CLASSIFICATION OF STRONGLY RATIONAL VERTEX OPERATOR
ALGEBRAS WITH CENTRAL AND EFFECTIVE CENTRAL CHARGE
ONE

SHUN XU

ABSTRACT. We classify the strongly rational vertex operator algebras whose central charge
and effective central charge are both one. Every such algebra is isomorphic to one of
VL7 V[T ) V,ff 5 VAS 14 ) V,fls )

where L ranges over the positive-definite even lattices of rank one and A, = v/27Z.

1. INTRODUCTION

The classification of rational vertex operator algebras at central charge one is a basic rank-
one problem in the structure theory of vertex operator algebras. The expected list is classical:
positive-definite rank-one lattice vertex operator algebras, their Zs-orbifolds, and the three
polyhedral orbifolds of the root-lattice vertex operator algebra. Earlier characterizations of
the individual models often assumed that the ambient vertex operator algebra decomposes as
a sum of highest-weight modules for the Virasoro algebra L(1,0); see, for example, [9, 10, 8].
This is automatic in the unitary setting, but it does not follow formally from rationality of
the ambient vertex operator algebra.
Our purpose is to remove that Virasoro complete-reducibility hypothesis. We call a vertex
operator algebra strongly rational if it is simple, rational, Cs-cofinite, self-contragredient, and
of CFT type. For a rational vertex operator algebra V', we write ¢ for its effective central
charge.
Let

Ay = Za, (o, ) = 2,
and identify
Va, & Lg,(1,0), Aut(Vy,) = PSLy(C) = SO3(C).

2020 Mathematics Subject Classification. Primary 17B69; Secondary 18M15, 81R10.
Key words and phrases. vertex operator algebra, central charge one, orbifold, lattice vertex operator

algebra, tensor category, invariant theory.


https://orcid.org/0009-0006-8080-8107

2 SHUN XU

We regard Ay, Ss, As as the tetrahedral, octahedral and icosahedral rotation subgroups of
SO3(C).

Our main theorem is the following.

Theorem 1.1. Let V' be a simple, rational, Cy-cofinite, self-contragredient vertex operator
algebra of CFT type. Assume
c(V)y=¢V)=1.
Then there exists a positive-definite even lattice L of rank one such that V' is isomorphic to
one of
Vi, |5 Vi, Vit Vi,
In particular, no assumption that V' is completely reducible as an L(1,0)-module, or that V

is a direct sum of Virasoro highest-weight modules, is needed.

There are two parts to the proof. Dong and Jiang’s modularity theorem, together with the
classical completeness result at ¢ = 1, restricts the vacuum character to the five families in
Theorem 1.1; see Theorem 2.2. We then prove that each of these characters determines the
corresponding vertex operator algebra. The lattice character is handled by Dong—Mason’s
effective-central-charge theorem. For the remaining four characters, we work only with
semisimple subcores of the ambient L(1,0)-module.

The mechanism is as follows. Set
X, = L(1,m?), m € Zo.
The finite direct sums of the X,, form a symmetric tensor category
Csq ~sym Rep PSLy(C),

with X, corresponding to the (2m + 1)-dimensional irreducible representation Ws,,. This
equivalence includes the associativity and braiding, not only the fusion rules. Its normaliza-

tion comes from the compact orbifold
Vi) = L(1,0),

so the associativity and braiding are the ordinary symmetric ones on Rep PSLy(C).
Suppose that square simple Virasoro modules are embedded in a vertex operator algebra

V. A theorem of Creutzig-McRae—Yang implies that the coefficient image of an intertwining
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operator between two C;-cofinite modules is again grading restricted and C4-cofinite. The
P(z)-tensor-product universal property realizes this image as a quotient of
a+b
X.BXx,= P X,
Jj=la—b|
The image is consequently semisimple and belongs to the square subcategory. Iteration
produces the required semisimple core even when V' | L(1,0) is not semisimple.

For the three polyhedral characters, the first deviations from the vacuum character occur
at conformal weights 9,16,36. The invariant bilinear form produces a primary vector at
that weight, and a pairing argument at the first singular level shows that its cyclic Virasoro
module is X3, Xy, Xg, respectively. The square core generated by this module corresponds
to a finitely generated commutative PSLy(C)-algebra B. Since BYS2(©) = C, affine GIT
supplies a unique closed orbit G/H and a quotient

B — O(G/H).

The first invariant degree identifies H as Ay, Sy, A5. Comparison with the prescribed graded
character then shows that the quotient is an isomorphism.
The V;" branch uses a different reconstruction. Its square core is generated by a weight-

four primary, corresponding under Rep PSLs(C) to
W4 = Symg(C?’)

When the weight-four primary space is one-dimensional, the invariant quadratic form and
the unique quadratic covariant yield scalar relations. Their common zero scheme is the
homogeneous orbit G/N(T'), and hence

(L(1,0), Xo) = M(1)*.

The first lattice primary is then extracted orthogonally as an irreducible M (1)"-module
M(1,X). The tensor-category theorem of Adamovi¢, Lin, and Yang supplies the ambient
braided category, while the genuine compact O(2)-action on the rank-one lattice VOA V7,
fixes the symmetric normalization of the relevant integral-charge subcategory. This subcat-
egory is equivalent to

Rep O4(C).
The extension is thus controlled by a commutative Os-algebra generated by the standard

two-dimensional representation. The first lattice primary has nonzero norm, so the invariant
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quadratic polynomial is specialized to a nonzero constant. The resulting quadric is a single
Os-orbit and reconstructs V;'.

The norms 2,4, 6, 8 require separate arguments because the first lattice primary overlaps
the universal low-weight structure. The first two cases follow from the Dong—Mason and
Zhang—Dong uniqueness theorems. At norm 6, dimension saturation at weight nine shows
that the weight-four primary generates Xs. At norm 8, the weight-four primary space is two-
dimensional. The map that sends a primary to the image of the level-five singular vector
is shown to vanish by the nondegeneracy of the invariant form. A regular primary is then
selected by its quadratic and cubic invariants; its orbit is G/Dy. The lattice calculation

Vi = Vih,
finishes the last case.

The paper is organized as follows. Section 2 records the character reduction, the square
tensor category, the direct-limit extension input, and the homogeneous-coordinate-algebra
dictionary. Section 3 develops the first-primary and first-singular arguments and proves the
exceptional character rigidity theorem. Section 4 reconstructs the M (1) core. Section 5
establishes the Oy charge category and proves the rank-one orbifold rigidity for lattice norm

> 8. Section 6 treats the four low-norm cases. Section 7 proves the lattice branch and

combines all character branches to prove Theorem 1.1.

2. PRELIMINARIES AND CATEGORICAL INPUT

2.1. The classical character reduction. For a rational vertex operator algebra V', let

Amin be the least conformal weight among its irreducible modules and recall
(V) =c(V) — 24 \uin-
The hypothesis ¢ = ¢ = 1 is essential in the character classification used below.

Theorem 2.1 (Dong-Jiang). Let V' be simple, rational, Cs-cofinite and self-contragredient.
Let MY, ..., M" be the irreducible ordinary V-modules and write

Zi(1) = trp H O/,

Then every Z; is a modular function for a congruence subgroup and

> 1z

is S Lo(Z)-invariant.
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Proof. This is [8, Theorem 2.6]. Its hypotheses are rationality, Cs-cofiniteness, self-duality,
and simplicity. In the terminology of that paper, self-duality means V' = V' as a V-module,
which is precisely self-contragredience. The theorem contains no assumption on the restric-

tion to the Virasoro algebra. 0

Theorem 2.2 (Classical ¢ = 1 vacuum-character reduction). Let V' satisfy the hypotheses

of Theorem 1.1. Then there is a positive-definite even rank-one lattice L such that
chV € {chVz, ch V", ch V3, chVy', chVio}.

