (and thus with each homogeneous projection). Any nonlinear finite-state coordinate change
is instead retained in the already specified external or node-current gauges, not discarded by
asserting grade preservation.

Finally choose a reference basis mj with dual mj . If Aµ takes an actual primal node basis to
this reference, its reference dual is (A−1

µ )tmj ; sending the actual dual by Bµ therefore inserts
exactly BµAt

µ = Kµ in one leg. The remaining external and output factors act through the
specified typed GO, GB, with inverse transpose at the output. More explicitly, if (Aµ)ji and (Bµ)li

are the matrices of the primal and dual changes in these bases, the transported coevaluation is∑
i(Aµmi)⊗ (Bµmi) =

∑
j fj ⊗ (BµAt

µ)f j . This identifies the side on which the compensation
acts and explains why Kµ is generally nontrivial. This proves (9.12). When the references
are inherited as one pair from the actual node, the maps are dual inverse, proving Kµ = 1.
Independent reference pairs are not assumed to have this property. The original coefficients and
the original log 1 = 0 germs were never changed. □

Theorem 9.4. Let A, B, C, E be ordinary finite-order twisted V -modules, D an ordinary output
module of the requisite ordered-product sector, and a ∈ A, b ∈ B, c ∈ C, e ∈ E, d′ ∈ D′

homogeneous. Write Ti for the trees of Definition 9.2. Fix the single smooth rooted/logged
five-input outset of Definition 3.6 and three actual typed twisted intertwining operators at the
internal vertices of one of the five ordered binary trees Ti. Every coefficient refers to the original
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z = 1, log 1 = 0 intertwining operators in the physical external frames induced from that outset.
For its original two-edge homogeneous contraction ΦTi, on the anchored framed physical chart
and for every canonical five-point current σ and algebraic external state w,

(9.13) ΦTi

(
R(σ)w

)
= 0.

The two internal grade sums are defined coefficientwise, with no convergence assumption. For
every derivation δ of the chosen framed base,

(9.14) ∂δΦTi(w) = ΦTi(∇δw), ΦTi(Jdiff) = 0.

The equalities are in the formal generalized-power module determined by the chosen root coordinates
and logarithms.

Proof. Put gA, gB, gC , gE ∈ G for the input twists. Fix simple ordinary intermediate modules and
their types; finite sums of such choices are taken at the end. Use the coordinates, cherry scales
and outside channel types fixed in Definition 9.2; in particular the actual physical positions are
R(zA, zB, zC , zE). For the chosen cherry let Mi be its output, let αi be the sum of its two input
weights, and put rch

i = Uiρi. The symbols P, I denote the original product and iterate channels.
The actual outside rooted source is identified, without changing its original IO coefficients,
by Lemma 9.3; its coefficientwise full-state Ward is the formal Theorem 6.9 transported by
Lemma 6.10. Analytic continuation is not used here. After contracting the cherry, the three
remaining physical input positions, divided by R, are (1 + u, 1, 0) for T1, T2, (1, u, 0) for T3, T4,
and (1, v, 0) for T5. For the formal ρi-adic argument, hold R ∈ C× fixed with its chosen logarithm.
Then Ui ∈ C((si))× is independent of ρi; the common R-dependence is restored by homogeneity.
The ordered inertia at the cherry equals the indicated gMi ; the opposite node carries its inverse.
The induced cover components, selected lifts and original rooted/logged IO comparisons are
those of Lemma 9.3, applied to the actual degeneration in Lemma 9.1.

Let pi, qi be the homogeneous vectors at the two cherry leaves and αi = wt(pi) + wt(qi). Write
Yi for its actual intertwining operator and Ψi(−; si) for the outside actual product or iterate,
including its prescribed physical scale and logarithmic branch. For each µ ∈ wt(Mi), set

(9.15) vi,µ = πMi
µ Yi(pi, 1)qi ∈ (Mi)µ, ΦTi =

∑
µ∈wt(Mi)

(Uiρi)µ−αiΨi(vi,µ; si).

The expression is understood weight by weight; the factor in (9.15) follows from the L(0)-
commutator for ordinary intertwining operators [10, Definition 2.8]. Every vi,µ is algebraic
and lies in a finite-dimensional weight space. The outside channel therefore satisfies its full-
state formal current Ward identity for each vi,µ by Theorem 6.9 and Lemma 6.10, after the
explicit actual source comparison of Lemma 9.3; the cherry satisfies the three-point identity by
Proposition 3.16. In independent three-point references the comparison includes the compensator
(9.12), not an identification of unchanged scalar expressions. Neither Ward identity is applied to
the uncompleted sum over µ.

No full-state Ward identity is applied to a completed cherry output: for each fixed µ, vi,µ is
an algebraic vector and the outside Ward statement applies to that vector in its actual induced
framed source. The eventual use of the full µ-sum is postponed to the finite-window operation
with the same generic current.

To specify the formal coefficient ring, for either internal edge f let If be its descendant leaf set
and µf = hf + nf /Nf , nf ≥ 0, its intermediate weight. Set λA = wt(a), λB = wt(b), λC = wt(c),
λE = wt(e) and λD = wt(d′). Lemma 5.12, applied to the original three-operator channel, gives

(9.16) ΦTi = RλD−λA−λB−λC−λE

2∏
f=1

q
hf −

∑
j∈If

λj

f

∑
n1,n2≥0

Cn1,n2q
n1/N1
1 q

n2/N2
2 ,

where qf ∈ {u, v} is the corresponding edge ratio, and every Cn1,n2 is a finite-dimensional
homogeneous contraction. Absent weights contribute zero. Choose a common root power d with
Nf | d, and let Λi be a finite set of representatives for the resulting exponent classes modulo
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d−1Z2. It embeds the finite sum of generalized-power series injectively into the iterated module

(9.17)
⊕

(α,β)∈Λi

ρα
i sβ

i C((s1/d
i ))((ρ1/d

i )), |Λi| <∞.

The initial complex powers are formal monomial symbols, with fixed branches; no assertion
that their exponents are rational is made. For fixed n1, n2 the coefficient in (9.16) is finite; for
fixed ρi-degree the remaining outside contraction is an element of the si-Laurent module, not
necessarily a finite scalar sum. Thus (9.17) does not presuppose analytic convergence or exchange
the two infinite sums.

The two-ratio support is particularly transparent for these five trees: their unshifted internal
edge ratios are the independent variables u, v. After selecting the finitely many initial exponent
classes, every fixed ρi exponent selects a finite number of cherry weights; the remaining spectator
coefficients form an ordinary lower-bounded Laurent series in s

1/d
i , possibly with a bound

depending on that selected cherry exponent. It would be invalid to infer this for a substituted
nonadapted ratio, or to evaluate the spectator series at a nonzero complex number before the later
convergence theorem. The finite-root base change is injective on each distinct formal monomial
class, and localization does not collapse these classes.

Fix a canonical generic five-point current σ. Its polar divisor is finite; after the finite DVR
extension of Lemma 9.1, a power tm(σ)σ extends to the original balanced admissible cover. The
extra outside marked section is disjoint from the chosen node; the coefficient restrictions are
actual component currents by (9.4)–(9.5). The inner and outside Ward identities verified above
meet exactly the hypotheses (9.1) for this selected cut. Lemma 9.1 therefore gives, in the localized
iterated module and with ρi = taN after base change,

(9.18) ΦTi(R(σ)w) = 0.

The use of the original current extension, the finite node-grade window (9.6), the complete
opposite-mode residues and the frame conjugation (9.9) are necessary here: they identify (9.18)
with the physical contraction (9.15), including Uµ−αi

i and the lowest-weight powers. This is
not an appeal to sewing convergence. The formal coefficient module of (9.16) is torsion-free
under localization in u, v and injects into (9.17). Thus (9.18) proves (9.13) in the original formal
module. The same argument applies to every current in the finite-state marked seed and hence
to its Ward submodule.

For the horizontal assertion one can compute the scalar coefficient derivatives without referring
to analytic sums. For homogeneous external tests write κ = λD − λA − λB − λC − λE and let
an1 , bn2 be the two internal exponents in (9.16). For a fixed finite pair, Cn1,n2Rκuan1 vbn2 obeys

∂δ(·) =
(

κ
δR

R
+ an1

δu

u
+ bn2

δv

v

)
Cn1,n2Rκuan1 vbn2

when the external algebraic input and framed output are held fixed. For δ = ∂u, ∂v, ∂R these
give respectively an1/u, bn2/v, κ/R; the chain rule for the actual positions in (9.10) produces
the corresponding sums of external L(−1) insertions. On an internal edge the two L(−1)
commutator contributions cancel at each fixed pair of projected weights. This is the explicit
coefficientwise content of Lemma 3.20 for these placements. Differentiation is performed on the
finite homogeneous contractions, not on an unverified double analytic series.

Finally, at each vertex the actual twisted intertwining operator satisfies the L(−1)-derivative
identity [10, Definition 2.8(4)]. On every fixed pair of intermediate weights, the chain rule and
the L(−1) commutator are finite homogeneous identities. Internal translation terms cancel after
contraction. By Lemma 3.20, for every base derivation δ the remaining terms equal ΦTi(∇δw),
proving the first equality of (9.14). Its combination with (9.13) annihilates the differential closure
Jdiff , proving the second equality. The finite-rank meromorphic residue construction follows [14,
Sections 5–6]; the balanced-node step follows Lemma 9.1. □
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Proposition 9.5. Fix the original three-operator channel for each Ti in Theorem 9.4, including
its chosen ordinary simple internal modules and intertwining operators. Put

(9.19)
Ω1 = Ω3 = {(u, v) ∈ C2 : |v| < 1, |u|(1 + |v|) < 1},
Ω2 = Ω4 = {(u, v) ∈ C2 : |u| < 1, |v| < 1},

Ω5 = {(u, v) ∈ C2 : |u|+ |v| < 1}, Ω∗
i = Ωi ∩ (C×)2.

On every fixed branch of Ω∗
i , the original intermediate-weight double series converges absolutely

and normally:

(9.20)
∑

µ1,µ2

sup
(u,v)∈K

∣∣∣∣Cµ1,µ2RλD−λA−λB−λC−λE u
µ1−

∑
j∈I1

λj v
µ2−

∑
j∈I2

λj

∣∣∣∣ <∞ (K ⋐ B ⊂ Ω∗
i ).

Here Ij is the descendant-leaf set of the jth internal edge, µj its intermediate weight (j = 1, 2),
and λA, λB, λC , λE , λD are the fixed external weights of Theorem 9.4. The number R ∈ C× and
its logarithm are fixed, B is simply connected with fixed logarithms, and each Cµ1,µ2 denotes the
finite contraction at the specified pair of intermediate weights. The conclusion also holds for a
finite direct sum of ordinary internal modules and locally uniformly for R on a fixed compact
subset of its nonzero branch. In the common positive framing the five domains contain one
physical neighborhood of (zA, zB, zC , zE) = (7, 6, 4, 0).

Proof. We identify the punctured configuration locus. For the positions of (9.10), let ∆i =
R−6∏

p<q(zp − zq). Its nonmonomial factors, up to nonzero constants and repetition, belong
respectively to

(9.21)

i nonmonomial factors of ∆i

1 1 + v, 1 + u, 1 + u + uv
2 1− v, 1 + u, 1 + uv
3 1 + v, 1− u, 1− u− uv
4 1− u, 1− v, 1− uv
5 1 + u, 1− v, 1 + u− v.

These factors follow by taking all six differences of the four positions in (9.10). For example, the
six differences for T3 are R(1 − u − uv), R(1 − u), R, Ruv, Ru(1 + v), Ru, while those for T5
are Ru, R(1 + u − v), R(1 + u), R(1 − v), R, Rv. For T1, T3 we have |u|(1 + |v|) < 1; for T5,
|u|+ |v| < 1; and for T2, T4 both |u|, |v| < 1. The triangle inequality proves that each factor in
the right column is nonzero on its entire Ωi, not just near the origin. Consequently

∆i ̸= 0 on Ω∗
i , Ωi \ Ω∗

i = Ωi ∩ {uv = 0}.

The inequalities (9.19) define connected complete Reinhardt domains containing 0. In particular,
π1(Ω∗

i ) ∼= Z2 by (5.17). This verification is necessary: regular singularity on an arbitrary local
polydisk would not by itself yield convergence throughout Ω∗

i .
Fix i, fix the stated original simple internal modules and the external homogeneous tensor,

and keep the rooted/logged branch inherited from Definition 3.6. The substitution (9.10), with
R ≠ 0 fixed, is algebraic on Ω∗

i and pulls back the finite framed ètale cover of Lemma 3.4. Its
permutations Pu, Pv about the two coordinate axes commute, since π1(Ω∗

i ) = Z2. For the two
internal relative-grade denominators N1, N2, take d > 0 large enough to kill these permutations
and to make both relative grades integral after pullback:

(9.22) N1 | d, N2 | d, P d
u = P d

v = 1, u = ξd, v = ηd, Ω̃i = {(ξ, η) : (ξd, ηd) ∈ Ωi}.

Include in d the finite orders of any additional marking-root torsors present in the chosen framed
chart. The unpunctured Ω̃i is complete Reinhardt; its punctured part Ω̃∗

i is Reinhardt but not
complete Reinhardt (it omits both axes). Since the coordinatewise radial deformation retract
used in (5.17) applies to the complete unpunctured domain, π1(Ω̃∗

i ) = Z2. After this pullback,
the monodromy representation of the finite cover sends both generators of π1(Ω̃∗

i ) ∼= Z2 to the
identity: a lifted generator maps to d times its original generator. Thus the finite cover is
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analytically a disjoint union of trivial degree-one sheets over Ω̃∗
i , and the selected sheet is the

continuation of the original based, rooted frame (not an arbitrary relabeling). This kills the finite
Hurwitz-cover monodromy only; it makes no assertion about the Ward connection monodromy.

We verify separately that a chosen sheet extends to the algebraic smooth normal-crossing
setting required by Proposition 5.17. Let Z◦

i ⊂ A2
ξ,η be the principal open obtained by inverting

the Kummer pullbacks of all nonmonomial factors of (9.21); thus Ω̃i ⊂ (Z◦
i )an and the deleted

configuration divisor is D◦ = {ξη = 0} ∩ Z◦
i . Form the finite integral normalization Yi → Z◦

i in
the pullback of the finite ètale Hurwitz algebra over Z◦

i \D◦. Finiteness follows from excellence
of this finite-type complex algebra.

For any p ∈ Ω̃i, take a sufficiently small analytic bidisk P about p and put P ∗ = P \ {ξη = 0}.
The restriction of the selected framed-cover sheet to P ∗ is an actual degree-one analytic cover:
its monodromy is trivial by (9.22) and P ∗ is connected. Let Y an

P be the analytification of
the normalization over P . Normalization commutes with the relevant complex-analytic finite
normalization, so Y an

P is finite and normal over P . Take the analytic closure WP in Y an
P of the

chosen connected degree-one sheet over P ∗. This closure is a normal irreducible component:
normal analytic spaces have disjoint irreducible components locally, and P ∗ meets every irreducible
component of a finite dominant cover of the bidisk. The finite map WP → P is generically an
isomorphism, hence finite and bimeromorphic. Because the bidisk P is normal, the analytic
finite-birational normality criterion gives

WP
∼−−→ P.

In local rings the same assertion can be seen without taking a limit of arbitrary multivalued
generators: the rank-one fraction-field factor of the finite normalization is the base fraction
field, whose integral closure over the regular, integrally closed ring OP is just OP . Thus the
chosen sheet has a genuine extension across both boundary axes and their intersection, not
merely a bounded continuation of its coordinate functions on a punctured disk. Equivalently
its local direct-factor idempotent extends in the finite normal algebra, and its factor is OP . It
follows that the normalization is smooth at the entire extended chosen sheet, the functions ξ, η
remain independent local coordinates, and the reduced preimage of the two axes is a simple
normal-crossing divisor there. Smoothness and the normal-crossing condition are algebraic
open conditions on the finite algebraic normalization Yi. Hence an algebraic smooth SNC open
neighbourhood of this chosen analytic sheet exists, and its analytification contains the entire
sheet over Ω̃i. In the resulting coordinates the boundary is

(9.23) D̃i = {ξη = 0} ∩ Ω̃i.

This degree-one direct-factor argument is essential: triviality of a finite cover only on a punctured
analytic neighbourhood, by itself, would not justify the algebraic SNC assertion.

Pull back the algebraic finite-rank Ward quotient and its algebraic finite-state quotient
map to this actual smooth chart. Its integrable connection is regular singular along (9.23) by
Theorem 5.11 (applied to the algebraic pullback, not to a postulated sewing solution). The
Deligne logarithmic extension (Qi,∇i) exists by [5, Chapter II, Proposition 5.4]. For each fixed
external algebraic tensor w, the image qw = [w] is an algebraic section of the actual pulled-back
quotient on the punctured smooth chart: this follows from the pulled-back algebraic quotient
map O ⊗ T ↠ Qi, not from a hypothetical factorization of the original double series. Near any
point of the axis boundary, choose a local algebraic frame of the Deligne logarithmic lattice.
Both the Ward test vector and the change to this algebraic frame are regular on the complement
of the boundary, hence their coordinates are in the localization by ξη. Since this is a finite-type
algebraic localization, each coordinate has a finite denominator ξaηb locally; its poles have no
other support. Proposition 5.17 therefore gives precisely qw ∈ Γ(Ω̃i,Qi(∗D̃i)). For the finite
collection of state generators required to express an arbitrary logarithmic frame, the minor-
identity argument of Lemma 5.13 supplies a finite common pole bound near the crossing. It uses
only the algebraic quotient, finite rank and Noetherianity; it does not presume convergence of the
two intermediate-weight sums. Theorem 9.4 supplies the original coefficientwise formal horizontal
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functional, while (9.16) supplies its adapted two-edge, nonnegative relative-grade support and
zero logarithmic degree. Thus Theorems 5.14 and 5.16, with Proposition 5.17, apply here to the
actual finite-rank logarithmic connection and the specified algebraic test section. In particular
the original formal evaluation has a convergent analytic realization near the crossing, and the
resulting scalar fi admits continuation throughout Ω̃∗

i with only the finite Nilsson behaviour
allowed by the regular-singular connection. Nothing in this application uses an equality between
different trees, associativity coherence, or five-input sewing convergence.

We identify the analytic Taylor coefficients with the original finite intermediate-weight con-
tractions, before any summation or reordering. Write

κj = hj −
∑
a∈Ij

λa, µj = hj + nj

Nj
, nj ∈ Z≥0, j = 1, 2.

The original IO L(0)-commutator and (9.16), with the continued logarithms log u = d log ξ and
log v = d log η, give the formal identity

(9.24) R−λD+
∑

a
λaξ−dκ1η−dκ2Φ̂Ti(ξd, ηd) =

∑
n1,n2≥0

Cn1,n2ξdn1/N1ηdn2/N2 .

The exponents are nonnegative integers and the map from the pair of relative-grade indices
to the exponent pair is injective. The local analytic realization therefore has precisely these
Taylor coefficients by uniqueness of the formal germ; no coefficient is introduced by analytically
re-expanding another channel.

Let Hi denote the continuation of the scalar obtained by removing the displayed lowest-weight
powers from fi. Initially Hi is the Taylor germ in (9.24). A small loop in either coordinate about
the origin returns this ordinary Taylor germ to itself. Every loop of Ω̃∗

i is a product of these two
generators, since its fundamental group is Z2. Continuation of this scalar therefore has trivial
monodromy, and the monodromy theorem makes Hi single-valued on Ω̃∗

i . This does not trivialize
the monodromy of other Ward solutions or of arbitrary pure braids.

At a generic point of either coordinate axis, the global finite Nilsson expression from Theo-
rem 5.16 is a finite sum of powers and powers of logarithms times meromorphic test factors. To
use single-valuedness correctly, fix the tangential variable in a small open set and group equal
transverse exponents modulo Z. For one group, continuation once around the axis acts as the
scalar e2πiλ times the unipotent translation log ξ 7→ log ξ +2πi. If the total scalar is invariant, the
highest nonzero logarithmic coefficient must vanish unless its degree is zero, and the remaining
exponent class must be integral. Apply this to the finitely many exponent classes, then to the
other axis. Consequently Hi has at worst integral Laurent poles along either axis. The conclusion
refers to this chosen scalar, not to all flat sections of the Ward connection. A single-valued
function need not be holomorphic (for example ξ−1), so a further argument is required. For each
axis the meromorphic extension has, locally, a finite Laurent principal part, whose coefficients are
holomorphic in the tangential variable away from the other axis (meromorphic at its intersection).
On overlaps these coefficients agree by uniqueness of the Laurent expansion; hence they continue
along the connected punctured axis. They vanish on a nonempty punctured segment near the
crossing, since (9.24) is a nonnegative Taylor germ on a whole bidisk, rather than merely an
asymptotic series. The one-variable identity theorem now kills every principal part along that
entire punctured axis. This remains valid even without assuming a globally uniform pole order
at the outset: the argument is local on the axis and then propagated through overlapping
neighborhoods. The function is thus holomorphic at every smooth point of both axes, and
Hartogs (or the already known Taylor germ) handles the crossing. We have obtained

Hi ∈ O(Ω̃i), Hi(ξ, η) =
∑

n1,n2≥0
Cn1,n2ξdn1/N1ηdn2/N2

as the ordinary Taylor expansion on the entire complete Reinhardt root domain, not merely as a
local branch continuation.

We bound each original finite weight-pair contraction. Set kj = d/Nj . On a closed polydisk
P σ ⊂ Pϱ ⋐ Ω̃i, let Mϱ = supP ϱ

|Hi|. Cauchy’s double contour formula gives, separately for each
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original weight pair,

Cn1,n2 = 1
(2πi)2

∫
|ξ|=ϱ1

∫
|η|=ϱ2

Hi(ξ, η)
ξk1n1+1ηk2n2+1 dη dξ.

All non-sparse Taylor coefficients are zero, since they are zero in the already identified convergent
germ at the crossing; uniqueness of analytic continuation retains these zeros throughout the
connected Reinhardt domain. Therefore the bound is for the original finite contraction Cn1,n2 ,
not a coefficient of a rearranged series, and gives

(9.25)
∑

n1,n2≥0
sup

(ξ,η)∈P σ

|Cn1,n2ξdn1/N1ηdn2/N2 | ≤Mϱ

2∏
j=1

1
1− (σj/ϱj)d/Nj

<∞.

This applies to the finite contraction at each pair before either infinite sum is formed; no
interchange of sums is assumed. Complete Reinhardt geometry gives, for every compact K̃ ⋐ Ω̃i,
a finite family of such nested origin-centred polydisks covering K̃ (one may choose their larger
polydisks independently inside the domain). Summing the corresponding positive majorants
gives ∑

n1,n2≥0
sup

(ξ,η)∈K̃

|Cn1,n2ξdn1/N1ηdn2/N2 | <∞.

For K ⋐ B ⊂ Ω∗
i with fixed logarithms, lift K to the root domain and multiply by the bounded

external factor RλD−
∑

a
λauκ1vκ2 . This proves (9.20) on the entire specified branch, with the

unchanged original coefficients and their fixed lowest-weight exponents. Finite sums over simple
internal choices and uniformity in R on compact nonzero logarithmic branches are immediate.

Finally, at (zA, zB, zC , zE) = (7, 6, 4, 0),

(9.26)

R u v
T1 4 1/2 1/2
T2 4 3/4 2/3
T3 7 4/7 1/2
T4 7 6/7 2/3
T5 6 1/6 2/3

and the three coupled quantities |u|(1 + |v|) for T1, T3 and |u| + |v| for T5 are respectively
3/4, 6/7, 5/6, all strictly less than 1. The two remaining pairs satisfy |u|, |v| < 1. These strict
inequalities persist in one complex physical neighborhood. The full framing and all logarithms
there are continued from the same original framed point by Lemma 3.4. The proof of the
convergence is internal to the Ward quotient, its regular-singular extension, and the Cauchy
estimate; the untwisted sewing-factorization results of [17] are used only as geometric comparison,
not as a twisted convergence theorem. □

Proposition 9.6. For X ∈ Cg and Y ∈ Ch, fix the formal canonical operator Ycan
X,Y of Theorem 4.3.

The realizations

(9.27) X ⊠P (z) Y = X ⊠ Y, Iz
X,Y = evlog z(Ycan

X,Y ) (z > 0, log z ∈ R)

are compatible with

(9.28) TX,Y
s,t = idX⊠Y (s, t > 0).

In these representatives, the associator aX,Y,Z of (8.11) is the fixed map bX,Y,Z of Theorem 8.3;
its actual product–iterate identity holds whenever

(9.29) z1 > z2 > z1 − z2 > 0,

with the real logarithms and the prescribed common framing. The crossed commutor cX,Y :
X ⊠ Y → TgY ⊠ X satisfies the identity of formal twisted intertwining operators
(9.30)

cX,Y Ycan
X,Y (x, z)y = Ω+

(
Ycan

TgY,X

)
(x, z)y = ezL(−1)Ycan

TgY,X(y, eπiz)x, log(eπiz) = log z + πi.
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Here y on the right is the underlying vector of TgY , and (9.30) is understood in the completed
output, coefficientwise in each L(0)-weight.

Proof. Fix X ∈ Cg and Y ∈ Ch and write U = UX,Y ∈ Cgh and Y = Ycan
X,Y ∈ I

( U
X Y

)
. For t > 0

put It = evlog t(Y); this is a P (t)-map in the precise image-space sense of Definition 2.5. For any
W ∈ Cgh, composition with the evaluation bijection gives

HomV (U, W ) ∼−−→ I
(

W

X Y

)
evlog t−−−−−→ IP (t),log t

(
W

X Y

)
,

f 7−→ fY 7−→ fIt.

The first arrow is the complete-operator representing property of Theorem 4.3; the second is
bijective by (2.6) and the definition of the P (t)-map space. A module morphism preserves L(0)-
weights, so evaluation commutes with its componentwise extension f . The displayed bijection
proves the P (t)-universal property for the same object U for every t > 0, including all finite
semisimple direct sums and multiplicity factors. It does not identify independently selected
representing objects without their unique universal isomorphisms.

For the positive interval γ : s → t, the logarithm at the endpoint is L2 = log t and its
continuation backwards is Lγ

1 = log s. Equation (2.8) therefore reads

TX,Y
s,t Is = evlog s(Y) = Is.

The identity of U satisfies this equation, and the P (s)-universal property makes it its unique
solution. Hence TX,Y

s,t = idU in these common representatives. For a winding path the backwards
logarithm may instead differ by 2πiZ, so no loop-transport identity is asserted. For the evaluation
used here, if x ∈ Xα, y ∈ Yβ and w′ ∈ (W ′)δ, Lemma 2.4 gives

⟨w′,Z(x, z)y⟩ = exp
(
(δ − α− β)(log z − L)

)
⟨w′, evL(Z)(x⊗ y)⟩

for every Z ∈ I
( W

X Y

)
. Thus one evaluation determines each output-weight coefficient, not an

arbitrary sum of different powers from one numerical value. The restricted dual separates the
product completion, and arbitrary algebraic inputs are finite sums of homogeneous ones.

Every arrow in (8.11) has the following source and target:

(X ⊠1 Y ) ⊠1 Z
TX⊠1Y,Z

1,2−−−−−−→ (X ⊠1 Y ) ⊠2 Z
A−1

3,2−−−→ X ⊠3 (Y ⊠2 Z)
idX ⊠3TY,Z

2,1−−−−−−−→ X ⊠3 (Y ⊠1 Z)
TX,Y ⊠1Z

3,1−−−−−−→ X ⊠1 (Y ⊠1 Z).

The ordered sectors of each intermediate tensor product are ghk. At the actual (z1, z2, 0) = (3, 2, 0)
placement, Theorem 8.3, including its original scalar realization and (8.10), identifiesA−1

3,2 = bX,Y,Z

in these common representatives; its existence and uniqueness were obtained there without
a pentagon. The other three arrows are identity maps by the preceding positive-transport
calculation, giving aX,Y,Z = bX,Y,Z .

If z1 > z2 > z1 − z2 > 0, then |z1| > |z2| > |z1 − z2| > 0. The two original contracted weight
sums, with their intermediate-weight projections exactly as in (8.8) and (8.9), are therefore
absolutely and locally normally convergent by Corollary 6.7. For homogeneous exterior inputs
of weights α, β, γ, δ their common scale factor is zδ−α−β−γ

2 , and the remaining variables are
q = (z1 − z2)/z2 ∈ (0, 1) and 1 + q. Theorem 8.3 identifies these very sums for the morphism
b, with the real choices log z2, log(z1 − z2) = log z2 + log q, and log z1 = log z2 + log(1 + q) and
the inherited rooted framing. Neither the constant representative nor its identity transports
alone would imply this analytic equality; the latter is the separate content of the previously
proved product–iterate comparison. Only the continuation paths and coherence identities already
established enter this argument.

The canonical target for the exchange is W = TgY ⊠1 X ∈ C(ghg−1)g = Cgh, where TgY ∈ Cghg−1

has the underlying vector space of Y but the pulled-back vertex action. Let W−1 = TgY ⊠P (−1) X
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and write Z−1 = Y−1
TgY,X for its universal formal operator, evaluated at L−1 = πi. Let Z1 = Ycan

TgY,X

be the canonical formal operator on W . From (2.10) at z = 1, with the source evaluation log 1 = 0,
we have the typed equality of completed W−1-valued maps

R1
X,Y I1

X,Y = ev0(Ω+Z−1).

Fix the upper-half-plane path γ : −1 → 1 of (4.8). Its backward continuation of log 1 = 0 is
log(−1) = πi, so the actual transport defining equation is

TTgY,X
γ evπi(Z−1) = evπi(Z1).

Because transport is a V -module isomorphism and preserves every L(0)-weight, evaluation
commutes with its completion. The injectivity of evπi from (2.6) now gives the formal identity

TTgY,X
γ Z−1 = Z1.

Furthermore, Ω+ commutes with a target module map: its definition (2.5) consists of applying
that map to the original operator and then ezL(−1), with which a V -module map commutes.
Therefore, using only cX,Y = TγR1

X,Y and the preceding three equations,

cX,Y Ycan
X,Y = Ω+

(
TγZ−1

)
= Ω+(Z1).

The skew definition then gives (9.30), with log(eπiz) = log z + πi; in particular each term of
exponent λ is multiplied by eπiλ, not e−πiλ. The output is the genuine gh-twisted module W ,
and Ω+ has the asserted type I

( W
X Y

)
since Tg−1(TgY ) = Y as labeled pullback modules. No

untyped identification Y ∼= TgY is made.
Finally, if πW

µ is a weight projection, the translation on the completed output is defined by
the finite formula

πW
µ ezLW (−1)H(z) =

∑
j≥0

zj

j! LW (−1)jπW
µ−jH(z), H(z) = Z1(y, eπiz)x.