Proof. Theorem 2.1 supplies exactly the two modularity assumptions in [8, Theorem 2.9].
Since V' is of CFT type and ¢ = ¢ = 1, that theorem gives the five vacuum characters
displayed above. Its character-theoretic input is the classical ¢ = 1 completeness result of
Kiritsis [13]. As Dong and Jiang note immediately after Theorem 2.9, their Theorem 2.6
supplies the required modularity; no decomposition into Virasoro highest-weight modules

enters this step. [l

2.2. The square Virasoro category. Let L(1,h) denote the irreducible highest-weight
module for the Virasoro vertex operator algebra L(1,0) of central charge one and highest
weight h. Set

X, := L(1,m?), m € Zso.

We use Wy, for the (2m + 1)-dimensional irreducible algebraic representation of PSLy(C).

Theorem 2.3 (Compact-orbifold normalization of the square category). Let G = PSLy(C) =
SO3(C) and let K = SO(3) be a compact real form. Then
VI =L(1,0), Vi, =P Won ® X
m>0
as a K x L(1,0)-module. The full subcategory Cs, consisting of finite direct sums of the X,

is a symmetric tensor category and there is a symmetric tensor equivalence
®:RepG — Csq) Wom — X,n.

The equivalence may be equipped with P(z)-tensor constraints, for all z € C*, which are
compatible with parallel transport, associativity and braiding. In particular, it is a symmetric

vertex tensor equivalence in the sense used below. In particular,

a+b
X.BX,~ P X,

j=la—b|
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Proof. McRae’s compact-orbifold theorem identifies the tensor category generated by the
multiplicity spaces in a compact-group orbifold with a cocycle modification of the represen-
tation category of the compact group [19]. Example 4.12 of that paper treats the weight-
lattice abelian intertwining algebra and, within it, the ordinary root-lattice VOA Vy,. It
identifies VflO(g) with L(1,0) and shows that the smaller subcategory coming from V,,—
the one indexed by the even SU(2) weights—is symmetric tensor equivalent to Rep SO(3).
These are precisely the modules L(1,m?). Corollary 4.8 supplies the tensor equivalence,
while Remarks 4.9-4.10 give independence from the ambient module category and the as-
serted P(z)-compatibility. Finally, finite-dimensional continuous representations of SO(3)
identify with algebraic representations of its complexification PSLy(C). The last formula is
the Clebsch—Gordan rule. O

Remark 2.4. The distinction between the category in Theorem 2.3 and the larger SU(2)-type
category at ¢ = 1 is important. The latter may be described with an abelian 3-cocycle twist.
We never need to trivialize that larger twist: the square subcategory is normalized directly by
the ordinary VOA Vy, and the compact SO(3)-orbifold.

2.3. The full C;-cofinite Virasoro category and direct limits. At central charge one,
the universal and simple Virasoro vertex operator algebras coincide. Indeed, the universal
algebra denoted M(c,0) in [4] is simple unless ¢ = ¢,, for coprime integers p,q > 2 [4,
Corollary 2.2.5(4)]. Since
., 6p—¢g)?
Cpg=1——""—,
pq
the equality c,, = 1 would force p = ¢, contrary to the coprimality assumption. Thus

M(1,0) = L(1,0) in the notation of [4].

Let O; be the category of lower-bounded Cj-cofinite generalized L(1,0)-modules. By [4,
Theorem 3.1.4], this is the finite-length category considered there; in particular, its objects
are grading restricted and it is abelian. By [4, Theorem 4.2.6], it carries the required vertex
and braided tensor category structure. The argument below uses only its tensor-product
universal property and the semisimplicity of the square subcategory.

The proofs below use a direct-limit completion. An intertwining operator may initially
take values in a large ind-object, or even in an ambient vertex operator algebra not known

a priori to lie in the finite-length category; this is the point that requires care.
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Lemma 2.5 (The square category inside O;). For every m > 0, the module X,,, = L(1,m?)
is Ci-cofinite. Consequently Cyq is a full semisimple subcategory of Oy. For A, B € Cyq, their

P(z)-tensor product in Cs is canonically the P(z)-tensor product computed in O .

Proof. In the notation of [4], central charge one corresponds to ¢t = 1, and
(r—s)
YR

hr,s(1) =
Thus

m?® = hopmi11(1).
Corollary 2.2.7(1) of [4] now shows that X,, is Cj-cofinite. Finite direct sums of the X,,
therefore belong to O;.

The P(z)-constraints in Theorem 2.3 are the ones constructed from the ambient Virasoro
intertwining operators. By [19, Corollary 4.8 and Remarks 4.9-4.10], these constraints are
isomorphisms for every z # 0, and the resulting tensor products are independent of the
ambient Virasoro module category. Hence, after viewing Cyq as a full subcategory of Oy, its

P(z)-tensor products are the ambient ones. O

Definition 2.6. Let A, B be L(1,0)-modules and X a generalized module. For an intertwin-
g operator

V:A® B — X{z}|logz|,
let Coefflm()) be the smallest Virasoro submodule of X containing all coefficients of all

series Y(a, z)b.

Lemma 2.7 (Coefficient images). Let A, B € Csq and let X be any generalized L(1,0)-

module. If Y is an intertwining operator of type (AXB), then
I := CoeffIm())

is a grading-restricted Cy-cofinite module. In particular, I € Oy, and the P(z)-tensor-product

universal property yields an epimorphism
ARy, B — 1.

Consequently, I € Cyy.
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Proof. The Jacobi identity shows that the span of the coefficients of Y(a, z)b is already a
Virasoro submodule of X; thus it is I. The same series therefore defines a corestricted

intertwining operator whose coefficients span its target:
V' A® B — I{z}[log z].

The Jacobi identity, the L(—1)-derivative property, and the grading conditions are unchanged
under this corestriction, because I — X is a module homomorphism. By Lemma 2.5, the two
inputs are C}-cofinite. Corollary 2.14 of [6], whose target may be an arbitrary generalized
module, now gives I € O;. The ambient P(z)-tensor universal property in Oy, applied with
target I, gives a morphism

f:AXp, B— 1.

Let Iyr be the P(z)-intertwining map obtained from Y}’ using the chosen branch. By con-

struction,

Iyr = folpg..
For the chosen branch of log z, the standard bijection between logarithmic intertwining op-
erators and P(z)-intertwining maps is inverted by the L(0)-conjugation formula [19, Equa-
tion (2.1)]. Applying this inverse to the displayed identity shows that }! is obtained by ap-
plying f to the tensor-product intertwining operator. Since f commutes with the generalized
L(0)-weight projections, every formal coefficient of ! (a, )b lies in Im f. These coefficients
span I by definition, and hence Im f = I. Thus f is an epimorphism. Lemma 2.5 identifies
the source with the tensor product in Cyq. Theorem 2.3 makes it a finite semisimple direct
sum of square simples. Its quotient I is therefore semisimple, with simple constituents among
the same X,,; hence I € Cy. O

Lemma 2.8 (Ambient subquotients of the square category). The full subcategory Csq C Oy
is closed under ambient L(1,0)-submodules and quotients, and the inclusion Csq — Oy is

ezxact.

Proof. Let
M = @ X?inm € qu, FC Zzo finite.

mer
As an ordinary L(1,0)-module, M is a finite direct sum of simple modules and is therefore

semisimple. Every ambient L(1,0)-submodule of M is consequently a direct summand and

a finite direct sum of simple modules isomorphic to some of the X,,. The same is true of
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every ambient quotient. Thus kernels and cokernels of morphisms in the full subcategory

agree with their ambient kernels and cokernels, which proves the assertion. [l

Theorem 2.9 (Universal image condition and the direct-limit category). The category Cy
satisfies the hypotheses of the direct-limit completion theorem of Creutzig—McRae—Yang. In
particular, Indeny (Csq) has the required vertex and braided tensor category structure. The
extension—algebra correspondence applies to its commutative algebra objects that are integrally

L(0)-graded and satisfy the grading restrictions in [6, Theorem 1.3].