There are only finitely many nonzero terms for fixed µ, since W is ordinary and lower bounded.
Thus this is an equality in W{z}, interpreted by its algebraic homogeneous coefficients; it does
not feed an arbitrary element of W into another intertwining operator. The restricted dual of
W separates all these coefficients. The complete-operator properties of the skew transform are
those of (2.5) and the cited Du–Huang skew theorem, with no crossed hexagon invoked. The
same upper-half-plane choice is the one fixed in (8.19); the identity TkTg = Tkgk−1Tk then makes
its conjugated sector labels agree with the current commutor normalization. □

Theorem 9.7. For A, B, C, E ∈ CG, the associator a−,−,− of Theorem 8.3 satisfies

(9.31) aA,B,C⊠E ◦ aA⊠B,C,E = (idA ⊠aB,C,E) ◦ aA,B⊠C,E ◦ (aA,B,C ⊠ idE)

as morphisms (((A ⊠ B) ⊠ C) ⊠ E)→ A ⊠ (B ⊠ (C ⊠ E)).

Proof. It suffices first to take homogeneous objects A ∈ Cg, B ∈ Ch, C ∈ Ck and E ∈ Cl. Write
M = A ⊠ B, Q = B ⊠ C, P = C ⊠ E. Put

U1 = ((M ⊠ C) ⊠ E), U2 = ((A ⊠ Q) ⊠ E),
U3 = A ⊠ (Q ⊠ E), U4 = A ⊠ (B ⊠ P ), U5 = M ⊠ P.

Every Ui lies in Cghkl: the sector at every binary vertex is the ordered product of the sectors of
its children. The five typed arrows are

(9.32)
e12 = aA,B,C ⊠ idE : U1 −→ U2, e23 = aA,Q,E : U2 −→ U3,

e34 = idA ⊠aB,C,E : U3 −→ U4, e15 = aM,C,E : U1 −→ U5,

e54 = aA,B,P : U5 −→ U4.
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Each a is the fixed P (1)-normalized map of Proposition 9.6, hence the induced maps in (9.32)
are determined by binary functoriality; no independent four-point comparison map is chosen.

Fix homogeneous a ∈ Aα, b ∈ Bβ, c ∈ Cγ , e ∈ Eϵ, and the jointly based physical placement

(9.33) (zA, zB, zC , zE) = (7, 6, 4, 0).

From (9.10) we obtain the five triples (R, u, v) of (9.26). The triple associated with each edge is,
in the actual physical coordinate of the relevant three-input subtree,

(9.34)

edge triple (z1, z2)
12 (A, B, C) (3, 2)
23 (A, Q, E) (7, 4)
34 (B, C, E) (6, 4)
15 (M, C, E) (6, 4)
54 (A, B, P ) (7, 6).

All five satisfy z1 > z2 > z1− z2 > 0, and their collision ratios are respectively 1/2, 3/4, 1/2, 1/2,
1/6. Here an internal coefficient q ∈ Qσ, m ∈Mµ, or p ∈ Pτ is inserted at the physical position
of the rightmost leaf of that subtree; its original coordinate dilation and lowest-weight powers
are those of the corresponding complete canonical operator. Thus (8.7) applies with the original
real logarithms. No path around a discriminant divisor is taken.

Write It
X,Y (x, y) = evlog t(Ycan

X,Y )(x⊗ y), t > 0, the completed canonical binary output; a use of
It as an input to another Is means only its individual homogeneous projections are inserted first,
followed by the indicated original intermediate-weight sum. This is the meaning of each original
four-input channel YTi ∈ Ui. By Proposition 9.5, for every restricted-dual test the two-grade sums
for all five Ti converge absolutely and locally normally on one physical neighborhood O of (9.33).
Indeed the five ratios at the displayed point strictly satisfy (9.19); the same holds throughout a
small simply connected O, on which the roots, external coordinates and logarithms are the jointly
inherited ones of Definition 3.6. To justify the completed channel, fix a final weight η. Choose
a basis of the finite-dimensional (Ui)∗

η; the convergence theorem applied to these finitely many
restricted tests produces the coordinates of one well-defined vector in (Ui)η. These vectors, over
all η, form an element of Ui; no assertion of convergence in the algebraic direct sum Ui is made.
A module homomorphism f preserves weights, so πηf = fπη and ⟨d′, fYTi⟩ = ⟨f ′d′, YTi⟩ for d′

restricted. In particular, the following desired five equations are well-typed scalar holomorphic
equalities:

(9.35)
〈
d′, eijYTi(a, b, c, e; z)

〉
=
〈
d′, YTj (a, b, c, e; z)

〉
, d′ ∈ U ′

j , z ∈ O.

We verify the edges separately, using only the three-input analytic identity of Theorem 8.3.
Put W = M ⊠ C and W ′ = A ⊠ Q, with a0 = aA,B,C : W →W ′. For each numerical weight

ν ∈ wt(W ′) and each fixed outer displacement t = zC − zE near 4, set

λ12
ν (w′) =

〈
d′, It

W ′,E(πW ′
ν w′, e)

〉
, w′ ∈W ′.

The functional vanishes on every weight except ν and therefore belongs to the restricted dual
(W ′)′

res; λ12
ν ◦ a0 ∈ (W )′

res, the restricted dual of the source module W . Naturality of the binary
universal map gives, at every fixed algebraic w ∈ W , a0 ⊠ idEIt

W,E(w, e) = It
W ′,E(a0w, e). For

the triple (A, B, C) the original complete analytic identity at (z1, z2) = (3, 2) reads

a0 I2
M,C(I1

A,B(a, b), c) = I3
A,Q(a, I2

B,C(b, c)),

where each side is expanded in its own intermediate weights. Pair this identity with λ12
ν , applying

it first to each algebraic projected coefficient of either expansion. It equates the full original
inside-grade contractions for the νth outer input weight on the two sides of 12. The test may
depend holomorphically on t; the three-input identity is valid for each such restricted test and
all parameters in the common local overlap. No unprojected completed W ′-vector has been fed
into the outer operator.
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Now W = Q ⊠ E, W ′ = B ⊠ P and a0 = aB,C,E : W → W ′. For ν ∈ wt(W ′) define, with
t = zA − zE near 7,

λ34
ν (w′) =

〈
d′, It

A,W ′(a, πW ′
ν w′)

〉
.

Again λ34
ν ∈ (W ′)′

res and λ34
ν a0 ∈ (W )′

res; these are the restricted duals of the target and source
respectively. Using the binary naturality in the second variable and then the original (B, C, E)
identity at (6, 4) yields

a0 I4
Q,E(I2

B,C(b, c), e) = I6
B,P (b, I4

C,E(c, e))

against this restricted test after projecting the outer W ′- weight ν. Thus edge 34 holds for the
original fixed νth outer coefficient. The input order here differs from edge 12: the exterior A
is the first argument of IA,W ′ , which is why λ34

ν is defined with the projection on the second
argument.

For 23 fix an actual algebraic coefficient qσ = πQ
σ I2

B,C(b, c) ∈ Qσ. The (A, Q, E) identity at
(7, 4) gives

aA,Q,E I4
A⊠Q,E(I3

A,Q(a, qσ), e) = I7
A,Q⊠E(a, I4

Q,E(qσ, e))

after the respective original middle-weight sums. For 15 instead fix mµ = πM
µ I1

A,B(a, b) ∈ Mµ;
the (M, C, E) identity at (6, 4) is

aM,C,E I4
M⊠C,E(I2

M,C(mµ, c), e) = I6
M,P (mµ, I4

C,E(c, e)).

Finally, for 54 fix pτ = πP
τ I4

C,E(c, e) ∈ Pτ ; the (A, B, P ) identity at (7, 6) gives

aA,B,P I6
M,P (I1

A,B(a, b), pτ ) = I7
A,B⊠P (a, I6

B,P (b, pτ )).

Every displayed identity is between completed three-input channels whose scalar realizations
are the original restricted- dual weight sums. Each fixed spectator vector is algebraic, and the
sectors of its module are respectively hk, gh, and kl. These are exactly the three allowed triples
in (9.34); no associativity or pentagon for four inputs is assumed.

Fix an edge i→ j, d′ ∈ U ′
j , and K ⋐ O. Its source scalar series is tested by the restricted vector

e′
ijd′ ∈ U ′

i , which is legitimate because eij preserves L(0)-weights. The convergence proposition
gives the two separate bounds

(9.36)
∑
µ,ν

sup
z∈K
|F (i)

µ,ν(z)| <∞,
∑
σ,τ

sup
z∈K
|F (j)

σ,τ (z)| <∞.

The dummy indices here deliberately refer to the actual two internal modules of each tree; in
general there is no term-by-term identification between (µ, ν) and (σ, τ). For edges 12 and 34,
first sum the triple associativity equality against λ12

ν or λ34
ν for each fixed outer weight ν; for

edges 23, 15, 54, first fix the indicated algebraic spectator coefficient and apply the corresponding
whole three-input analytic identity. Only then restore the spectator weights. The two M-tests
separately show that the tails of both original finite double truncations tend to zero uniformly
on K. Applying the fixed-coefficient identities before this limit yields the equality of the two
original scalar sums. This argument permits Tonelli/Fubini within each absolutely summable
series but never asserts a bijection of its weight-pair indices with those of the other tree. Analytic
uniqueness then gives (9.35) on the stated common holomorphic neighborhood, with the original
rooted paths and real logarithms of Definition 3.6.

Define Ftop = e34e23e12 and Fbottom = e54e15, both in HomV (U1, U4). All five edge identities
hold on the same O; thus application of the weightwise extended morphisms in their stated order
gives

(9.37) FtopYT1 = YT4 = FbottomYT1 weakly on O.

These are genuinely the same final channel, not merely two solutions of the same Ward differential
equations. There is no transport along an independent loop, and hence no separate monodromy-
cancellation identity is needed.
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Put H = Ftop − Fbottom ∈ HomV (U1, U4). For every d′ ∈ U ′
4 and homogeneous external

algebraic inputs,

(9.38)
〈
d′, H YT1(a, b, c, e; z)

〉
= 0 (z ∈ O).

Continue this zero germ along a positive collision-free path inside the connected T1 domain to
a neighborhood of its (u, v) = (0, 0) corner. Proposition 9.5 identifies the resulting convergent
generalized Laurent expansion with the original intermediate-weight coefficients. Write N =
M ⊠ C and U1 = N ⊠ E. For fixed homogeneous output weight η put

Kµ,ν,η(a, b, c, e) = πU1
η I1

N,E

(
πN

ν I1
M,C(πM

µ I1
A,B(a, b), c), e

)
∈ (U1)η.

This is an algebraic vector: every displayed projection has finite-dimensional image before the
next I1 is applied. For the tree T1 the contribution of this fixed pair of intermediate weights is

Rη−α−β−γ−ϵuν−α−β−γvµ−α−βKµ,ν,η(a, b, c, e).

The powers follow successively from the physical displacements Ruv (the AB cherry), Ru (the
ABC stem), and R (the final stem), by the L(0)-commutator. For fixed input and output weights
the pair of exponents distinguishes each numerical pair (µ, ν). Distinct fractional congruence
classes remain distinct after the common Kummer root substitution of the convergence theorem.
As H preserves weights, the vanishing in (9.38), coefficient uniqueness for convergent generalized
power series, and restricted-dual separation give

HKµ,ν,η(a, b, c, e) = 0 for all µ, ν, η, a, b, c, e.

If different simple summands have the same numerical weight, πM
µ and πN

ν include all of them, and
no spurious individual separation is required. Lemma 4.5, applied successively to the three binary
vertices, states that these algebraic vectors span the whole U1, not merely its completion. Hence
H = 0. This is precisely (9.31). Finally finite additivity extends the identity from homogeneous
sectors and homogeneous test vectors to all the indicated finite semisimple objects. No later
crossed hexagon, rigidity, or coherence result was used. □

9.2. The crossed hexagons. For X ∈ Cg, Y ∈ Ch, and Z ∈ Ck, we use the fixed branches of
(2.10) and (9.30) to prove (2.13)–(2.14). Throughout this subsection πM

η denotes the LM (0)-
weight projector of the ordinary twisted module M ; for a twisted intertwining operator, evL

means evaluation with the specified logarithm L (Definition 2.5).

Lemma 9.8. Let X ∈ Cg, Y ∈ Ch, and put

N = TgY ⊠ X, Z = Ycan
TgY,X , K = cX,Y Ycan

X,Y = Ω+Z.

For x ∈ Xα, y ∈ Yβ set λ = α + β and Zν = πN
ν Z(y, 1)x. For r > 0, with log r ∈ R, one has

(9.39) πN
η K(x, r)y = rη−λ

∑
j≥0

η−j∈wt(N)

eπi(η−j−λ)

j! LN (−1)jZη−j .

Here the sum is finite for each η, and the continuation along log r 7→ log r − πi satisfies

(9.40) evlog r−πi(K)(x⊗ y) = e−rLN (−1)Z(y, r)x, Ω−K = Z.

For a complete twisted intertwining operator O ∈ I
( W3

W1 W2

)
, m ∈W1, b ∈W2, the following are

identities after each fixed-output-weight projection:

(9.41)
O(etLW1 (−1)m, z)b = O(m, z + t)b,

O(m, z)etLW2 (−1)b = etLW3 (−1)O(m, z − t)b.

The series are Taylor expansions at t = 0 with |t| < |z| and compatible logarithms. In each of the
adjacent and block endpoints used below, the resulting identities of original three-input channel
functions hold as analytic germs on the indicated collision-free overlap.
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Proof. By (9.30), K = Ω+Z with the indicated V -module types; in particular Tg−1(TgY ) = Y . By
the L(0) commutator formula for an ordinary twisted intertwining operator ([10, Definition 2.8]),

Z(y, r)x =
∑

ν∈wt(N)
rν−λZν , LN (0)Zν = νZν ,

coefficientwise in N . Equation (3.1) of [10, Section 3] gives, on the branch log(eπir) = log r + πi,

K(x, r)y = erLN (−1) ∑
ν∈wt(N)

eπi(ν−λ)rν−λZν .

As LN (−1)Nν ⊆ Nν+1,

πN
η erLN (−1)Zν =


rη−ν

(η − ν)!LN (−1)η−νZν , η − ν ∈ Z≥0,

0, otherwise.

For fixed η, only 0 ≤ j ≤ ℜ(η) − BN can contribute, where BN ∈ R is a lower bound for
{ℜ(ν) : ν ∈ wt(N)}; thus the projected sum is algebraically finite. More precisely, every nonzero
summand has 0 ≤ j ≤ ⌊ℜ(η)−BN⌋ and ν = η − j; if this upper bound is negative, the entire
projection is zero. The projector πN

η−j is the projector onto the whole numerical weight space,
including all simple summands and multiplicity copies. The mode cosets are therefore not
identified or reordered. Substitution yields (9.39); there is no need to rearrange an unprojected
infinite series.

Continue the same expression along L(t) = log r − πit, 0 ≤ t ≤ 1. Every output weight η

acquires e−πi(η−λ) at t = 1. Hence

πN
η evlog r−πi(K)(x⊗ y) = rη−λ

∑
j≥0

η−j∈wt(N)

(−1)j

j! LN (−1)jZη−j

= πN
η e−rLN (−1)Z(y, r)x.

It follows coefficientwise that the first identity in (9.40) holds. Applying the defining Ω−
transformation, with its prescribed −πi substitution, gives

(Ω−K)(y, r)x = erLN (−1) evlog r−πi(K)(x⊗ y)
= Z(y, r)x.

Equality for r > 0 and each homogeneous input/output weight implies equality of the formal
operators by uniqueness of their generalized Laurent coefficients. This is the inverse skew-
symmetry assertion of [10, Section 3, Theorem 3.1]. The lower path re−πit is distinct from the
upper transport −1→ 1 defining c in (2.10): its backward logarithm at −1 is +πi. Thus (9.30)
and the present inverse substitution use compatible, explicitly specified branches; no triviality of
winding monodromy is asserted.