Proof. We verify the conditions of [6, Theorem 1.1] in their stated order. The base VOA
Xo = L(1,0) belongs to Csq. Lemma 2.8 proves closure under submodules and quotients in
the ambient generalized-module category; finite direct sums are immediate. Every object is a
finite direct sum of irreducible highest-weight modules and is therefore finitely generated. By
[19, Corollary 4.8 and Remarks 4.9-4.10], the tensor equivalence of Theorem 2.3 is compatible
with the canonical P(z)-intertwining maps for every z € C* and with parallel transport.
Thus the P(z)-tensor products, associativity, and braiding on Cy, are the restrictions of
those in the ambient Virasoro vertex tensor category. This verifies condition (4).

For condition (5), let A,B € Cy, let X € Indemy(Cy), and let Y be an intertwining
operator of type ( AXB). By [6, Corollary 2.14], its coefficient image I is grading restricted
and Ci-cofinite. Lemma 2.7 realizes I as a quotient of the finite semisimple ambient tensor
product, so I € Cy. This verifies the last hypothesis of [6, Theorem 1.1]. That theorem
provides the direct-limit tensor structure, and [6, Theorem 1.3] gives the extension statement.

0

Lemma 2.10 (Ind-extension of a semisimple tensor equivalence). Let G be a reductive
algebraic group and let C be a semisimple vertex temsor category whose objects are finite
direct sums of its simple objects. Suppose that C satisfies the hypotheses of [6, Theorem 1.1]
and that

U:RepG —C
is a symmetric vertex tensor equivalence. Then VU extends to an exact cocontinuous symmetric
monoidal equivalence

U : Rep™ G Indeumy (C),
where Rep™ G is the category of arbitrary rational algebraic G-modules. If {S;}ic is a set
of simple G-modules and

MZ@&@E‘,

i€l
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then
V(M) =P U(S) @ E:.
iel

Proof. Choose representatives {5} xea of the simple rational G-modules and put 7 = ¥(S)).
Since G is linearly reductive over C, every rational G-module is locally finite and semisimple,
and the canonical evaluation map

P Sy ® Home(Sy, M) — M

AEA
is an isomorphism. Thus Rep™ G is the ordinary Ind-completion of Rep G.

On the other hand, an object X of Indeyy(C) is the directed union of its finite C-
subobjects. Each of these is semisimple. Hence every vector of X lies in a finite sum of
simple C-subobjects. Any finite linear relation among distinct simple summands is already
contained in one finite C-object, where the usual isotypic decomposition is direct. It follows

that the evaluation map

@ T\ ® HOch(T)\, X) — X
AEA
is an isomorphism. In particular, Indeyy (C) is the ordinary Ind-completion of C as an abelian

category.

Define U by replacing Sy by T) in the isotypic decomposition and leaving the multiplicity
spaces unchanged. Schur’s lemma identifies morphisms on both sides with the same families
of linear maps on multiplicity spaces. Thus U is fully faithful and essentially surjective. It is
exact. It also preserves arbitrary direct sums; since colimits in these cocomplete semisimple
abelian categories are obtained from direct sums and cokernels, it is cocontinuous.

By the construction of the CMY tensor product,

XRY = limg (XHY),
XoCX, YoCY
where Xy, Yy range over finite C-subobjects. The tensor constraints of ¥ on each pair (X, Yp)

form a compatible morphism of these directed systems and hence induce an isomorphism
U(M)RU(N) =5 U(M @ N).

Every vector occurring in a coherence diagram lies in finite subobjects, on which the dia-
gram is the corresponding coherence diagram for W. The unit, associativity, and symmetry

constraints therefore satisfy the required coherence identities. The same finite-subobject
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argument, using the vertex tensor compatibility of W, gives compatibility with the P(z)-

constraints and parallel transport. Thus Uisa strong symmetric monoidal equivalence. [J

Lemma 2.11 (Commuting actions and invariants). In the notation of Lemma 2.10, let H
be a reductive algebraic group and let M be a rational G x H-module. Then the commuting
H-action on M induces a rational H-action on W(M) by morphisms in Indeny (C). If M
is a commutative rational G-algebra and H acts by algebra automorphisms, then H acts on

\TI(M) by commutative-algebra-object automorphisms, and
W(MM) = ()"
as commutative algebra objects.

Proof. Write the left G-isotypic decomposition as
M =P S\ @ Ej.
A

Because the H-action commutes with G, each multiplicity space F) is a rational H-module,

and

V(M) = @ U(Sy) @ Ey
A
with H acting on the second factors. Since H is linearly reductive,

V(M) =P (S @ B =w(M*).

If M is an algebra, naturality and strong monoidality of U show that the transported ac-
tion preserves multiplication and unit, and the displayed identification is an algebra-object

isomorphism. 0
Applying Lemma 2.10 to Theorem 2.3, we henceforth write
D Rep™ G — Indeny (Csq)
for the resulting equivalence.

2.4. Admissible commutative algebras and ideals. The algebra-object/extension cor-
respondence will be used for infinite direct sums. We therefore record explicitly the grading
and twist conditions that turn an ind-algebra into an honest grading-restricted vertex oper-

ator algebra.
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Definition 2.12. Let Vi be a vertex operator algebra and C a vertex tensor category of
Vo-modules satisfying the hypotheses of [6, Theorem 1.1]. A commutative algebra object
A € CAlg(Indemy (C)) will be called extension-admissible if:

(i) the unit 1 — A is injective and Hom(1, A) = C;

(ii) the twist 6,4 = e*™£O) s the identity;
(iii) A is lower bounded, L(0) acts semisimply, and every conformal-weight space is finite

dimensional.

For finite algebra objects this is the extension correspondence of Huang—Kirillov—Lepowsky
[12] and Creutzig-Kanade-McRae [5]; for the ind-objects used here, it is [6, Theorem 1.3].
Under that correspondence the algebra unit Vo — A is the structural vertex-operator-algebra
homomorphism from the base VOA into the reconstructed algebra. Thus the injectivity
required in (i) makes the reconstructed VOA a genuine extension of Vj.

Condition (iii) decomposes A into L(0)-eigenspaces. If h is an eigenvalue, condition (ii)
gives e?™" = 1, and hence h € Z. The lower bound and finite-dimensional eigenspaces in (iii)
supply the remaining grading restrictions. Thus the theorem produces a grading-restricted,
integrally graded VOA extension with the same conformal vector. In the two direct-limit
categories used below, every object is an arbitrary direct sum of the specified simple modules.
The tensor unit is the unique such simple of lowest weight zero and every other simple has
strictly positive lowest conformal weight. Hence Hom(1, A) = C implies Ag = C1, while the
lower bounds of the simple summands rule out negative weights. The extensions considered

here are therefore of CFT type.
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Proposition 2.13 (Ideal interface). Let G be a reductive algebraic group and let C be a full
abelian vertex tensor subcategory of grading-restricted generalized Vy-modules. Assume that C
satisfies the hypotheses of [6, Theorem 1.1], that its inclusion in the ambient module category

is exact and closed under ambient Vy-submodules, and that a symmetric tensor equivalence
®:RepG —=C
extends to an exact symmetric monoidal equivalence
d : Rep™ G -5 Indeary (C).

Let B be a commutative rational G-algebra. Put A = EI\D(B) and assume that A is extension-
admissible. Let U be the corresponding VOA extension of V. By a categorical algebra ideal
we mean a monomorphism i : J — A for which there is a morphism py; : AKJ — J
satisfying
iopy = pao (idy Xi).

Then the following are naturally equivalent:

(i) VOA ideals of U;

(ii) categorical algebra ideals of A;
(i) rational G-stable ordinary algebra ideals of B.

Consequently,

U is simple <= B has no nonzero proper G-stable ideals.

Proof. Let J C U be a VOA ideal. If Fy, F, C U are finite C-subobjects, then F; + F5 is the
image of F} @ F» — U and belongs to C by quotient closure. Thus the finite C-subobjects of
U form a directed system. Since C is closed under ambient submodules, J N F' € C for each
F', and
J = hgl(J N F) € Indemy (C).
F

The restricted vertex operator Yy|yegs is an intertwining operator with target J. The ind-

object universal property [6, Theorem 6.2(2)] gives a unique morphism
py ARJ — J
and, for the inclusion i : J < A, uniqueness gives
iopy=pao (idaXi).

Hence J is a categorical algebra ideal.
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Conversely, suppose that i : J — A and p; satisfy this identity. Since A is grading
restricted and L(0) is semisimple, we identify i with its graded image and regard J as an
actual Vp-submodule of A = U. Under the bijection of [6, Theorem 6.2(2)], the algebra-ideal
identity is equivalent to

iY(a,2)j = Yu(a, 2)i(j).
Thus every coefficient of Yy (a, 2)i(j) belongs to i(J), and

Yu(U,2)J C J((2)).

Because J is a Vp-submodule, it is L(—1)-stable; skew-symmetry then gives Yy (J, 2)U C
J((2)). Thus J is a VOA ideal.

The equivalence P preserves subobjects and multiplication morphisms, so categorical al-
gebra ideals of A are precisely algebra ideals of B in Rep'™ (. Subobjects of a rational
G-module are exactly its G-stable linear subspaces, and such subspaces carry the induced

rational action. These are therefore precisely the rational G-stable ordinary algebra ideals
of B. OJ

Proposition 2.14 (Algebra subobjects and vertex subalgebras). Let A be a commutative
algebra object in Indenmy (C) that corresponds under the CMY extension theorem to a grading-
restricted VOA extension U of Vo. Suppose i : B — A is a unital commutative algebra
subobject. Identify its image C = i(B) with an actual Vy-submodule of U, and assume that

C' s grading restricted. Then C' is a vertex operator subalgebra of U containing Vj.

Proof. Let ug : BXI B — B be the restricted multiplication. The algebra-subobject identity
/L.O[LB :/LAO(’LIX,Z)

and [6, Theorem 6.2(2)] identify its associated P(1)-map with the restriction of the ambient

multiplication of U to C' ® C. Hence this P(1)-map has image in C. Since C is L(0)-stable

and grading restricted, each homogeneous projection lies in C. Applying the inverse P(1)

formula [19, Equation (2.1)] therefore gives
abe C (a,be C, nelZ).

The unit subobject is the embedded base VOA Vj, so C' contains the vacuum and conformal

vector. Thus C' is a vertex operator subalgebra of U. 0

Lemma 2.15 (Homogeneous coordinate algebras are G-simple). Let G/H be a reduced

transitive affine G-variety. Then O(G/H) has no nonzero proper G-stable ideals.
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Proof. Let I be a proper G-stable ideal. Its zero set V(I) is a nonempty G-stable closed
subset of the transitive G-variety G/H, and therefore V(I) = G/H. Hence /I = 0. Since
O(G/H) is reduced, I = 0. O

2.5. The regular algebra and the fixed-point dictionary. For g € G and f € O(G),
set

M) (@) = flg72),  (p(g)f)(z) = f(ag).
We use A for the categorical G-action. The right action p commutes with A and acts by

algebra automorphisms. It will become the automorphism action on the reconstructed VOA.

Lemma 2.16 (Extension admissibility for the homogeneous algebras). Let H < G =
PSL,(C) be reductive and suppose that G/H is affine. Then ®(O(G/H)) is extension-
admissible. More explicitly,
O(G/H) = @ Wam @ (Ws,,)"
m>0
under the left reqular action, and therefore

O(G/H)) @ dim W X

m>0

Proof. With the conventions above, algebraic Peter—Weyl gives
G) =P Ws,, @ Wap,
m>0
where the two factors carry the left and right actions, respectively. Thus
0(G/1) = 0(G) ™ = W3
m>0

Since W, is self-dual, this is the decomposition stated in the lemma. The trivial represen-
tation occurs with multiplicity one, so Hom(1, A) = C. The algebraic unit C — O(G/H)
sends 1 to the nonzero constant function 1; since d is faithful, its image is a nonzero mor-
phism from the simple tensor unit and is therefore a monomorphism. Every X,, = L(1,m?)
has integral conformal spectrum m? + Zsg, so the twist is the identity. For a fixed absolute
conformal weight N, only m? < N can contribute. There are finitely many such m, each
multiplicity dim Wi is finite, and each homogeneous space in X, is finite dimensional. Thus

the resulting ind-object is lower bounded, L(0)-semisimple and grading restricted. 0
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Theorem 2.17 (The regular algebra). Let U,y be the vertex operator algebra extension
of L(1,0) corresponding to the commutative algebra object ®(O(G)). Then there is a G-

equivariant isomorphism of VOA extensions
Ureg — VAU

where the action on Ueg is induced by right translations on O(G) and the action on Vy, is

the standard automorphism action.

Proof. As a Glef, X Grigni-module, Peter-Weyl gives
O(G) = P W;,, @ Way,.
m>0
Applying ® to the left factor gives
®(0(G)) = P X ® W,
m>0
as an L(1,0) x Gygne-module. After forgetting the right action, its underlying Virasoro object

1S

P em + 1)L,m?).

m>0
By Lemma 2.16, it defines the grading-restricted VOA extension Ues. The algebra O(G) has
no nonzero proper left-G-stable ideals because G acts transitively on itself; Proposition 2.13
shows that U, is simple.

McRae-Yang write LS,? for the relevant central-charge-one Virasoro modules. Their

lowest-weight formula gives
1 1
hén)@Jrl,l = m27 Lén)wrl,l = L(l,m2) = X

Thus the preceding decomposition is exactly the one in [20, Theorem B.1]. That theorem

identifies the simple extension with
L1(5[2) = VAl-

Apply Lemma 2.11 to the Gler X Grgne-algebra O(G). The right action therefore becomes
a rational algebraic G-action by commutative-algebra-object automorphisms and, under the
extension correspondence, by VOA automorphisms. By the displayed bicovariant decompo-
sition, this action has the G x L(1,0)-module structure required in [20, Theorem B.2]. That
theorem allows the isomorphism supplied by [20, Theorem B.1] to be chosen G-equivariantly.

We fix one such isomorphism for the remainder of the paper. 0
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Corollary 2.18 (Fixed-point/homogeneous-space dictionary). Let H < G be reductive and
suppose G/H ‘is affine. Then the VOA extension associated with ®(O(G/H)) is isomorphic
to

Vi

Conversely, any extension whose algebra object corresponds to O(G/H) is isomorphic to V/ﬁ.

Proof. By Theorem 2.17, right translations by H correspond to the automorphism action on
Vy,. Hence
O(G/H) = O(G)Hrisnt,
Algebraic Peter—Weyl gives, with the left and right actions on the two factors,
O(G) = P Ws,, @ Wan.
m>0

Consequently
O(G)wew = P W;,, @ Wi,

m>0
Lemma 2.11, applied to the commuting right H-action, gives directly

O (O(G)Mee) = S(O(G))!

as commutative algebra objects. Under the equivariant isomorphism of Theorem 2.17, the
right-hand side is the fixed-point VOA Vﬂ . The converse follows from the extension/algebra

correspondence and Lemma 2.16. U

3. SQUARE CORES AND THE EXCEPTIONAL CHARACTER BRANCHES

3.1. The invariant form and the first primary. Throughout this section V is a sim-
ple self-contragredient VOA of CFT type and central charge one. Li identifies the space
of invariant bilinear forms with (Vo/L(1)V1)* [14, Corollary 3.2]. For a simple CFT-type
VOA, self-contragredience is equivalent to L(1)V; = 0; the normalized nonzero invariant
form is then symmetric and nondegenerate. We fix the normalization (1,1) = 1. Since
L(0) is self-adjoint, distinct conformal-weight spaces are orthogonal, and the form restricts

nondegenerately to every V,.