The L(−1)-derivative axiom and the translation commutator for O are

∂zO(m, z) = O(LW1(−1)m, z), [LW3(−1),O(m, z)] = O(LW1(−1)m, z),

where the second bracket uses the right action of LW2(−1). Exponentiating these two identities
coefficientwise gives (9.41). More explicitly, for a fixed output weight η,

πW3
η etLW3 (−1)v =

∑
j≥0

η−j∈wt(W3)

tj

j!LW3(−1)jπW3
η−jv,

which is finite because W3 is ordinary and lower bounded. This projector formula does not
imply that an exponential of a completed input can be substituted into an IO: if the input has
unbounded weights, infinitely many input-weight summands can contribute to one fixed output
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weight. We use the following precise coefficient convention instead. For algebraic homogeneous
m, b and d′ ∈ (W ′

3)η, write F (z) = ⟨d′,O(m, z)b⟩ = Czη−wt(m)−wt(b) on the selected logarithmic
branch, by Lemma 2.4. For the first translation identity, the coefficient of tn after pairing is
⟨d′,O(L(−1)nm, z)b⟩/n! = F (n)(z)/n!. Hence its sum is precisely the Taylor series of F (z + t)
and converges for |t| < |z| on a compatible branch. For the second translation identity the
commutator gives, for the same algebraic inputs,〈

d′,O(m, z)etLW2 (−1)b
〉

=
〈
e

tLW ′
3

(1)
d′,O(m, z − t)b

〉
.

The left is initially a formal power series in t; on the right e
tLW ′

3
(1)

d′ is a finite polynomial because
the restricted dual is ordinary and lower bounded. Each of its finitely many scalar IO coefficients
is a fixed complex power of z− t, so the right side converges for |t| < |z|. This proves the analytic
Taylor interpretation, including nonintegral weights, without claiming a general IO action on
completed inputs. Linearity handles algebraic vectors with finitely many weights.

For the first adjacent endpoint, let R > 0 and 0 < r < R/2. The −r substitution in (9.41)
yields

O(e−rLW1 (−1)m, R)b = O(m, R− r)b.

The terminal ratio q = r/(R − r) has 0 < q < 1, and the original iterate in the (R − r, r)
coordinates is normally convergent by Corollary 6.7. Its coefficientwise Taylor expansion is
the one obtained above. On every compact subdomain of this chamber the scalar original
intermediate-grade series (after pairing with W ′

3) converges normally; Cauchy integration on
a smaller polydisc identifies the Taylor coefficients of the sum with those of the continued
holomorphic germ. In particular the finite output-grade identities suffice: no exchange between
two uncontrolled infinite weight sums is used.

For the other adjacent endpoint let R > 2s > 0, B ∈ I
( M

U W

)
and O ∈ I

( D
A M

)
be the relevant

canonical operators. If a ∈ A, u ∈ U , v ∈W , and d′ ∈ D′ is homogeneous, then

(9.42)

〈
esLD′ (1)d′,O(a, R− s)e−sLM (−1)B(u, s)v

〉
=
〈
esLD′ (1)d′, e−sLD(−1)O(a, R)B(u, s)v

〉
=
〈
d′,O(a, R)B(u, s)v

〉
.

The first equality is the second formula of (9.41), with t = −s, but its completed middle input
requires a specific order of evaluation. Set vµ(s) = πM

µ B(u, s)v ∈Mµ. For each fixed µ, first take
the convergent Taylor series in the translation parameter −s and pair its result with the finite
algebraic vector esLD′ (1)d′. The inequality s < R− s (equivalently R > 2s) is precisely the radius
condition needed for this inner Taylor series. The preceding translation calculation gives the
exact identity 〈

esLD′ (1)d′,O(a, R− s)e−sLM (−1)vµ(s)
〉

Taylor
= ⟨d′,O(a, R)vµ(s)⟩.

Only after this fixed-µ equality is established do we sum over µ. The right-hand series is
the original product channel at (R, s), and is absolutely locally normally convergent since
R > s > 0, by Corollary 6.7. Thus the left-hand expression in (9.42) means this ordered
(translation-Taylor first, intermediate-weight second) scalar contraction. We do not assert
absolute convergence of the unrestricted two-index (µ, j) series, nor an extension of O to all of
M . The outer sum of these already evaluated Taylor coefficients is locally normal by its termwise
equality to the original product series. For the second, the restricted contragredient relation
⟨LD′(1)d′, w⟩ = ⟨d′, LD(−1)w⟩ implies ⟨esLD′ (1)d′, e−sLD(−1)w⟩ = ⟨d′, w⟩. The exponential on D′

is finite because LD′(1) strictly lowers the ordinary weight. On d′ ∈ D′ the exponential is a finite
algebraic sum; the middle-input exponential is handled in the fixed-µ Taylor order just specified,
not by the output-projector formula alone.

Finally, the right side of (9.42) is the original three-input product in the chamber R > s > 0;
the left side is evaluated in the smaller safe overlap R > 2s. By Corollary 6.7, the original
intermediate-grade contractions on both sides are absolutely and normally convergent there,
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after pairing with the indicated finite restricted-dual vectors. Consequently the ordered scalar
contraction just defined agrees with the original normally convergent three-input product and
determines the same analytic germ. This does not establish normal convergence for an arbitrarily
reordered double series of translation orders and intermediate weights; only the precisely displayed
contraction is used in the endpoint comparison. Derivatives of the original channel are controlled
by Cauchy formulas on smaller compact subdomains. The same argument applies to a block
exchange after fixing the other internal output grade: (9.40) is then a finite projector identity, and
the remaining actual grade sum is governed by the corresponding normal-convergence statement.
This proves the asserted endpoint legality without assuming either crossed hexagon. □

Lemma 9.9. Let
B3 = F3(C), B0 = F2(C∗),

ϑ : B3
∼−−→ B0 × A1,

(q1, q2, q3) 7−→ (q1 − q3, q2 − q3, p = q3).

Fix the based admissible-cover component, inertia labels, marked lifts and special roots of
Lemma 3.4. The anchored three-input differential Ward quotient Qan of Theorem 3.19 pulls back
along ϑ to the corresponding quotient Qphys on B3 (and their finite framed covers). For the
output restricted contragredient D′ the state-frame identification is

(9.43) Ip = idX⊗Y ⊗Z ⊗Up, Up = epLD′ (1), Ip+q = IpIq, I−1
p = I−p.

It intertwines the seed Ward actions and the differential closures. In fixed physical input frames
the common-translation connection is

(9.44) ∇phys
∂p

= ∂p + LX(−1) + LY (−1) + LZ(−1).

Consequently the resulting finite-rank flat quotient admits homotopy-invariant transport on the
full marked-lift and special-root atlas over every collision-free bounded path and endpoint-fixed
homotopy. No trivial-monodromy assertion on the unframed configuration space is made.

Proof. Put zi = qi−p and let τp(z) = z−p. Then zi ̸= 0, z1 ̸= z2, and B3 ≃ B0×A1 as displayed.
Translation τp fixes ∞ and takes the physical cover with branch points (q1, q2, p) to the anchored
cover with branch points (z1, z2, 0). The input local parameters agree: (z− qi) = (τp(z)− zi), i =
1, 2, 3, (z3 = 0). At∞, let s = z−1 = uN∞ be the physical coarse/root coordinates. The anchored
coordinates are

(9.45) w = (z − p)−1 = s

1− ps
, ρp,N∞(u) = u(1− puN∞)−1/N∞ , ρp,N∞(u)N∞ = w.

Here the N∞th root is the unique power series with constant term 1; in particular it preserves
the specified leading root. The binomial expansion, in the actual special-root coordinate, is

ρp,N (u) = u + p

N
uN+1 + N + 1

2N2 p2u2N+1 + O(p3).

Differentiating at p = 0 gives exactly N−1uN+1∂u; by (3.6) its infinitesimal module action is
−LD′(1), not −NLD′(1). Since w(s, p) = s/(1 − ps) satisfies w(w(s, p), q) = w(s, p + q), the
same is true of the uniquely based Nth roots. The action (3.6) gives

RD′,hD′ (ρp,N∞) = e−pLD′ (1), RD′,hD′ (ρp,N∞)−1 = Up.

The exponentials are finite on every d′ ∈ D′: LD′(1) strictly decreases ordinary weights, which
are bounded below. Formula (3.7), including its V -state transformation as in [14, Sections 5–6],
now gives for every invariant finite-rank current σ on the physical cover

(9.46) Ip Rphys(σ) = Ran(τ∗
p σ) Ip on X ⊗ Y ⊗ Z ⊗D′.

This is a conjugacy of residue operators in the chosen frames, not an identification of unframed
conformal blocks. At every finite input, the centered coordinate identity (z − qi) = ((z − p)−
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(qi − p)) makes the centered state action and its differential Jacobian identical; at the output
the comparison is RD′,hD′ (ρp,N∞)−1 = Up. For b ∈ V≤E the entire finite jet matrix, including all
L(j)b terms for j > 0, is included by (3.7). Both the input and output normalized residues use
the same inertia factors 1/Ni, and the based/deck pullback preserves their order. Thus each
individual local residue on the left becomes its corresponding anchored local residue on the right,
giving (9.46) after summation. This remains true for b = 1 and b = ω: the coarse translation is
Möbius, its Schwarzian derivative is zero, and the remaining finite Virasoro coordinate terms
are exactly those already in the full-state covariance law. Lemma 3.9 ensures that the two sides
act in the same finite state-current bundle; no infinite state completion has been invoked. Thus
IpJE,phys = JE,an. Also ρp,N∞ ◦ ρq,N∞ = ρp+q,N∞ , so (9.43) follows. The coarse transformation
in (9.45) is Möbius and has zero Schwarzian. The root map ρp,N is generally not Möbius when
N > 1; for example {ρp,N , u} = p(N2 − 1)uN−2 + O(p2). This is not an additional Ward scalar:
its full state-coordinate correction is already built into (3.7), and the infinitesimal action of the
relevant positive Virasoro subalgebra has no central cocycle. The global translation stress residue
therefore has no unaccounted central term.

To verify the connection, use the global translation vector field ∂z and its stress-tensor current.
At a finite marking its physical local vector field is ∂z−qi ; at infinity, in s = z−1 = uN∞ , it is
−s2∂s = −N−1

∞ uN∞+1∂u. By (3.6), the latter coordinate action is +LD′(1); the actual outgoing
Ward residue has the opposite sign because it acts in the restricted-contragredient output leg.
Thus the global current contributes +

∑
i LMi(−1)− LD′(1) to the seed Ward relation. Hence

the normalized seed relation on the anchored tensor is

LX(−1) + LY (−1) + LZ(−1)− LD′(1) ≡ 0 (mod JE,an).

There is no ramified scalar residue: for the finite constant vector field and the infinity quadratic
vector field, respectively, the vacuum term in (3.16) has powers u−Ni−1 and uN∞−1, neither of
which is u−1. The 1/Ni inertia normalization is that of Definition 3.11. Write D = LX(−1) +
LY (−1) + LZ(−1). For a section of the algebraic external tensor, the anchored connection along
the p-factor is ∂p, whereas (2.19) gives ∇phys

∂p
= ∂p + D. Since [Ip, D] = 0 and ∂pIp = LD′(1)Ip,

(9.47) ∇an
∂p

Ip − Ip∇phys
∂p

=
(
LD′(1)−D

)
Ip ≡ 0 (mod JE,an).

For each relative placement derivative δ(zi) the gauge is independent of zi; (9.46) and (2.19)
therefore give the analogous intertwining relation. Applying covariant derivatives repeatedly
proves

IpJdiff,phys = Jdiff,an, Qphys
∼−−→
Ip

ϑ∗ pr∗
B0 Qan

with their integrable connections. The inverse is I−p; local freeness and finite rank follow from
Theorem 3.19. Dualizing (9.44), a horizontal scalar functional satisfies

∂pΦ(w) = Φ(Dw) (w ∈ X ⊗ Y ⊗ Z ⊗D′).

We verify the framing. Over the smooth Hurwitz chart, a lift of each marking is a finite
deck choice. Once its physical coarse coordinate xi is fixed, two special roots uNi

i = xi differ by
precisely one ζi ∈ µNi : if u′

i = uia(uNi
i ), then (u′

i)Ni = uNi
i forces aNi = 1. Thus the choices of

marked lifts and leading root phases form a finite étale cover of the smooth Hurwitz chart; all
higher root coefficients are uniquely determined. For a root transition ζi = e2πiri/Ni , Lemma 3.10
prescribes on each simple ordinary block

(9.48) Si,ri = RMi,hi
(ζiui) = e−2πiri(LMi

(0)−hi).

Because [L(0), L(j)] = −jL(j) and j ∈ Z, Si,riL(j) = L(j)Si,ri for j = −1, 1. The associated field
covariance is (3.7); the factors Si,ri are not discarded, nor is monodromy around a noncontractible
loop declared trivial. A deck transition k ∈ H replaces (gi, Mi, b) by (kgik

−1, TkMi, kb), where
YTkMi(kb, x) = YMi(b, x), TkTl = Tkl. The cocycles can be checked on their actual types. For
fixed coarse coordinate, root phases satisfy Si,rSi,s = Si,r+s, with r + s understood modulo
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Ni: Si,Ni = id follows since the relative weights belong to N−1
i Z≥0. For a deck label k ∈ H

the typed identification satisfies TkRM,h(ρ) = RTkM,h(ρ)Tk, because k fixes ω and hence all
Virasoro operators. Therefore a successive deck pair k, l gives TkTl = Tkl, retaining the order
even when kl ≠ lk. More general changes of coarse special coordinates use the full group action
RM,h(ρ), not merely the leading root phase; the coordinate-action composition law of Lemma 3.10
supplies their transition cocycle, with the opposite-to-point-map convention used there. Finally
Up+q = UpUq and [Up, Si,r] = 0 for the output root gauge (the relative-weight phase commutes
with L(1)). Consequently the transition cocycles on the complete marked-root atlas preserve
both the seed Ward actions and the connection, by (3.7) and (9.47).

Finally, for a bounded collision-free path and a fixed-endpoint homotopy, choose a compact
neighborhood K ⋐ B3 of their images, and pull the finite marked-root cover back to K. Fix
an initial lifted point; lift each path and its homotopy from this point, without assuming a
global section over K. The full framed quotient is the above finite-rank flat connection, pulled
back from Theorem 3.19; its analytic parallel transport exists along these paths and is invariant
under fixed-endpoint homotopy [5, Chapter I, Section 2]. The homotopy-lifting property of the
finite étale cover identifies the terminal full frame for two homotopic lifts starting at the same
framed point. If a different endpoint root chart is subsequently chosen, (9.48) gives the required
(generally nonidentity) change of coordinates. The claim holds on the full framed atlas. □

Proposition 9.10. Let X ∈ Cg, Y ∈ Ch, Z ∈ Ck be ordinary twisted modules. Put et = e−πit

(0 ≤ t ≤ 1) and use the lower-half-turn convention of (9.40). The following four paths in F3(C)
are collision-free:

γ12(t) =
(

R + s + ret

2 ,
R + s− ret

2 , 0
)

, r = R− s, 0 < r < s,(9.49)

γ23(t) =
(

R,
s(1 + et)

2 ,
s(1− et)

2

)
, R > 2s > 0,(9.50)

γX|Y Z(t) =
(

R(1 + et)
2 ,

R(1− et)
2 + s,

R(1− et)
2

)
, R > s > 0,(9.51)

γXY |Z(t) =
(

s(1 + et)
2 + r,

s(1 + et)
2 ,

s(1− et)
2

)
, 0 < r < s.(9.52)

The first two paths exchange adjacent inputs; the last two exchange X with the block Y Z, and the
block XY with Z, respectively. Their endpoint identities are precisely the fixed cX,Y , cY,Z , cX,Y ⊠Z

and cX⊠Y,Z , together with the specified tensorators Jg
Y,Z and positive-real associators as needed

to change the displayed bracketing. These statements refer to the original normally convergent
weight sums, with the complete marked-root framing of Lemma 9.9. The chronological crossing
words of the two block paths are σ1σ2 and σ2σ1, respectively.

Proof. Write (pX , pY , pZ) for a configuration in (9.49)–(9.52). The pairwise differences, with
e = et, are the following actual functions, rather than schematic strands:

(9.53)

pX − pY pY − pZ pX − pZ (pX , pY , pZ)t=1
γ12 re (R + s− re)/2 (R + s + re)/2 (s, R, 0)
γ23 R− s(1 + e)/2 se R− s(1− e)/2 (R, 0, s)

γX|Y Z Re− s s Re (0, R + s, R)
γXY |Z r se r + se (r, 0, s).

For γ12, |(R + s ± re)/2| ≥ (R + s − r)/2 = s > r; for γ23, |R − s(1 ± e)/2| ≥ R − s > s. The
block paths have the respective inequalities |Re| = R > s and |se| = s > r, with remaining
nonzero differences bounded below by R − s and s − r. Thus all four curves remain in their
specified original iterate/product chambers and avoid every diagonal, including at both endpoints.
These bounds also hold uniformly on a small complex neighborhood of each compact image. For
fixed ordinary-module restricted-dual tests, the applicable original one-edge intermediate-weight
series are locally normally convergent there by Corollary 6.7; this statement is about the original
scalar series, not about arbitrary reordering of translation and weight sums. Along γ12 and γ23,
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respectively, one has

(9.54)
|pX − pY | = r < s ≤ |pY − pZ |,
|pY − pZ | = s < R− s ≤ |pX − pZ |.

Indeed the two unrotated anchors are circles of radii r/2 and s/2. The inequalities are strict in
the respective iterate and product chambers. Both paths therefore admit normally convergent
original three-input contractions throughout their images, by Corollary 6.7. At t = 1 their
ordered positions are (s, R, 0) and (R, 0, s). Apply the fixed-output-weight identity (9.40); the
remaining translations are (9.41) and (9.42). In particular their output factors are the actual
finite restricted-dual transforms epLD′ (1), not discarded scalar factors. Their endpoint canonical
types are (TgY : R, X : s, Z : 0), (X : R, ThZ : s, Y : 0). The first TgY and second ThZ agree
with the pullback types in (2.10); the sign of each half-turn is the −πi continuation in (9.40),
not an arbitrary choice of arg(−r).

To see exactly how the adjacent endpoint maps are obtained, let ZX,Y = Ycan
TgY,X and fix every

output weight η before making a continuation. The raw crossed map and the independently
checked inverse-skew identity give

evlog r−πi(cX,Y Ycan
X,Y )(x⊗ y) = e−rL(−1)ZX,Y (y, r)x.

The left side is continued along the actual ret separating coordinate of γ12. Its right-hand side
is compared with the positive-real terminal operator only after the translated output has been
paired with the finite dual gauge epLD′ (1). The identity in Lemma 9.8, equation (9.42), is precisely
the relevant finite-η comparison. For γ23 apply the same inverse-skew calculation to the inner
pair (Y, Z), with the outer original operator held fixed, and perform the Taylor sum before its
intermediate-weight sum. This yields the typed output (X, ThZ, Y ), not (X, Z, Y ). For the first
exchange the output is (TgY, X, Z), and the relevant maps are exactly the pre-existing cX,Y and
cY,Z (tensored with the spectator and transported by the pre-existing associator as required).
The comparison is between their actual matrix coefficients, not merely a permutation of the
input labels.

For the block paths, the inner relative coordinate has constant modulus, while the root
coordinate has constant modulus:

(9.55)
inner displacement root displacement other differences

γX|Y Z pY − pZ = s pX − pZ = Ret |pX − pY | = |Ret − s| ≥ R− s > 0
γXY |Z pX − pY = r pY − pZ = set |pX − pZ | = |r + set| ≥ s− r > 0.

Thus s < R and r < s are exactly the iterate-chamber inequalities for the root/block products
along these paths; no collision or loss of normal convergence occurs. Their terminal configurations
are (X : 0, Y : R + s, Z : R), (X : r, Y : 0, Z : s). The first root half-turn uses the twist g of X;
the second uses the twist gh of X ⊠ Y . For the first one, with M = Y ⊠ Z, the finite-weight
form of (9.40), followed by the translation of Lemma 9.9, cancels e−RL(−1) against the terminal
restricted-dual gauge UR = eRLD′ (1). The naturality defining the actual tensorator gives

(9.56) (Jg
Y,Z)−1 Tg

(
Ycan

Y,Z(y, s)z
)

= Ycan
TgY,TgZ(y, s)z,

interpreted after each internal weight projection. The same calculation on a homogeneous
coefficient πM

µ Ycan
Y,Z(y, s)z first transports it as a vector of TgM ; since Jg is an L(0)-preserving

module map, its inverse then acts on that µ-component, giving π
TgY ⊠TgZ
µ Ycan

TgY,TgZ(y, s)z. No
infinite completed input is passed to (Jg)−1 prior to its weightwise extension. The result is the
iterate with terminal positions (TgY : R + s, TgZ : R, X : 0); Theorem 8.3 identifies its original
sum with the product, since R + s > R > s > 0. At the other block endpoint the corresponding
finite projection is taken in X ⊠ Y , whose meridian is gh in the stipulated ordered product.
Consequently the first entry after exchange is TghZ. In the overlap s > r > s− r > 0 the existing
inverse associator maps the terminal product to the terminal iterate with no change of rooted
branch. For the second block, inverse skew and Us similarly give the product with positions
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(TghZ : s, X : r, Y : 0). In the overlap
s

2 < r < s, s > r > s− r > 0,

Theorem 8.3 supplies its inverse associator and identifies the corresponding iterate. In both
cases the cited calculations are on the actual finite projections; the remaining intermediate-grade
sums are locally normally convergent along the compact paths by Corollary 6.7. No equality of
hexagon composites is used here.

Finally, the nonconstant differences of the first block whose real parts cross zero are Ret − s
and Ret; their zeros in real projection occur successively at cos(πt) = s/R and cos(πt) = 0.
For the second block they are set and r + set, with crossings successively at cos(πt) = 0 and
cos(πt) = −r/s. At the crossing times their imaginary parts are strictly negative. Moreover
(9.55) excludes all collisions, and the inner strands never cross. A generic small perturbation gives
the same positive braid diagrams, hence the stated chronological words. Their Hurwitz action is
exactly (2.16), for the same input-ordered stems used in Lemma 6.2. In particular (aba−1)a = ab,
so the output meridian retains the inverse of the total input product. The complete triple grades
are carried by

(g, h, k) 7−→ (ghg−1, g, k) 7−→ (ghg−1, gkg−1, g),
(g, h, k) 7−→ (g, hkh−1, h) 7−→ (ghkh−1g−1, g, h).

These are the pullback labels of the four canonical commutors. The analytic root lifts are
obtained by lifting each path from its prescribed initial frame in the finite marked-root atlas, as
in Lemma 9.9; their terminal roots are compared with the deck transformations. The skew and
inverse-skew operations and their branch restrictions agree with [10, Section 3, Theorem 3.1 and
its following corollary].

We verify the endpoint-fixed homotopies of the two complete hexagon routes, including their
inserted positive-real motions. Keep the original names (X, Y, Z) for the three moving markings,
and use the global coordinates

(9.57) p = pZ , w = pY − pZ , q = pX − pZ

pY − pZ
, (pX , pY , pZ) = (p + qw, p + w, p).

They identify F3(C) with Cp × C×
w × (C \ {0, 1})q; in particular all three collision differences are

w, qw, (q − 1)w.
For the first hexagon take S < R < 2S and write r = R−S. The block path starts at (R, S, 0)

and ends at (0, R + S, R); its coordinates are w = S and q = (R/S)et. The adjacent route
consists, in temporal order, of γ12, the positive movement pY : R→ R + S, the exchange of the
then adjacent X, Z at fixed pY = R + S, and the positive movement pZ : S → R. On its two
rotating pieces, respectively,

q = a + bet

a− bet
, a = R + S

2 , b = R− S

2 ; q = Set

R + S/2 + (S/2)et
.

Both have ℑq < 0 for 0 < t < 1, while the inserted real motions avoid q = 0, 1. In addition
ℜw > 0 on both full routes. Hence, after an arbitrarily small negative imaginary perturbation of
q on their interior real segments, both routes lie in the convex product {ℜw > 0} × {ℑq < 0} at
all interior times, with their original endpoints fixed.

For the second hexagon take S/2 < r < S. Its block route starts at (S + r, S, 0) and ends
at (r, 0, S), with w = Set and q = 1 + (r/S)eπit. The adjacent route moves pX : S + r → 3S,
exchanges Y, Z, moves pX : 3S → S + r, exchanges the currently adjacent X, Z, and finally
moves (pX , pZ) : (S, S + r) → (r, S) within 0 < pX < pZ (always keeping pY = 0 on this last
piece). On its two rotating pieces the coordinates are, respectively,

(w, q) =
(

Set,
1
2 + 5

2eπit
)

, (w, q) =
(
−2S + r − ret

2 ,− 2ret

2S + r − ret

)
.

Here ℑw < 0 and ℑq > 0 on both open rotating arcs; the inserted real motions avoid w = 0 and
q = 0, 1. The block route has the same inequalities. Perturbing the interior real segments of w
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slightly downwards and those of q slightly upwards places both routes in {ℑw < 0} × {ℑq > 0},
again leaving endpoints unchanged.

For reference, the positive-real pieces omitted from the rotating-arc inequalities have the
following exact real restrictions. In the first route, after the XY exchange the motion of Y from
R to R + S has p = 0, w = pY > 0, and q = S/pY ∈ (0, 1); following the XZ exchange, the
motion of Z from S to R has p = pZ , w = R + S − pZ > 0, and q = −pZ/w < 0. In the second
route, X : S + r → 3S gives w = S, q = pX/S > 1; after the Y Z exchange, X : 3S → S + r
gives w = −S and q = 1− pX/S < 0; the terminal motion with 0 < pX < pZ gives w = −pZ < 0
and q = 1 − pX/pZ ∈ (0, 1). Thus every real piece avoids the deleted loci, and each enters
the indicated half-plane by the specified small perturbation. In each closed subarc on which a
difference has nonzero imaginary part, its sign is strict; at a joining point on the real axis its real
value is separated from 0 and 1, where applicable. Compactness of the full finite union of subarcs
therefore permits a single ε > 0 for which the entire straight perturbation is collision-free, even
arbitrarily close to its fixed endpoints.

To make the homotopies explicit, reparametrize each complete route on [0, 1], and in the first
case set q̃(t) = q(t)−iεt(1−t); in the second set w̃(t) = w(t)−iεt(1−t) and q̃(t) = q(t)+iεt(1−t).
For sufficiently small ε > 0 these perturbations, and their straight-line removal, avoid all deleted
loci. If subscripts blk, adj denote the two perturbed routes, interpolate their three coordinates by
(9.58) (pλ, wλ, qλ)(t) = (1− λ)(p, w, q)blk(t) + λ(p, w, q)adj(t), 0 ≤ λ ≤ 1.

Convexity keeps wλ ̸= 0 and qλ /∈ {0, 1} throughout; applying the inverse of (9.57) gives the
required endpoint-fixed homotopies in the full F3(C), rather than merely equality of braid
diagrams. For the differences (pX − pY , pX − pZ , pY − pZ) the continuous logarithm increments
from the initially positive-real branches are, respectively,

(−πi,−πi, 0) and (0,−πi,−πi).
Indeed, on the block curves the ordered separating coordinates have the factorizations

(pX − pY , pX − pZ , pY − pZ) =
{

(Ret − S, Ret, S), X | Y Z,

(r, r + Set, Set), XY | Z.

The nonconstant entries move strictly through the lower half-plane from positive to negative real
values when appropriate; the constant positive entries acquire no argument. Thus the displayed
logarithm increments are actual changes of continuously chosen logarithms, not a deduction
from the group-valued Hurwitz action. The explicit homotopy gives the same increments on the
adjacent routes. The moving third marking is retained in p; the fixed output point at infinity
is accounted for by the contragredient gauge of Lemma 9.9. Starting both routes at the same
complete framed point, lift these fixed-endpoint homotopies in the finite marked-root Hurwitz
atlas of that lemma and in the continuous logarithm covering. This identifies their terminal
typed based lifts, marking lifts, special roots, deck transports, and logarithms, not merely the
terminal unframed configurations. It does not assert trivial monodromy for an arbitrary pure
braid. □

For a concrete check of the same convention, use right-to-left composition of permutations
and take

g = (12), h = (23), k = (123) in S3.

Then gh = (123), hk = (13) and ghk = (132). The product and iterate nodes of Lemma 6.2
therefore have opposite labels ((13), (13)) and ((123), (132)), respectively; all four component
triples have product one. The two chronological block exchanges above give

((12), (23), (123)) σ1−→ ((13), (12), (123)) σ2−→ ((13), (132), (12)),

((12), (23), (123)) σ2−→ ((12), (132), (23)) σ1−→ ((123), (12), (23)).

Both terminal products are (132), and the output meridian stays (123). The labels change
by conjugation, with the corresponding pullbacks TgTh = Tgh; the root phases are still those
obtained by lifting the actual paths, not determined by this group calculation alone.
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Lemma 9.11. Let U be either of the canonical three-input bracketings of X, Y, Z, let N be an
ordinary output twisted module, and let F1, F2 ∈ HomV (U, N). Set

(9.59) Λi(d′; x, y, z; p) =
〈
d′, Fi YU (x, y, z; p)

〉
, d′ ∈ N ′, i = 1, 2,

where YU is the original canonical product or iterate with its specified full initial frame. Suppose
two paths γ1, γ2 in the collision-free three-point configuration space start at that frame, have the
same full framed endpoint up to its specified root/deck gauge, and are endpoint-fixed homotopic
after lifting from the same framed starting point. Assume that the actual normally convergent
continuations of (9.59), including the endpoint gauges, have identical scalar germs in two
independent terminal configuration variables for every x⊗ y ⊗ z and d′ ∈ N ′. Then F1 = F2.

Proof. Use the canonical differential Ward quotient Q of Definition 3.17, with ordered insertion
modules X, Y, Z, N ′ and the fixed original physical/root frames. It is finite-rank locally free,
with flat connection, by Theorem 3.19; its actual moving-frame identification is Lemma 9.9. For
each d′ ∈ N ′, the transpose F ′

i d
′ ∈ U ′ is again in the restricted dual, because Fi commutes with

L(0). Postcomposition of the canonical operators by Fi obeys the complete twisted-intertwining-
operator axioms. Theorem 6.12, applied to these actual input/output modules and to the
transported normally convergent original germs, implies Λi(Jdiff) = 0, ∂δΛi(w) = Λi(∇δw).
Thus Λ1 and Λ2 are horizontal sections of the same dual Q∨ at the initial frame. The three
input positions may be unanchored by Lemma 9.9; its output gauge and the root/deck gauges
intertwine the two Ward connections.

Write Pγi for the induced invertible parallel transports on the framed dual Q∨. The homotopy-
lifting property and flatness give

(9.60) Pγ1 = Pγ2 after the prescribed common terminal gauge.

This is an equality of transport maps between the same framed fibers, not an assertion of trivial
monodromy. By the hypothesis on the terminal germs, the evaluations of Pγ1Λ1 and Pγ2Λ2
on all algebraic external tensors coincide; hence these two terminal sections of Q∨ coincide.
Equation (9.60) and invertibility of parallel transport imply Λ1 = Λ2 on the original overlap.