Definition 3.1. For h € Z> set

P,(V)={v eV, | L(n)v =0 for all n > 0}.
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Lemma 3.2 (Primary complement at the first deviation). Let h > 0 and suppose that
V, = L(1,0), (0<n<h).
Then
Vi, = L(1,0);, L Py(V).
In particular, the restriction of the invariant form to P,(V') is nondegenerate and

dim P, (V') = dim V}, — dim L(1,0),.

Proof. The invariant form restricts nondegenerately to the simple conformal subVOA L(1,0),
and hence to each of its homogeneous subspaces. Let Q = L(1,0)3 NVj,. If v € Q, then, for
1<n<handwe€V,_, =L(1,0),_,, invariance gives

(L(n)v,w) = (v, L(—n)w) = 0.
The form on Vj,_, is nondegenerate, so L(n)v = 0. For n > h the target has negative
conformal weight and vanishes. Thus @ C P, (V).

Conversely, let v € P,(V). Every vector in L(1,0); is a linear combination of vacuum

descendants

L(—ny)--- L(—n,)1, n; > 0.
Repeated invariance moves the negative modes to positive modes acting on v, and therefore

pairs each such descendant trivially with v. Hence P,(V) C Q. The asserted orthogonal

decomposition and the dimension formula follow. 0

Lemma 3.3 (First-primary extraction). Let h > 0. Assume
Vo, =L(1,0), (0<n<h), dim V}, = dim L(1,0), + 1.
Then there is, uniquely up to nonzero scalar, a vector v € P,(V) such that

Vi, = L(1,0), & Co, (v,v) #0.

Proof. Lemma 3.2 shows that P, (V') is a one-dimensional nondegenerate orthogonal com-
plement to L(1,0),. Choose 0 # v € P,(V). Then (v,v) # 0 and the required direct sum
holds.

For uniqueness, let v" be another primary vector giving such a complement. Then

v =av+w
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for some a € C* and w € L(1,0),. The vector w = v’ — av is primary. A positive-
weight primary in the simple highest-weight module L(1,0) would generate a nonzero proper

submodule, so w = 0. Hence v’ is a nonzero scalar multiple of v. U

Lemma 3.4 (The vacuum channel). Let u,v € P,(V'), where h € Zso. Then

Ugp 10 = (—1)"(u,v)1.
In particular, the projection of the product of two primary vectors to the vacuum module is
nonzero whenever their invariant pairing is nonzero.
Proof. The invariance identity for the bilinear form gives

(Y (u, 2)v,1) = (v, Y (2D (=272 L0y »~1)1).
Since u is primary of integral weight h, the right-hand side is
(=P (v, e LDy = (=1)P272 (0, ).

Indeed, every term involving a positive power of L(—1) has weight greater than h and is

orthogonal to v. Comparing the coefficient of 272" proves the formula. 0

3.2. The first singular vector. To distinguish Virasoro Verma modules from the Heisen-
berg modules used later, write My;,(1,h) for the Verma module of central charge one and
highest weight h.

Proposition 3.5 (The first singular vector at central charge one). For every m > 0, the
Verma module My (1,m?) has, up to scalar, a unique singular vector at level 2m + 1. This
is its first nontrivial singular vector, and it generates the unique mazximal proper submodule,

which is isomorphic to My (1, (m + 1)?). Equivalently, there is an exact sequence
0 — Myi(1, (m +1)%) — Myi(1,m?) — L(1,m?) — 0.
The embedded Verma module is also the radical of the normalized Shapovalov form on

MVir(L m2).

Proof. This is [16, Proposition 2.1], with the parameter there specialized to the even integer
2m; see also the Feigin—Fuchs embedding description in [15]. The singular level is 2m + 1,

so its absolute conformal weight is

m®+ (2m+1) = (m +1)%,
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For a Verma module, the radical of the normalized Shapovalov form is its unique maximal

proper submodule, which proves the last assertion. [l

Lemma 3.6 (First-singular saturation). Fiz m > 1 and set

h =m?, H=(m+1)>%
Assume

(i) V., = L(1,0),, for 0 <n <h;
(i) dim Vj, = dim L(1,0), + 1;
(iii) for some € € {0, 1},
dim Vg = dim L(1,0) g + dim(X,,) g + €.
Then the vector v from Lemma 3.3 generates
U(Vir)v =2 X,,,.
Proof. Let C' = U(Vir)v and let
¢ : Myi(1,m*) - C

be the canonical Virasoro homomorphism sending the Verma highest-weight vector to v. Let
5 € Myi:(1,m?) g be a nonzero first singular vector and put s = ¢(3). If s = 0, Proposition 3.5
shows that ¢ factors through X,,. The induced map X,, — C' is nonzero and surjective;
since X,, is simple, it is an isomorphism. Suppose therefore that s # 0.

By Proposition 3.5, there is no singular vector in My; (1, m?) below weight H, and the
singular space at weight H is one-dimensional. If the kernel of the map to C' first became
nonzero below H, a vector of least level in that kernel would be singular, which is impossible.
At weight H, the same argument shows that the kernel is contained in the first-singular line.

Since s survives, the map is injective through weight H. Consequently
dim Cy = dim My (1,m?) g = dim(X,,) g + 1.

Let (, )sn be the Shapovalov form on My, (1, m?), normalized to be nonzero on the highest-
weight line. Its radical is the unique maximal proper submodule and, by Proposition 3.5,

contains s. Pull the invariant form on V' back along ¢ by setting
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Since (v,v) # 0, this is a nonzero contravariant form on the Verma module and hence a

nonzero scalar multiple of the Shapovalov form. Therefore, for every x € My (1, m?),

(s,0(x)) = (¢(5), 6(x)) = (5, x) = 0.
Surjectivity of ¢ gives (s,C) = 0. The quotient map is Virasoro-linear. Thus, if s # 0,

it is still annihilated by every L(n) with n > 0; in particular, s is primary. Moreover
C' N L(1,0) = 0. Indeed, the intersection is a Virasoro submodule of the simple module
L(1,0), so it is either zero or all of L(1,0). The second possibility is impossible because C
is supported in conformal weights at least m? > 0, whereas L(1,0) contains the vacuum in
weight zero.

If e = 0, the displayed dimension formula gives

contradicting (iii).

Assume ¢ = 1. Together with C'N L(1,0) = 0, the displayed dimension formula and
condition (iii) force

Vg = L(1,0)y & Cy.
We already know s L C'y. Since s is primary, it is also orthogonal to every vacuum descen-
dant: if
w=L(—ny)---L(—n,)1 € L(1,0) 4,

then repeated invariance moves the negative Virasoro modes to positive modes acting on s,

giving (s,w) = 0. Thus s L Vg, contradicting nondegeneracy of the invariant form on Vj.
Hence s = 0. U

3.3. Semisimple square cores. The following closure statement replaces any appeal to

global Virasoro semisimplicity.

Theorem 3.7 (Semisimple square-core closure). Let V' be a grading-restricted VOA extension
of L(1,0). Let S C V be a finite direct sum of embedded square simple Virasoro modules
X, containing Xo = L(1,0), and let

U — <S>VOA~

Then
U e IndCMy(qu).
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Equivalently, U is an algebraic direct sum of square simples as a Virasoro module. No

nonsplit square-block extension is created by the vertex-algebra multiplication.