This equality of horizontal functionals detects F1 − F2, rather than only its value on one
completed vector. It is important that endpoint agreement is a separate hypothesis: equality of
the two transport maps alone does not imply equality of two initially different horizontal sections.
Conversely, agreement of the terminal scalar germs for all algebraic external tests identifies the
two sections of the finite-rank terminal Ward dual, since those evaluations separate its underlying
quotient. Only then does invertible transport return equality to the initial framed fiber. Put
H = F1 − F2. On any nested convergence chamber, the scalar function〈

d′, H YU (x, y, z; p)
〉

= 0

is an original normally convergent generalized Laurent expansion. By uniqueness of its coefficients,
for a source U = (X ⊠ Y ) ⊠ Z one obtains

(9.61)
〈
d′, H πU

η Ycan
X⊠Y,Z

(
πX⊠Y

µ Ycan
X,Y (x, 1)y, 1

)
z
〉

= 0 (µ, η ∈ C).

For the iterated bracketing U = (X ⊠Y )⊠Z, let V = X ⊠Y , write x ∈ Xα, y ∈ Yβ , z ∈ Zγ , and
take the anchored positions (R(1 + q), R, 0) with R > 0, 0 < q < 1. For homogeneous d′ ∈ N ′

η,
the original scalar contraction of H has the normally convergent expansion

Rη−α−β−γ
∑

µ∈wt(V )
qµ−α−β

〈
d′, HπU

η Ycan
V,Z(πV

µ Ycan
X,Y (x, 1)y, 1)z

〉
.

Distinct numerical weights µ give distinct powers of q even when two irreducible summands
have the same lowest weight. A finite set of exponent cosets modulo Z can be separated by
continued logarithms and then by ordinary Laurent uniqueness on each coset. Since the scalar is
zero on a nonempty open set, the coefficient of every power vanishes. For the product bracketing
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U = X ⊠ (Y ⊠ Z) set W = Y ⊠ Z, take the anchored positions (R, Rρ, 0) with R > 0, 0 < ρ < 1,
and obtain instead

Rη−α−β−γ
∑

µ∈wt(W )
ρµ−β−γ

〈
d′, HπU

η Ycan
X,W (x, 1)

(
πW

µ Ycan
Y,Z(y, 1)z

)〉
.

The same independent exponent separation applies. Thus in both bracketings we recover every
actual doubly projected canonical coefficient, not merely an equality of completed vectors at
one numerical placement. In each formula the projections create genuine algebraic vectors, and
the map H preserves the outer weight η. Only numerical weights are separated: contributions
from distinct simple summands of equal numerical weight are kept together in πµ. Lemma 4.5
shows that these doubly projected vectors span the relevant source U . Since N ′ separates N ,
(9.61) (and its product counterpart) gives H = 0. All coefficient extractions follow from the
normal convergence supplied by Corollary 6.7; no formal series is identified with an analytic
germ without this step. □

Theorem 9.12. Let X ∈ Cg, Y ∈ Ch, and Z ∈ Ck. With TgTh = Tgh, the fixed maps a, c, J
satisfy both (2.13) and (2.14). Their common sources and codomains, respectively, are

L1 = (X ⊠ Y ) ⊠ Z, N1 = TgY ⊠ (TgZ ⊠ X),
L2 = X ⊠ (Y ⊠ Z), N2 = (TghZ ⊠ X) ⊠ Y.

The commutors are the fixed Ω+ maps of (9.30); their inverse endpoint calculations use the −πi
continuation in (9.40). No coherence identity is assumed in constructing these maps.

Proof. We give the object types, the two independent endpoint calculations, and the passage
from terminal germs to maps separately. In particular, path homotopy will not be used to assert
equality of two initially different horizontal sections.

For the first hexagon the adjacent composite has the chain

(X ⊠ Y ) ⊠ Z
cX,Y ⊠idZ−−−−−−→ (TgY ⊠ X) ⊠ Z

aTgY,X,Z−−−−−→ TgY ⊠ (X ⊠ Z)
idTgY ⊠cX,Z−−−−−−−−→ TgY ⊠ (TgZ ⊠ X),

whereas the block composite has the chain

(X ⊠ Y ) ⊠ Z
aX,Y,Z−−−−→ X ⊠ (Y ⊠ Z)

cX,Y ⊠Z−−−−−→ Tg(Y ⊠ Z) ⊠ X

(Jg
Y,Z)−1⊠idX

−−−−−−−−−→ (TgY ⊠ TgZ) ⊠ X
aTgY,TgZ,X−−−−−−−→ TgY ⊠ (TgZ ⊠ X).

For the second hexagon the adjacent chain is

X ⊠ (Y ⊠ Z)
idX ⊠cY,Z−−−−−−→ X ⊠ (ThZ ⊠ Y )

a−1
X,ThZ,Y−−−−−−→ (X ⊠ ThZ) ⊠ Y

cX,ThZ⊠idY−−−−−−−−→ (TgThZ ⊠ X) ⊠ Y,

and the block chain is

X ⊠ (Y ⊠ Z)
a−1

X,Y,Z−−−−→ (X ⊠ Y ) ⊠ Z
cX⊠Y,Z−−−−→ TghZ ⊠ (X ⊠ Y )

a−1
TghZ,X,Y

−−−−−−→ (TghZ ⊠ X) ⊠ Y.

All arrows are V -module maps in the sector ghk, since TgY ∈ Cghg−1 , TgZ ∈ Cgkg−1 and
TgThZ = TghZ ∈ Cghkh−1g−1 . The indicated inverse tensorator, not Jg

Y,Z , has the necessary source
and target. The maps a, c and J have already been constructed by Theorem 8.3, (9.30) and
Proposition 8.5; no hexagon is used in their definitions. Fix algebraic x ∈ X, y ∈ Y , z ∈ Z and
d′ in the restricted dual of the displayed common target. By finite linearity we may first assume
these vectors homogeneous.

Take independent R, S > 0 with S < R < 2S and put r = R− S. The initial labeled positions
are (X : R, Y : S, Z : 0). The block path γX|Y Z of (9.51) ends at (X : 0, Y : R + S, Z : R),
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keeping the Y Z relative distance S and the root/block distance R. For an internal weight µ of
M = Y ⊠ Z put

vµ = πM
µ Ycan

Y,Z(y, S)z ∈Mµ.

This is an algebraic vector. The inverse-skew formula (9.40) on this coefficient gives, in the
prescribed terminal frame, the contraction〈

URd′, e−RL(−1)Ycan
TgM,X(Tgvµ, R)x

〉
, UR = e

RLN′
1

(1)
.

The complete output translation is interpreted after a fixed output-weight projection, as in
Lemma 9.8. Restricted contragredience gives ⟨URd′, e−RL(−1)w⟩ = ⟨d′, w⟩. For every µ, the
defining tensorator identity (9.56) is

(Jg
Y,Z)−1Tgvµ = πTgY ⊠TgZ

µ Ycan
TgY,TgZ(y, S)z.

Hence, after applying the specified inverse tensorator, the root contraction is exactly the original
iterate of the pair of complete operators with inner displacement S and outer displacement R.
Since R > S > 0, the original product–iterate identity of Theorem 8.3, with its positive-real
logarithms and original restricted-dual weight sums, identifies its analytic germ with

(9.62) F1(R, S) =
〈
d′,Ycan

TgY,TgZ⊠X(y, R + S)Ycan
TgZ,X(z, R)x

〉
.

The displayed operator pair is its original intermediate-weight sum, not an operator evaluated
on an arbitrary completed input.

The first lower-half exchange γ12 ends at (TgY : R, X : S, Z : 0). The relevant inner gap
is r = R − S, which satisfies 0 < r < S; hence the needed original three-input associativity
comparison is in its strict overlap. Move the TgY marking from R to R + S while keeping X : S,
Z : 0. As R + S > 2S, the second lower-half exchange of (X, Z) is an admissible instance of γ23,
with the spectator TgY at R + S. It ends at (TgY : R + S, TgZ : S, X : 0). Precisely here the
output-translation comparison is, for a fixed internal coefficient and then its normally convergent
sum, 〈

USd′,Ycan
TgY,TgZ⊠X(y, R)e−SL(−1)Ycan

TgZ,X(z, S)x
〉

=
〈
d′,Ycan

TgY,TgZ⊠X(y, R + S)Ycan
TgZ,X(z, S)x

〉
.

(9.63)

The equality is (9.42) with its outer parameter R + S and shift S; the source in the left-hand
operator is therefore R, not an independently chosen numerical value. This choice matches the
same positive-real motions used in Proposition 9.10. Finally move the TgZ marking from S to
R, keeping TgY : R + S and X : 0 fixed. Throughout, R + S > R ≥ S > 0; this is the original
product chamber, and the terminal evaluation is exactly (9.62). Thus both first-hexagon routes
give the same actual terminal scalar analytic function for all S < R < 2S, not only for R = 3S/2.

Here restrict further to S/2 < r = R− S < S. The initial positions are (X : R, Y : S, Z : 0),
and the inverse associator changes the canonical product bracketing to (X ⊠ Y ) ⊠ Z on the
strict overlap S > r > S − r > 0. The block path γXY |Z keeps X − Y = r and ends at
(X : r, Y : 0, Z : S). Its skew transformation is by the ordered gh-twist; its terminal product,
including the inverse-skew phase and restricted-dual output gauge, is〈

d′,Ycan
TghZ,X⊠Y (z, S)Ycan

X,Y (x, r)y
〉

.

At each internal weight one uses the actual TghZ-typed opposite field and then the output-frame
cancellation; no completed inner output is treated as algebraic input. Applying the original
inverse associator in S > r > S − r > 0 gives the common terminal iterate

(9.64) F2(R, S) =
〈
d′,Ycan

TghZ⊠X,Y

(
Ycan

TghZ,X(z, S − r)x, r
)

y
〉

.

Start with X : R, Y : S, Z : 0; move X to 3S (the product condition 3S > S remains strict),
exchange (Y, Z) along γ23, and move X back to R with (ThZ : S, Y : 0) fixed. The inverse



G-CROSSED TENSOR CATEGORIES 143

associator is now applied at (X : R, ThZ : S, Y : 0), where 0 < r = R − S < S. The adjacent
exchange of (X, ThZ) is an instance of γ12 with separation r and external marking Y : 0; its
terminal ordered labels are (TgThZ : R, X : S, Y : 0). After the complete inverse-skew and
translation comparison, the original terminal iterate at these positions is〈

d′,Ycan
TghZ⊠X,Y

(
Ycan

TghZ,X(z, r)x, S
)

y
〉

.

This is the actual endpoint before the last positive-real motion. Move the two positive positions
along

b(τ) = (1− τ)R + τS, d(τ) = (1− τ)S + τr, 0 ≤ τ ≤ 1.

The inner displacement b(τ)− d(τ) remains strictly between 0 and d(τ): both inequalities are
affine in τ , and at the endpoints they read 0 < r < S and 0 < S− r < r (the latter uses r > S/2).
Consequently the original iterate remains locally normally convergent, and its final value is (9.64).
The pullback is the strictly ordered functor TgTh = Tgh, not Thg.

These four calculations are statements about original complete intertwining operators. More
precisely, fix a restricted-dual vector, an internal numerical weight µ, and an algebraic input
before applying the skew or tensorator formulas. The projector πµ makes the intermediate
argument algebraic, J and every associator preserve its weights, and Up = e

pLN′
i
(1) is finite on

the restricted dual. Translations of completed outputs are taken only after fixed output-weight
projection. For a translated input, we use the ordered Taylor interpretation of Lemma 9.8, not
an undefined substitution of a vector of M into another operator.

The resulting scalar identity is also an identity of normally convergent original series, rather
than a formal rearrangement. Indeed, the compact real path pieces above, and sufficiently small
complex neighborhoods of them, stay within the explicit strict original convergence margins
of (9.54), (9.55) and the positive-real product–iterate overlaps. Corollary 6.7 supplies normal
convergence of the original intermediate-weight sums. On a smaller complex parameter polydisc,
Cauchy’s formula allows derivatives of those sums to be computed termwise; the complete IO
L(−1)-identities and the full-frame gauges identify the resulting analytic germs. Their Taylor
continuation is thus justified at the level of the normally convergent function and need not be
interchanged with an unrelated infinite intermediate-weight sum. Where two IO channels have
different intermediate weight indices, Theorem 8.3 compares the two original normally convergent
sums as analytic functions; it does not assert a coefficient-by-coefficient bijection of their indices.

For the first route the independent positive variables (R, S) range over {S < R < 2S}. For
the second they range over {3S/2 < R < 2S}, where r = R − S and S/2 < r < S. The two
terminal coordinate maps are

(R, S) 7−→ (R + S, R), (R, S) 7−→ (S, r),

with respective Jacobian determinants −1 and −1. Their images contain nonempty real two-
dimensional open sets inside the corresponding complex product or iterate convergence chambers.
Both routes of each hexagon therefore give one and the same specified rooted scalar analytic
function (9.62) or (9.64) on a real open set. Local normal convergence gives complex holomorphic
germs about every such point; applying the one-variable identity theorem successively in the
two independent complex parameters upgrades this to equality of the full terminal two-variable
germs. The argument uses the same continuous logarithms and rooted output gauge on each
route, with no assertion of trivial monodromy along an unrelated path.

Proposition 9.10 proves that the block and adjacent routes with the same initial frame are
endpoint-fixed homotopic in F3(C), including all of the positive-real pieces just used. The lifted
homotopy in the full marked-root atlas of Lemma 9.9 identifies their terminal roots, based and
marked lifts, noncommutative deck transports and continuous logarithms. The three separating-
coordinate increments are, in order, (−πi,−πi, 0) for the first hexagon and (0,−πi,−πi) for the
second; they cannot be suppressed. Thus the equality of terminal analytic germs above holds
after the same specified terminal gauge, not merely on the same unframed positions.

The composites in the two type diagrams at the beginning are actual V -module maps
Hadj

i , Hblk
i : Li → Ni. Postcomposing the fixed original canonical three-input channel of
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Li with either map gives a horizontal restricted-dual Ward functional in the same finite-rank
framed connection, by Theorem 6.12 and Lemma 9.9. Homotopy identifies the two transport
maps, but does not by itself identify the two horizontal functionals; the latter identification
is precisely the independent terminal-germ calculation above. Lemma 9.11 now applies, once
to (L1, N1) and once to (L2, N2). Its proof recovers every doubly projected original canonical
coefficient from generalized-Laurent uniqueness and uses Lemma 4.5 for their algebraic span,
together with restricted-dual separation. It yields

Hadj
1 = Hblk

1 , Hadj
2 = Hblk

2 .

These are (2.13) and (2.14). Naturality and finite additivity of the preceding canonical operators,
associators, commutors and tensorators extend both identities to finite semisimple direct sums
and then to arbitrary objects of CG. □

10. Rigidity and the main theorem

10.1. Contragredient pairings and equivariantization.

Lemma 10.1. Let D(X) = X ′ be the restricted contragredient. There is a canonical weightwise
identification ϑk,X : TkDX

∼−→ D(TkX), under which

D : Cop
G

∼−→ CG, D2 ∼= id, D(Cg) = Cg−1 , DTk
∼= TkD.

For each X ∈ CG there is a natural morphism eX : X⊠DX → V , nonzero when X ̸= 0, satisfying

eY (f ⊠ idDY ) = eX(idX ⊠Df), f : X → Y,(10.1)
eTkX = j−1

k Tk(eX) Jk
X,DX(idTkX ⊠ϑ−1

k,X), k ∈ G,(10.2)

where the second identity has source TkX ⊠ D(TkX) and target V ; all tensorators are those
constructed in Proposition 8.5.

Proof. For a homogeneous X ∈ Cg, the restricted dual is DX =
⊕

λ X∗
λ. The DLM contragredient

identity reads
⟨YDX(v, z)x′, x⟩ =

〈
x′, YX(ezL(1)(−z−2)L(0)v, z−1)x

〉
,

with the inherited logarithm. Its twist is g−1. Ordinary, finite-dimensional homogeneous spaces
make D2X → X the canonical weightwise bidual isomorphism; Df is the restricted transpose of
f , so D(f2f1) = Df1Df2. For every k ∈ G, kω = ω ensures that k−1 commutes with L(0), L(1)
on the V input. Consequently the two displayed contragredient formulas for TkDX and D(TkX)
agree coefficientwise:

⟨YTkDX(v, z)x′, x⟩ =
〈
x′, YX(ezL(1)(−z−2)L(0)k−1v, z−1)x

〉
= ⟨YD(TkX)(v, z)x′, x⟩.

Thus ϑk,X is the identity on the underlying restricted dual spaces, not an identification of unrelated
twisted module structures. Its naturality and the coherence ϑkl,X = ϑk,TlX Tk(ϑl,X) follow on
each weight space from the strict identity TkTl = Tkl. The construction commutes with finite
direct sums, including multiplicity spaces, and takes the zero object to zero.

The normalized invariant form (1, 1) = 1 on the simple, self-contragredient CFT-type VOA V
is unique. Since each k fixes 1 and ω, (kv, kw) is another normalized invariant form. Therefore
(kv, kw) = (v, w), and the identification ι : V

∼−→ V ′ is G-equivariant. The unit comparison
jk : V → TkV is v 7→ k−1v, with inverse j−1

k represented by k; it is not the identity of twisted
V -modules.

Let now 0 ̸= X ∈ Cg. The actual g-twisted vertex operator Y g
X ∈ I

( X
V X

)
has the complete IO

properties required by the skew theorem. Hence the chosen lower-half transform ΓX = Ω−Y g
X ∈

I
( X

X V

)
satisfies

ΓX(x, z)1 = ezLX(−1)x.
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Indeed this is the vacuum-creation identity, since the other input is 1 and the logarithm of z is
fixed. For Y ∈ I

( W3
W1 W2

)
Du–Huang’s contragredient transformation used here is〈

(A+Y)(w1, z)w′
3, w2

〉
=
〈
w′

3,Y(ezLW1 (1)eπiLW1 (0)z−2LW1 (0)w1, z−1)w2
〉
.

Theorem 3.3 of [10] gives its complete IO axioms and its precise output type
(Tg1 W ′

2
W1 W ′

3

)
, where

W1 ∈ Cg1 . In the present instance W1 = X, W2 = V , W3 = X, so

AX := A+(ΓX) ∈ I
(

TgV ′

X DX

)
, EX := j−1

g ι−1AX ∈ I
(

V

X DX

)
.

Here ι−1 between TgV ′ and TgV is the corresponding pullback of the same module map; j−1
g

has source TgV . The product sector is gg−1 = 1, so the output really can be V . The binary
universal property supplies a unique eX : X⊠DX → V such that eXYcan

X,DX = EX . No categorical
evaluation or duality is used.

Choose a simple direct summand of X, a lowest L(0)-weight h in that summand, 0 ̸= x ∈ Xh

supported there, and x′ ∈ (DX)h with ⟨x′, x⟩ ≠ 0. Since L(1)x = 0 on this lowest-weight vector,
the V ′ vacuum coefficient, calculated from the preceding definition rather than from a categorical
evaluation, is 〈

AX(x, z)x′, 1
〉

= eπihz−2h〈x′, ΓX(x, z−1)1
〉

= eπihz−2h⟨x′, x⟩ ̸= 0 (z > 0).

The first bracket uses the canonical pairing V ′×V ; the weight-h projection of ez−1L(−1)x is exactly
x. Thus AX , EX , and, by their universal factorization, eX are nonzero, even for nonintegral h.
This calculation holds for an arbitrary complex lowest weight on the selected branch.

For f : X → Y in the same sector, fΓX(x, z)v = ΓY (fx, z)v and f commutes with all Virasoro
modes. The defining A+ matrix coefficient therefore gives, for every x ∈ X, y′ ∈ DY and v ∈ V ,

⟨AY (fx, z)y′, v⟩ = ⟨y′, fΓX(ezL(1)eπiL(0)z−2L(0)x, z−1)v⟩ = ⟨AX(x, z)(Df)y′, v⟩.

After the identical V ′ → V and j−1
g maps, the binary universal property proves (10.1). This

argument applies to all morphisms, rather than only scalar morphisms of simple objects.
For k ∈ G, on the common underlying vector space one has ΓTkX(x, z)v = ΓX(x, z)k−1v.

Because k commutes with all L(n), the A+ definition yields

⟨ATkX(x, z)x′, v⟩ = ⟨AX(x, z)x′, k−1v⟩.

Through the invariant form this equality identifies the output vector of ATkX with k times that of
AX ; before this identification their targets are different pullbacks of V ′. Applying the appropriate
j−1 maps then gives the V -valued complete IO equality ETkX = kg AX on the common underlying
spaces, where kg = (kgk−1)k is the ordered product. On the other side, the defining tensorator
identity for Jk identifies the pullback of the original canonical binary IO with the canonical IO on
(TkX, TkDX). Inserting ϑ−1

k,X : D(TkX)→ TkDX, its composite with j−1
k Tk(eX) has the same

V -valued complete IO coefficients kg AX . Uniqueness in the binary universal property proves
the fully typed (10.2). All equalities use the same +πi branch of A+; there is no commutation of
k and g.

For X =
⊕

g∈G Xg, take DX =
⊕

g DXg, with DXg ∈ Cg−1 . By finite biadditivity of ⊠,
define eX as the direct sum of the canonical homogeneous pairings on Xg ⊠ DXg and as zero on
Xg ⊠ DXh for g ≠ h. These cross summands have degree gh−1 ̸= 1, so any morphism from them
to V ∈ C1 vanishes. On each diagonal summand the preceding operator proof applies, including
the individual simple and multiplicity blocks; the sum is finite, natural, and G-covariant because
Tk permutes degrees by conjugation. If X ̸= 0, at least one homogeneous diagonal block has a
nonzero pairing. □

Lemma 10.2. The equivariantization B := CG
G is a finite semisimple C-linear braided monoidal

category with simple unit u = (V, (j−1
k )k∈G). Its forgetful functor U : B → CG is faithful, exact
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and strong monoidal. Every simple X = (X, u) ∈ B satisfies

u | (DX, uD) ⊠ X, uD
k := D((uk)−1) ϑk,X : TkDX −→ DX,

where u |W means that u is a direct summand of W . No rigidity assertion is made here.

Proof. An equivariant object is (X, u) with uk : TkX
∼−→ X, u1 = idX , and ukl = ukTk(ul). The

action tensorator has source TkX ⊠ TkY and target Tk(X ⊠ Y ), so the induced structure is

uX⊠Y
k = (uX

k ⊠ uY
k )(Jk

X,Y )−1, uu
k = j−1

k .

To check the cocycle, first apply the inverse of Jkl
X,Y = Tk(J l

X,Y )Jk
TlX,TlY

and then the naturalities
of Jk and ukl = ukTk(ul). Both resulting maps from Tkl(X ⊠ Y ) to X ⊠ Y are

(
uX

k Tk(uX
l ) ⊠

uY
k Tk(uY

l )
)
(Jkl

X,Y )−1. The unit cocycle is j−1
kl = j−1

k Tk(j−1
l ). Proposition 8.5 gives precisely the

associator and unit compatibility needed for these maps to be equivariant morphisms. Thus they
define a monoidal category before rigidity.

For (X, u) and (Y, v), let X =
⊕

g Xg be the finite homogeneous decomposition. The direct
sum of the component maps

βXg ,Y := (vg ⊠ idXg )cXg ,Y : Xg ⊠ Y −→ Y ⊠ Xg

defines βX,Y : X ⊠ Y → Y ⊠ X; an individual Xg need not itself be an equivariant object.
The maps are natural isomorphisms because the crossed commutors and every vg are. To
check equivariance on the TkXg component, put a = kgk−1. Crossed-braiding equivariance of
Proposition 8.5 has the precisely typed form

Tk(cXg ,Y )Jk
Xg ,Y = Jk

TgY,Xg
cTkXg ,TkY ,

and the equivariant cocycle gives the equality of maps from TkgY to Y ,

va Ta(vk) = vak = vkg = vk Tk(vg).

Naturality of c and J now identifies βX,Y uX⊠Y
k with uY ⊠X

k Tk(βX,Y ), component by component;
no identification of Xg as an equivariant object was made.

With associators in the indicated directions, the ordinary hexagon identities are

βX,Y ⊠Z = a−1
Y,Z,X(idY ⊠βX,Z)aY,X,Z(βX,Y ⊠ idZ)a−1

X,Y,Z ,

βX⊠Y,Z = aZ,X,Y (βX,Z ⊠ idY )a−1
X,Z,Y (idX ⊠βY,Z)aX,Y,Z .

In the first equation for Xg, expand the left side as(
((vY

g ⊠ vZ
g )(Jg

Y,Z)−1) ⊠ idXg

)
cXg ,Y ⊠Z

and apply the first crossed hexagon (2.13), then the naturality of a with respect to vY
g , vZ

g . The
resulting five maps are exactly the first ordinary hexagon above. For the second equation for
Xg, Yh, expand its left side as

(
vZ

gh ⊠ idXg⊠Yh

)
cXg⊠Yh,Z . Apply (2.14) and use in that order

vZ
gh = vZ

g Tg(vZ
h ), the naturality of c for vZ

h : ThZ → Z, and the naturality of a. This gives precisely
the second displayed ordinary hexagon. These computations are valid for every homogeneous
pair, and finite biadditivity extends them to arbitrary equivariant objects. Consequently B is
braided monoidal; neither proof uses duals or the conclusion of Proposition 10.3.

The underlying category CG is finite semisimple over C. Exactness of each pullback Tk makes
the kernel and cokernel of an equivariant map stable under the induced equivariance isomorphisms.
If p : X ↠ Y is equivariant, take an underlying splitting s : Y → X and define

(10.3) s̃ = 1
|G|

∑
k∈G

uX
k Tk(s) (uY

k )−1.

Every summand has source Y and target X; because p is equivariant and ps = idY , each
summand satisfies puX

k Tk(s)(uY
k )−1 = idY . Conjugating the summands by the equivariance at l
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and reindexing k 7→ lk gives s̃ uY
l = uX

l Tl(s̃). Thus ps̃ = idY and every equivariant epimorphism
splits; this uses |G|−1 ∈ C but no duality. Underlying finite length and splitting show that B is
semisimple and idempotent complete.

For M ∈ CG set Ind(M) =
⊕

k∈G TkM . Its equivariance on Tl Ind(M) =
⊕

k TlkM sends the
summand indexed by k to the identical summand indexed by lk; left multiplication gives the
cocycle since TlTk = Tlk. For equivariant (X, u), the components pk = uX

k : TkX → X and
ik = |G|−1(uX

k )−1 : X → TkX assemble into equivariant morphisms p : Ind(UX) → X and
i : X → Ind(UX). Indeed on the summand labeled k, equivariance of p is precisely ulk = ulTl(uk),
and equivariance of i is its inverse; moreover pi = |G|−1∑

k idX = idX . Writing S1, . . . , Sr for
the finitely many simple underlying types and decomposing UX into a finite direct sum of them
shows that every simple of B is a direct summand of one of the finitely many objects Ind(Sj).
Thus the number of simple isomorphism classes is finite. Finite-dimensionality of the underlying
Hom spaces gives the same for HomB. Since Uu = V is simple, u is simple and EndB(u) = C.
The forgetful functor is faithful, exact, and strong monoidal: on the underlying tensor object its
structure map is the identity, and equivariance of that identity is exactly the already verified
formula for uX⊠Y

k .
Now define the equivariant contragredient without presupposing it to be a rigid dual. For

(X, u) put
uDX

k := D((uX
k )−1) ϑk,X : TkDX −→ DX.

Its type is correct since (uX
k )−1 : X → TkX, so D((uX

k )−1) : D(TkX) → DX. To check the
cocycle, use

(uX
kl)−1 = Tk((uX

l )−1)(uX
k )−1

and contravariance, together with the naturality and coherence of ϑ proved in Lemma 10.1. The
resulting common map from TklDX to DX is

D((uX
k )−1)D(Tk((uX

l )−1))ϑk,TlX Tk(ϑl,X),

which is both uDX
kl and uDX

k Tk(uDX
l ). Hence (DX, uD) is a well-defined object of B.

The pairing is a morphism in B. Indeed its equivariance condition, written with source
TkX ⊠ TkDX and target V , is

eX(uX
k ⊠ uDX

k ) = j−1
k Tk(eX)Jk

X,DX .

Apply (10.1) with f = uX
k : TkX → X, and precompose its second input with D((uX

k )−1)ϑk,X .
The composite D(uX

k )D((uX
k )−1)ϑk,X equals ϑk,X , so the left side becomes eTkX(idTkX ⊠ϑk,X).

Equation (10.2) makes this exactly the right side. If X ̸= 0, the underlying eX is nonzero by
Lemma 10.1, and the faithful forgetful functor detects this.

For a nonzero simple object X ∈ B, the braiding βDX,X : DX ⊠ X
∼−→ X ⊠ DX is an

isomorphism in B; hence
ẽX = eXβDX,X : DX ⊠ X −→ u

is a nonzero morphism in B. The unit is simple, so ẽX is an epimorphism. Semisimplicity gives
a section i : u→ DX ⊠ X with ẽXi = idu. Therefore u | DX ⊠ X. This is only a unit retract
and makes no claim that DX is a categorical dual or that any triangle identity holds; those are
separate questions for Proposition 10.3. □

10.2. Rigidity and the proof of the main theorem.
Proposition 10.3. The G-graded monoidal category CG is rigid. If X ∈ Cg is homogeneous, its
left and right duals can be chosen in Cg−1.

Proof. Write B = CG
G and u = (V, (j−1

k )k∈G). We apply the rigidity criterion of Etingof–Penneys
in B, then transfer the resulting duals to CG. No duality on CG is used in the first step.

By Lemma 10.2, B is an additive, idempotent-complete (hence Cauchy complete), C-linear
braided monoidal category. It has finite-dimensional Hom spaces, finitely many simple isomor-
phism classes, finite semisimple decompositions, and EndB(u) = C. In particular each nonzero
simple object is indecomposable. These properties were established without invoking rigidity.
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Choose representatives S1, . . . , Sm and a nonzero simple S ∈ B. Set

(NS)ji = dimC HomB(Sj , S ⊠ Si) (1 ≤ i, j ≤ m).

Semisimplicity and Schur’s lemma identify this integer with the multiplicity of Sj in S ⊠ Si; the
matrix has finitely many nonnegative integral entries. By biadditivity, for every n ≥ 1,

S⊠n ≃
m⊕

i=1
S

⊕ai(n)
i , a(n + 1) = NSa(n),

where a(n) is the column of multiplicities. No positivity, invertibility or faithfulness of NS is
required. Put A = max{1, ∥NS∥1}, where ∥NS∥1 = maxi

∑
j(NS)ji, and put c = ∥a(1)∥1 ≥ 1.

Since a(n) has nonnegative entries,∑
i

ai(n) = ∥a(n)∥1 ≤ cAn−1, dimC EndB(S⊠n) =
∑

i

ai(n)2 ≤ c2A2n−2.

To verify the strict factorial bound, take n = 2r, with r an integer larger than 2A4 and log2(c2).
Then (2r)! ≥ rr > (2A4)r > c2A4r−2; the last inequality uses 2r > c2 and A ≥ 1. Thus
dim End(S⊠n) < n! for this n, including when some tensor powers vanish. This is precisely the
moderate-growth condition of [12, Theorem 1.1].

For the same simple S, Lemma 10.2 constructs an actual equivariant object DS and an
equivariant split epimorphism

ẽS : DS ⊠ S −→ u, iS : u −→ DS ⊠ S, ẽSiS = idu .