Proof. Set Fy = S. Suppose F,. has been constructed and choose an internal decomposition
F=@ S5, S=Xuw
AEA,
Here X records the actual embedded copy, not only its isomorphism class. For every ordered
pair A\, u € A, let
I, = Coeftflm (YV|SA®S;L) )

Lemma 2.7 and Theorem 2.3 show that I, , is a finite semisimple square object. Define
F=F+ Y Lu.cV.
AUEN,
Consider the natural Virasoro-module epimorphism
¢7‘ : Fr@ @ ]A,u — L, ¢r(xa<y>\,u)> :x—i_zyk,w
ApEA, A

Its source is a finite semisimple object of Csq. By Lemma 2.8, the ambient Virasoro submodule
ker ¢, is again a finite direct sum of square simples. Hence the quotient F,; belongs to Cs.

We have therefore constructed an increasing sequence
FoCF CFC--- .

Every bracketed mode word of binary-tree depth at most r in vectors of S lies in F.
Indeed, write two vectors of F,. in terms of the actual summands S). Bilinearity and the
definition of I, put every coefficient of their vertex product in F,;; Virasoro descendants
remain there because F, i is a Virasoro submodule. This proves the claim by induction.

Conversely, each coefficient image used in the recursion is contained in the vertex subalgebra

U=|JF,

r>0

generated by S. Therefore

a directed union of objects of Cy, and U € Indeny (Csq)-
There is also an explicit splitting. Since F).,; is semisimple, its Virasoro submodule F;. is

a direct summand; choose C, with

FT+1 - Fr @ CT'


https://orcid.org/0009-0006-8080-8107

23

Induction gives

U=Fao@pc.

r>0
Every C, is a finite direct sum of square simples. Hence U is an algebraic direct sum of the

X, and no nonsplit square block occurs. U

3.4. A closed-orbit reconstruction lemma. We transport square cores through the

equivalence ®~1 : Indeay (Csq) — Rep™ G.

Lemma 3.8 (Generation under a symmetric equivalence). Let Vj be a vertex operator algebra,

let G be a reductive algebraic group, and let
®:RepG —C

be a symmetric tensor equivalence for which the extension/algebra correspondence is available

in Indeny (C). Assume that it extends to an exact symmetric monoidal equivalence
d : Rep™ G - Indewy (C).

Suppose that a VOA extension U € Indeyy(C) is generated over Vi by a finite subobject
E € C. Then the corresponding commutative rational G-algebra B = EI\>_1(U) is generated,
as an ordinary commutative C-algebra, by the finite-dimensional G-module ®~1(E). In

particular, B is finitely generated.

Proof. Put W = ®1(FE), and let By, C B be the commutative algebra subobject generated
by the unit and W. Its image
C:=®(By)CU

is an L(0)-stable submodule of the grading-restricted VOA U and is therefore grading re-
stricted. Proposition 2.14 shows that C' is a vertex operator subalgebra of U containing
Vo and E. The generating hypothesis forces the inclusion C' < U to be an isomorphism.
This inclusion is ® applied to By, — B, and an equivalence reflects isomorphisms. Hence
By < B is an isomorphism. Finally, commutative algebra objects of Rep™ G are ordinary
rational G-algebras, and By, is the image of the symmetric algebra Sym(W). Hence W

generates B as an ordinary commutative algebra, proving the claim. U

Lemma 3.9 (First invariant degrees). Let Ws,, be the spin-m irreducible representation of
G = S03(C). The first positive m for which Wi =0 is
H |T N(T) G, D, A Si A
fistm|1 2 1 2 3 4 6




24 SHUN XU

Here C,, denotes a finite cyclic rotation subgroup, and D,, a dihedral rotation subgroup with
n > 2.

Proof. For T, the zero-weight line of W5, is nonzero for every m > 1. The nontrivial Weyl
element acts on this line by (—1)™, so the first N(7T')-invariant occurs at m = 2. A finite
cyclic rotation group fixes its rotation axis in the spin-one representation, so its first invariant
degree is 1. A dihedral rotation group D,, with n > 2 has no common fixed vector in spin
one: a half-turn about an axis perpendicular to the principal rotation axis changes the sign
of that axis. On the other hand, the traceless quadratic tensor determined by the principal
axis is fixed by the whole dihedral group, so its first invariant degree is 2.
For the three Platonic groups, use the rotation character
sin((m + 1)6)

Xm(0) =1+ QZcos(jG) = Sn(0/2)

j=1
and the averaging formula
1
. H _ _*
dim W, = Vi Z Xm(h).
The angle distributions are
Ag|1-0, 3.7, 8.2,
Sy |1-0,9-m, 8-2,6-%,
2 2 4
As | 1-0, 157, 20- 55, 1255, 12 3%,
Direct substitution gives the first positive invariant degrees 3,4, 6. U
Lemma 3.10 (Positive-dimensional reductive subgroups of PSLy(C)). Let H be a proper
closed reductive subgroup of G = PSLy(C). If dim H > 0, then, up to conjugacy,

H=T or H = N(T)
for a maximal torus T' of G.

Proof. The Lie algebra h of H° is a proper reductive subalgebra of sl,. Its semisimple part
must be zero, since a nonzero semisimple subalgebra of sl, is all of sl,. Thus b is a nonzero
toral subalgebra, necessarily a Cartan subalgebra. It follows that H° = T is a maximal
torus. Because H° is characteristic in H, one has H C N(T'). Finally,

H/T < N(T)/T = Zs,

which gives the two possibilities. 0
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Theorem 3.11 (One-generator closed-orbit reconstruction). Let m € {3,4,6}. Suppose V
contains a nondegenerate primary v generating an embedded X,,, and assume
Pp(V)=0 (0 <j<m).
Let
U= (L(1,0), X;)voa-
Then U € Indemy(Csq) and its commutative G-algebra B is finitely generated. Moreover
Spec B has a unique closed G-orbit G/H, and restriction to that orbit gives a G-algebra
epimorphism
B — O(G/H),

and
A4, m = 3,

H is conjugate in G to ¢ Sy, m =4,
A5, m = 6.

Proof. Theorem 3.7 gives U € Indcyy(Csq) and Lemma 3.8 gives finite generation of B by

E = W,,,. Under the tensor equivalence,
dim BY = dim Homg/(1, B) = dim Homvyy,(Xo, U).

A Virasoro homomorphism Xy, = L(1,0) — U is determined by the image of the vacuum

top vector, and that image must lie in Uy = C1. Therefore
BY =C1.
Let N = +/0 C B. This is a G-stable ideal. We first show that
(B/N)¢ =C.

Let b € (B/N)% and choose a lift b € B. Because B is a rational G-module, b lies in a
finite-dimensional rational G-submodule M C B. If M is the image of M in B/N, then

0—MNN—M-—M-—0

is an exact sequence of finite-dimensional rational G-modules. Reductivity over C makes this
sequence split, so the invariant vector b has a G-invariant lift in M. Thus B¢ — (B/N)¢
is surjective. Moreover N¢ = 0, since N ¢ B¢ = C and no nonzero constant is nilpotent.

The claim follows.
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Every prime ideal of B contains N. Hence the closed immersion
Spec(B/N) — Spec B

is a homeomorphism on underlying topological spaces. Since N is G-stable, this homeomor-
phism is G-equivariant. It identifies the G-orbits and their closures, so the two spectra have
the same closed G-orbits.

Set X = Spec(B/N). It is a nonempty reduced affine G-variety of finite type, and
X//G = Spec((B/N)®) = SpecC.

The affine GIT closed-orbit theorem says that each fiber of the quotient map contains a
unique closed G-orbit [17, Chapter 1, §1]. Hence X has a unique closed orbit O = G/H.
Since O is closed in the affine variety X, it is affine; Matsushima’s criterion implies that
H is reductive [18]. The closed immersion O < X induces a surjection B/N — O(G/H).
Composing with B — B/N gives the required G-algebra map

B — O(G/H).