In particular DS is an object of B (not yet identified with a categorical dual), and the retract is
in the required order Y ⊠ S, with Y = DS. This is precisely non-negligibility in the sense of
Etingof–Penneys; no triangle identity has entered the argument. Consequently every nonzero
simple S is indecomposable, non-negligible, and of moderate growth in the Cauchy complete
braided category B, with finite-dimensional Hom spaces and scalar unit endomorphisms. By
[12, Theorem 1.1], it admits both a left and a right categorical dual, including evaluation and
coevaluation maps satisfying the respective two triangle identities.

Duals extend to finite direct sums independently of pivotal or spherical structure. If Si has
a left dual Li, let X =

⊕
i Si, L =

⊕
i Li. Define ev : L ⊠ X → u to be the evaluation on each

Li ⊠ Si and zero on Li ⊠ Sj for i ̸= j; define coev : u→ X ⊠ L as the sum of the coevaluations
followed by the diagonal biproduct inclusions. Both snake composites have zero off-diagonal
components and their i-th diagonal component is the corresponding triangle for Si; thus they
are the identity of

⊕
i Si and

⊕
i Li, respectively. With right evaluations on Si ⊠ Ri and right

coevaluations into Ri ⊠ Si, the same componentwise calculation gives both right triangles. The
zero object has zero as either dual, its identity being the zero morphism. Hence B is rigid.

For equivariant objects A, B, the equivariant tensor product has underlying object UA⊠UB and
equivariance uA⊠B

k = (uA
k ⊠ uB

k )(Jk
UA,UB)−1. Thus the tensorator µA,B : UA ⊠ UB

∼−→ U(A ⊠ B)
of U is the identity on that underlying object; its unit constraint µ0 : V

∼−→ Uu is also the identity.
The monoidal coherence follows from the associator and unit compatibility already checked in
Lemma 10.2. In general, for a strong monoidal functor F with tensorator µ and unit µ0, the
images of left evaluation ϵA : L ⊠ A→ u and coevaluation ηA : u→ A ⊠ L are

µ−1
0 F (ϵA)µL,A : FL ⊠ FA→ u, µ−1

A,LF (ηA)µ0 : u→ FA ⊠ FL.

The first and second triangle diagrams are the images of the original triangles, using the functor’s
associator/unit coherence. For a right dual R, the corresponding maps are µ−1

0 F (ϵr
A)µA,R and

µ−1
R,AF (ηr

A)µ0; their two triangles follow from the same coherence. Braidedness, fullness and
essential surjectivity of F are not used. In particular U preserves both kinds of duality.

For an arbitrary, not necessarily homogeneous, X ∈ CG, use the actual equivariant object

X̃ = Ind(X) =
⊕
k∈G

TkX ∈ B.
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For each l ∈ G, its equivariance ul : TlX̃ =
⊕

k TlkX → X̃ identifies the summand indexed by k
on the source with the summand indexed by lk on the target. Left multiplication k 7→ lk gives
ulTl(ut) = ult, by TlTt = Tlt, so these are valid equivariant structure maps. The direct sum is
finite; put P = UX̃ =

⊕
k∈G TkX. Its k = 1 summand is T1X = X, giving actual inclusion and

projection maps

i : X −→ P, r : P −→ X, ri = idX , p = ir ∈ EndCG
(P ), p2 = p.

They are maps in CG also for inhomogeneous X. Because X̃ is rigid in B and U is strong
monoidal, P has both duals in CG. We construct both duals of its retract X, without appealing
to a duality functor on the whole of CG.

Let L = P ∨ be a chosen left dual of P , with ϵ : L⊠P → V and η : V → P ⊠L. All associators
a and unitors l, r below are those of CG. The two triangles for P and L are

rP (idP ⊠ϵ)aP,L,P (η ⊠ idP )l−1
P = idP ,(10.4)

lL(ϵ ⊠ idL)a−1
L,P,L(idL ⊠η)r−1

L = idL .(10.5)

Define, for h : L ⊠ P → V , the map

Φ−1(h) := lL(h ⊠ idL)a−1
L,P,L(idL ⊠η)r−1

L : L −→ L, Φ(t) := ϵ(t ⊠ idP ).

The first and second displayed triangles, together with the naturality of a, l, r, give respectively
ΦΦ−1(h) = h and Φ−1Φ(t) = t. For example, in the coherent strict notation the latter reads
(ϵ ⊠ idL)(t ⊠ idP ⊠ idL)(idL ⊠η) = t, by the triangle for L; the former is ϵ(Φ−1(h) ⊠ idP ) = h by
the triangle for P . Thus Φ is a bijection, proved using only the chosen dual of P . Define the left
transpose

p∨ := Φ−1(ϵ(idL ⊠p)
)

: L→ L.

Its defining equation is the first of

(10.6) ϵ(p∨ ⊠ idP ) = ϵ(idL ⊠p), (p ⊠ idL)η = (idP ⊠p∨)η.

For the second equation, the map Θ(f) := rP (idP ⊠ϵ)aP,L,P (f ⊠ idP )l−1
P from Hom(V, P ⊠ L) to

End(P ) is bijective, with inverse t 7→ (t ⊠ idL)η, by the same triangles and coherence. Applying
Θ to both sides of the claimed equation gives p: for the first side use (10.4), and for the second
side use the defining equation for p∨ and (10.4). Injectivity of Θ proves the second transpose
identity. Also Φ((p∨)2) = ϵ(idL ⊠p2) = Φ(p∨), hence (p∨)2 = p∨.

Split this idempotent in the finite semisimple category CG:

p∨ = js, j : X∨ → L, s : L→ X∨, sj = idX∨ .

Then p∨j = j and sp∨ = s. The maps

ϵX = ϵ(j ⊠ i) : X∨ ⊠ X → V, ηX = (r ⊠ s)η : V → X ⊠ X∨

are both well typed. Their complete, non-strict triangle identities to be verified are

rX(idX ⊠ϵX)aX,X∨,X(ηX ⊠ idX)l−1
X = idX ,(10.7)

lX∨(ϵX ⊠ idX∨)a−1
X∨,X,X∨(idX∨ ⊠ηX)r−1

X∨ = idX∨ .(10.8)

The calculation uses the parenthesizations determined by a, l, r in (10.7)–(10.8). Functoriality
and naturality of these constraints give, for the first left-hand side,

(idX ⊠ϵX)(ηX ⊠ idX)
= r(idP ⊠ϵ)(idP ⊠js ⊠ idP )(η ⊠ i)
= r(idP ⊠ϵ)(idP ⊠ idL ⊠p)(η ⊠ i) by (10.6)
= r(idP ⊠ϵ)(η ⊠ pi) = ri = idX by (10.4) and pi = i.
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For the second left-hand side one obtains

(ϵX ⊠ idX∨)(idX∨ ⊠ηX)
= s(ϵ ⊠ idL)(j ⊠ ir ⊠ idL)(idX∨ ⊠η)
= s(ϵ ⊠ idL)(p∨j ⊠ idP ⊠ idL)(idX∨ ⊠η) by (10.6)
= s(ϵ ⊠ idL)(j ⊠ η) = sj = idX∨ by (10.5) and p∨j = j.

Thus (10.7) and (10.8) hold, with the actual non-strict associators and unitors, proving that X∨

is a left dual.
Independently choose a right dual R = ∨P , with ϵr : P ⊠ R → V and ηr : V → R ⊠ P . Its

right triangle identities, with the opposite parenthesizations to the left case, are

lP (ϵr ⊠ idP )a−1
P,R,P (idP ⊠ηr)r−1

P = idP ,(10.9)

rR(idR ⊠ϵr)aR,P,R(ηr ⊠ idR)l−1
R = idR .(10.10)

The map Ψ(q) = ϵr(idP ⊠q) from End(R) to Hom(P ⊠ R, V ) has inverse

Ψ−1(h) = rR(idR ⊠h)aR,P,R(ηr ⊠ idR)l−1
R , h : P ⊠ R −→ V.

The two right triangles show ΨΨ−1 = id and Ψ−1Ψ = id, by the right-hand analogues of the two
explicit snake computations above. Set ∨p = Ψ−1(ϵr(p ⊠ idR)). Then

(10.11) ϵr(idP ⊠ ∨p) = ϵr(p ⊠ idR), (∨p ⊠ idP )ηr = (idR ⊠p)ηr.

Indeed the latter identity follows by applying the bijection

f 7−→ lP (ϵr ⊠ idP )a−1
P,R,P (idP ⊠f)r−1

P

(
f : V → R ⊠ P

)
,

whose inverse is t 7→ (idR ⊠t)ηr; both sides have image p, by (10.9) and the defining transpose
identity. Uniqueness gives (∨p)2 = ∨p, since p2 = p. Choose a splitting

∨p = jrsr, jr : ∨X → R, sr : R→ ∨X, srjr = id∨X .

It follows that ∨pjr = jr. Put

ϵr
X = ϵr(i ⊠ jr) : X ⊠ ∨X → V, ηr

X = (sr ⊠ r)ηr : V → ∨X ⊠ X.

The two correctly typed right triangles, retaining the associators and unitors, are

lX(ϵr
X ⊠ idX)a−1

X,∨X,X(idX ⊠ηr
X)r−1

X = idX ,(10.12)

r∨X(id∨X ⊠ϵr
X)a∨X,X,∨X(ηr

X ⊠ id∨X)l−1
∨X = id∨X .(10.13)

Their component calculations, with the parenthesizations of (10.12)–(10.13) restored by coherence,
are independent of the left calculations:

(ϵr
X ⊠ idX)(idX ⊠ηr

X)
= r(ϵr ⊠ idP )(i ⊠ jrsr ⊠ idP )(idX ⊠ηr)
= r(ϵr ⊠ idP )(pi ⊠ idR ⊠ idP )(idX ⊠ηr) by (10.11)
= r(ϵr ⊠ idP )(i ⊠ ηr) = ri = idX by (10.9);

(id∨X ⊠ϵr
X)(ηr

X ⊠ id∨X)
= sr(idR ⊠ϵr)(idR ⊠ir ⊠ jr)(ηr ⊠ id∨X)
= sr(idR ⊠ϵr)(∨p ⊠ idP ⊠jr)(ηr ⊠ id∨X) by (10.11)
= sr

∨p(idR ⊠ϵr)(ηr ⊠ jr) = sr
∨pjr = srjr = id∨X by (10.10).

This verifies (10.12) and (10.13). Therefore every object of CG has both left and right duals.
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Let X ∈ Cg and decompose the constructed left dual X∨ =
⊕

h∈G Lh according to the external
G-grading. Because Lh ⊠X ∈ Chg and X ⊠Lh ∈ Cgh whereas V ∈ C1, the evaluation ϵX vanishes
on Lh ⊠ X for h ≠ g−1, and the coevaluation ηX factors through X ⊠ Lg−1 . The homogeneous
projections and inclusions are morphisms of CG, and the associator preserves each sector because
its source and target have the same ordered product of degrees. Hence restricting both maps
to Lg−1 retains the X-triangle, as all its nonzero terms already lie in that sector. The second
triangle restricted to Lg−1 remains its identity, by naturality of the associator and unitors with the
corresponding inclusion and projection. More strongly, on each Lh with h ≠ g−1, the L-triangle
has a zero evaluation component, hence is the zero endomorphism of Lh; since the full triangle is
idX∨ , this forces Lh = 0. Thus even the chosen left dual has no non-inverse component.

For the right dual write ∨X =
⊕

h Rh. Now X ⊠ Rh ∈ Cgh and Rh ⊠ X ∈ Chg. The right
evaluation is zero on X ⊠ Rh for h ≠ g−1, and the right coevaluation factors through Rg−1 ⊠ X.
The right X-triangle and right Rg−1-triangle persist by the same sector-preserving naturality;
the second right triangle vanishes on any Rh, h ̸= g−1, and forces it to be zero. Consequently
X∨, ∨X ∈ Cg−1 . For X = 0, choosing both duals to be zero is compatible with all triangles and
with every sector. This completes the proof. □

Proof of Theorem 1.1. By Proposition 2.2, every object of each Cg is a finite direct sum of
ordinary irreducibles, there are finitely many simple types, and Cg ̸= 0. Kernels and cokernels of
module maps, and the images of their idempotents, are again such finite direct sums. Lemma 4.2
therefore gives finite-dimensional Hom spaces and scalar endomorphisms of simples. Since G is
finite, the external direct sum CG is a finite semisimple, idempotent-complete C-linear abelian
category. Its cross-sector Hom spaces vanish by definition, and its homogeneous projections are
morphisms.

Theorem 4.3 represents the entire operator space of Definition 2.3, naturally in both inputs
and every output in Cgh. With P (1) and log 1 = 0 this gives HomV (X ⊠ Y, Z) ∼= I

( Z
X Y

)
and

X ⊠ Y ∈ Cgh. Additivity of the four complete-operator axioms gives a C-bilinear, biadditive
tensor bifunctor on the external direct sum. Every exact sequence splits, so this functor is exact
in each variable. The unitors of Lemma 4.4 identify its unit with the simple adjoint module
V ∈ C1. Every sector is nonzero, so the external G-grading is faithful; none of these arguments
commutes two group elements.

Theorem 7.13 constructs the weak node module before Proposition 7.14 uses twisted regularity.
Proposition 7.15 and Theorem 7.18 give the complete node operators and the all-mode kernel
relation. Together with the original convergence of Corollary 6.7, Theorem 7.19 gives actual
product–iterate factorization. The natural morphisms b : L→ R, c : R→ L of Lemmas 8.1 and
8.2 satisfy bc = idR, cb = idL. Theorem 8.3 identifies a = b with the canonical positive-real P (z)
normalization and retains the original product–iterate identity. This construction precedes and
does not use the pentagon.

Proposition 8.4 gives the triangle and lV = rV . Theorem 9.7, using Propositions 9.5 and
9.6, gives the pentagon for this same associator. Proposition 8.5 gives the strong monoidal
pullbacks Tk, their natural tensorators Jk, and unit maps jk, including their associator and
unitor compatibility and (2.11). Thus TkTl = Tkl and T1 = id are strict identities of underlying
functors, with identity action compositors; the tensorators themselves need not be identities.
Pullback sends Cg to Ckgk−1 .

The crossed commutors are natural isomorphisms by Lemma 4.4 and Proposition 8.5. Their
upper-half-plane Ω+ normalization is (9.30), proved in Proposition 9.6. Proposition 8.5 proves
the equivariance identity (2.12), and Theorem 9.12 proves both (2.13) and (2.14), with their
displayed ordered sectors. The corresponding unit comparisons, for X ∈ Cg, are

rXcV,X = lX , lX(j−1
g ⊠ idX)cX,V = rX .

Indeed the first is the complete-operator equality Ω+ΓX = YX . For the second, after identifying
TgV with V by j−1

g , the represented operator is ezL(−1)YX(gv, eπiz)x; twisted equivariance
identifies this with ezL(−1)YX(v, e−πiz)x = ΓX(x, z)v. The binary universal property gives both
displayed morphism identities. Hence the monoidal action, equivariance and two crossed hexagons
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are exactly the data and diagrams in [13, Definition 8.24.1, (8.104)–(8.107)], specialized to identity
action compositors.

Finally Lemma 10.1 constructs a nonzero pairing without presupposing a categorical dual.
Lemma 10.2 constructs a finite semisimple braided monoidal equivariantization, its strong
monoidal forgetful functor and the required unit retracts before rigidity is invoked. Proposi-
tion 10.3 applies the Etingof–Penneys criterion there and transfers both duals to CG, including
all four triangle identities and X∨

g , ∨Xg ∈ Cg−1 . Thus CG is a fusion category and the preceding
data give the asserted faithfully G-graded, G-crossed braided fusion structure. □

Use of AI tools. ChatGPT (OpenAI) was used in mathematical exploration, literature searching,
preparation of preliminary drafts, proof checking, language editing, and LATEX typesetting. The
author assumes full responsibility for the mathematical arguments, references, and final text.
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