We next prove that the generating copy £ = W, survives on the closed orbit. Let
po : B — B% = C1 be the projection onto the trivial isotypic component, and set

B =poo uplpse : E® E — BY.
Let my : U — Xy be the morphism corresponding under d to po, and let I, be the P(1)-
intertwining map associated with the multiplication of U. Compatibility of the symmetric
tensor equivalence with the canonical P(1)-maps identifies 8 with
0 © JU | X8, -

For the chosen highest-weight vector v € X,,, of weight h = m?, the weight-zero projection
is

pryy Loy (V@ v) = vop_qv = (=1)"(v,0)1 # 0
by Lemma 3.4. It follows that § # 0. Commutativity makes § symmetric, and, since FE is

irreducible and self-dual, this nonzero invariant bilinear form is nondegenerate. Let
gs € (Sym® E)“
be its inverse Casimir tensor, normalized by

B(gs) = (dim E)1 = (2m + 1)1.
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The tensor g is invariant and up is G-equivariant, so ug(qs) € B¢. The projection py is

therefore the identity on this element, and

1s(qs) = po(ps(qs)) = Bgs) = (2m + 1)1 # 0.

Let p : B — O(G/H) be the restriction map. If p|p = 0, then (p ® p)(gs) = 0, and the

algebra homomorphism property gives

p(1s(4s)) = po@m((p @ p)(gs)) = 0.

On the other hand, the preceding identity gives

p(ue(gs)) = (2m+1)1 #0,

a contradiction. Thus the restriction map is nonzero on E. Algebraic Frobenius reciprocity
gives

Homg(E, O(G/H)) = (E*)".
Since E is self-dual, it follows that £ £ 0.

Suppose Wy # 0 for some 0 < j < m. Peter-Weyl then shows that O(G/H) contains
a copy of Wy;. Choose finitely many preimages in B of a basis of that copy. Because B
is a rational G-module, the G-submodule generated by those finitely many vectors is finite
dimensional. Its map onto Wj; splits because finite-dimensional rational representations of
reductive G are semisimple. Hence B contains a copy of Ws;, and therefore U contains an
embedded X;. Its highest-weight vector is a primary of weight j2, contrary to the hypothesis.
Thus m is the first positive invariant degree of H.

The subgroup H is proper because £ # 0 and F is nontrivial. If H has positive di-
mension, Lemma 3.10 gives H = T or N(T'). Their first invariant degrees are 1 and 2, and
hence neither can occur here. If H is finite, the classical classification of finite subgroups of
PSLy(C), up to conjugacy, gives the cyclic, dihedral, tetrahedral, octahedral, and icosahe-
dral groups. Lemma 3.9 now identifies H, up to conjugacy, as Ay, Sy, or Ay according as
m =3, 4, or 6. 0

3.5. Polyhedral multiplicities and exceptional rigidity. For later use we record the

first spherical multiplicities. For H = Ay, Sy, A5 set
p(H) = dim WL .
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The character average in the proof of Lemma 3.9 gives

Hwm|1l 2 3 456 7
A, o001 102 1
Sg 000101 0
As |00 000 1 0.

Summing the character averages uses

T @) 1+t

= — 5
= 1 —2tcosO +t

Substitution of the three angle distributions and elementary simplification give the Hilbert

series . r
2l = =)

m 11—t
2 S =

m 1—1t%
P )

Corollary 3.12. Assume
chV =chVy, H e {A4, Sy, A5}
Then the first positive primary occurs respectively at weights
9, 16, 36,

and generates respectively
X3 ) X4 ) X6 .

Proof. Write
Va = @%‘(H)XJ‘
Jj=0
and let m = 3,4,6 for H = A4, Sy, As, respectively. The table gives
a;(H)=0 (0<j<m), am(H) =1.

Since the lowest conformal weight of X is j?, the character identity and the inclusion
L(1,0) C V imply

V= L(1,0), (0<n<m?), dim V2 = dim L(1,0),,2 + 1.
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Lemma 3.3 therefore supplies a nondegenerate primary of weight m?.
Set H,, = (m+1)?. At conformal weight H,,, no summand X; with j > m+1 contributes,
while the positive summands with j < m + 1 are the single copy of X,, and a,+1(H) copies

of X,,+1. The top level of X, is one-dimensional, and hence
dim Vi, = dim L(1,0)g,, + dim(X,,) i, + am+1(H).
Now
as(Ay) =1, as(Sy) =0, az(As) = 0.
Lemma 3.6 applies with ¢ = 1,0,0 in the three cases, proving that the cyclic modules are

X37X47X6' ]

Theorem 3.13 (Exceptional character rigidity). Let H € {Ay, Sy, As}. Let V' be a simple
self-contragredient VOA of CFT type and central charge one. If

chV =chVy,
then
Vv

No Virasoro complete reducibility hypothesis on V is required.

Proof. Let mg = 3,4,6 for H = Ay, Sy, As, respectively. By Corollary 3.12, V' contains a

nondegenerate embedded X,,,, and no positive square primary of smaller degree. Set
U = (L(1,0), X;ns) vOa-
Theorem 3.11 produces a commutative G-algebra B and a surjection
B — O(G/H'),

where H' is conjugate in G to the prescribed subgroup H. Conjugation identifies the two
homogeneous spaces equivariantly, so after this identification we have a surjection B —»
O(G/H). Write
U=@PoX;,  Vi=Pa(H)X;.
Jj=0 720

The multiplicities b; are finite: each copy of X contributes an independent lowest-weight
vector to the finite-dimensional space Uj C Vj2. Thus the character comparison below is
legitimate coefficient by coefficient. For each j, Peter-Weyl gives a;(H) copies of W5, in
O(G/H). The surjection B — O(G/H) implies b; > a;j(H). To see this without using

semisimplicity of arbitrary infinite-dimensional rational modules, take the finite-dimensional
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target isotypic component and finitely many preimages; the finite-dimensional GG-submodule
they generate maps onto it and splits.

All coefficients in the characters of X; are nonnegative. Hence
chU > ch V!
coefficientwise. On the other hand U C V and chV = ch V/{f , SO
chU <chV = chVﬁ.
Therefore equality holds throughout. In particular U,, = V,, for every n, so U = V. Put
K =ker(B - O(G/H)).
Exactness of ® gives
0— B(K) — U — B(O(G/H)) — 0.

By Corollary 2.18, the last term is V' as an L(1,0)-module. Taking the finite-dimensional

conformal-weight-n spaces therefore gives
dim ®(K), = dim U, — dim(V,), =0 (n>0).
Thus @(K ) = 0. Since d is an equivalence, K = 0, and hence
B=O(G/H).
Corollary 2.18 now gives V = V. O
Corollary 3.14 (The icosahedral gap). Under the hypotheses of Theorem 1.1, if
P,(V)=0 (0 < h < 36),

then V = Vfl o,
Proof. By Theorem 2.2, the vacuum character is one of the five classical types. A lattice
VOA already deviates from the vacuum Virasoro character at weight one, since its Heisenberg
vector is nonzero while L(1,0); = 0.

For the orbifold branch, write L = Za with (o, a) = 2k. If k < 4, the vector e®+e~* € V"
contributes outside the charge-zero vacuum module in weight k. If £ > 4, choose a normalized

Heisenberg generator h. The charge-zero subalgebra M (1) contains the nonzero vector

J = h(=1)*1 — 2h(=3)h(-1)1 + gh(—Q)Zl.
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With the normalization [h(r), h(s)] = rd,+s0, the commutator [L(n), h(—r)] = rh(n — )

gives

L(1)(h(=3)h(—=1)1) = 3h(—2)h(—1)1, L(1)h(—2)*1 = 4h(—2)h(-1)1,
L(2)h(—1)"1 = 6h(-1)71, L(2)(h(=3)h(—1)1) = 3h(-1)1,
L(4)(h(=3)h(-1)1) = 31, L(4)h(—2)*1 = 41.

The omitted terms in these three rows vanish, so the coefficients in J give L(1)J = L(2)J =
L(4)J = 0. The same commutator formula gives L(3)J = 0, and L(n)J = 0 for n > 4 by
weight. Thus J is a positive-weight primary and cannot lie in the simple vacuum Virasoro
module. Hence every rank-one V;" character deviates by weight four.

The A4 and S, characters first deviate at weights 9 and 16. At any first deviation weight

h, all lower homogeneous spaces agree with the vacuum module and
dim V}, — dim L(1,0), > 0.

Lemma 3.2 therefore gives P, (V') # 0, irrespective of the size of the dimension jump. The gap
hypothesis excludes all of these branches, leaving the A; character. Theorem 3.13 finishes
the proof. O

4. THE WEIGHT-FOUR CORE AND RECONSTRUCTION OF M (1)
4.1. The spin-two matrix model. Let
E =W, = Symj(C?)

be the five-dimensional spin-two representation of G = SO3(C), realized as traceless sym-

metric 3 X 3 matrices with the action by orthogonal conjugation. Let
g BE* = F
be the self-duality defined by the invariant trace form. Define the quadratic polynomial and

quadratic covariant

1
q(A) = tr(A%),  Q(A) = A? — S tr(A%)],.
Then ¢ spans (Sym? E*)“, and, after polarization, @ spans Homg(Sym? E, E); equivalently,

Sym? E = W, @ Wy & Ws.
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Lemma 4.1 (The quadratic-covariant orbit). Let ¢ € C* and A € C. Consider the affine
scheme
Zex=1{A € Symj(C?) : q(A) = ¢, Q(A) = \A}.
If Z. x is nonempty, then
A #0, c=6)\?,
and
Z.y =G -diag(2\, =\, —\) =2 G/N(T)

scheme-theoretically. In particular Z. ) is smooth and reduced.

Proof. The equation Q(A) = AA is equivalent to

(4.1) JF—AA—gh:0

If A\ = 0, then A2 = (¢/3)I3. Since ¢ # 0, all eigenvalues are j:\/c/_?), and three such
eigenvalues cannot sum to zero. Thus A # 0.

Equation (4.1) shows that A has at most two eigenvalues. Since A is traceless and nonzero,
the multiplicities are 1 and 2. Let the eigenvalues be a and b, with a + 2b = 0. Comparing

with the roots of the quadratic polynomial in (4.1) gives

c
b=\ b=—-—.
a—+ , a 3

Hence
b= —)\, a =2\, c =62

The roots are distinct, so A is semisimple, and its two eigenspaces are mutually orthogonal.
The one-dimensional 2\-eigenspace is nondegenerate: if its generator were isotropic, it would
be orthogonal both to itself and to the other eigenspace, hence to all of C3. Its orthogonal
complement, which is the two-dimensional —A\-eigenspace, is then nondegenerate as well.
After choosing orthonormal bases in the two eigenspaces and adjusting one sign, the resulting
orthogonal eigenbasis has determinant one. Thus A is diagonalized by an element of SO3(C),

and every point is conjugate to
Ap = diag(2A, =\, —\).

The stabilizer preserves the one-dimensional 2\-eigenspace and its orthogonal complement,

hence is the normalizer N(T') of a maximal torus.
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For the scheme structure, let B = (b;;) be a traceless symmetric tangent vector at Ay.

Linearizing ¢ = ¢ and Q = \A gives
2tr(ApB) =0
and
AoB + BAy — gtr(AoB)Ig, = \B.

A direct entrywise calculation gives

bi1 = baz = bzz = ba3 = 0,
while bi5 and b3 are free. Thus the tangent space has dimension 2, equal to

dimG —dim N(T') = 2.

The closed points form the two-dimensional orbit G/N(T'). Since Z, , is of finite type over
C, these closed points determine its support; in particular, every local ring at a closed point
has Krull dimension 2. The G-action is transitive on the closed points, so the tangent-space
calculation at Ay holds at each of them. Every such local ring is therefore regular. Over the
perfect field C, this says that all closed points are smooth. The nonsmooth locus is closed
and, if nonempty, would contain a closed point; hence Z,  is smooth and therefore reduced.
It now has the same vanishing ideal as the reduced orbit G/N(T'), which proves the asserted

scheme-theoretic equality. ([l

Theorem 4.2 (Weight-four core rigidity). Let V' be a simple self-contragredient VOA of
CFT type and central charge one. Suppose J € Vj is a nondegenerate primary, its cyclic
Virasoro module is

U(Vir)J = X, = L(1,4),
and

dim Py (V) = 1.

Then

(L(1,0), J)voa = M(1)".

Proof. Let Uy = (L(1,0), J). By Theorem 3.7, Uy € Indemy (Csq). Transport it to a commu-
tative G-algebra B. It is generated by £ = W, by Lemma 3.8.
Since (U)o = C1, we have B® = C. Moreover E occurs with multiplicity one: a copy

of E corresponds to a copy of Xy, and the highest-weight line of each copy lies in Py(V),
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which is one-dimensional. Let j : E < B denote the generating copy. On the W, and Wy

summands, the multiplication map
Sym? E — B

is therefore a scalar multiple of the unique equivariant map in each case; denote the scalar
on the Wy component by A.
Since B is generated by E, the map

j Olg EF*— B
extends to a surjective G-algebra homomorphism
7 Sym(E*) — B.

Since ¢ is invariant, 7(q) = c1 for some ¢ € C. The unit component is nonzero: Lemma 3.4
gives a nonzero vacuum coefficient for Y (.J, z).J because (J, J) # 0. Under ¢g, the polynomial
q corresponds to an inverse Casimir tensor for the trace pairing, so contraction with this
nonzero unit component remains nonzero. Hence ¢ # 0. The two component identities say
that ¢ — ¢ and every coordinate function of the polynomial map ) — Aidg lie in ker w. Let
I.» C Sym(E*) be the ideal generated by these polynomials. Thus 7 factors through a

surjection
Sym(E*)
Ic,)\

The map is unital, so R, is a nonzero finitely generated C-algebra. Its spectrum has a

ch)\ = — B.

closed point by the Nullstellensatz. Lemma 4.1 therefore gives
Ry = O(G/N(T)).

By Lemma 2.15, this coordinate algebra has no nonzero proper G-stable ideal, so the kernel

of the displayed surjection is zero. Thus
B~ O(G/N(T)).
Corollary 2.18 yields
Uy = veh,
The torus-fixed subalgebra of V, is the charge-zero Heisenberg VOA M (1). The nontriv-

ial Weyl element in N(7T')/T acts on the Heisenberg generator by sign, so the N(T')-fixed
subalgebra is exactly M(1)*. Hence Uy, = M(1)". O
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4.2. Extracting the honest weight-four module in the lattice-orbifold character.
Let
L =Za, (o, ) = 2k, k € Zy.

The standard decomposition is
Vi=MW)te @M1, ra).
r>1
The zero-weight calculation in the proof of Lemma 3.9 gives, as a Virasoro module,
M) = P Xo;.
Jj=20

The first lattice sector starts at conformal weight k.

Lemma 4.3 (Intervening-lattice saturation). Assume k > 4 and
chV =chV;"

for a simple self-contragredient CFT-type VOA V' of central charge one. Then the one-

dimensional primary space Py(V') = CJ is nondegenerate, and J generates
U(Vir)J =2 X, = L(1,4).

Proof. Because k > 4, the character agrees with the vacuum Virasoro character below weight
four and has exactly one additional dimension at weight four. Lemma 3.3 gives a nonde-
generate primary complement CJ to L(1,0)s. The simple vacuum module L(1,0) has no

positive-weight primary vectors, so in fact

The first singular vector of My;(1,4) occurs at level five, that is, at absolute weight nine.
Thus the cyclic module generated by J agrees with the Verma module below weight nine.
If £ > 9, there is no lattice-sector contribution by weight nine, so Lemma 3.6 applies with

e=0. If k=9, the first lattice top contributes exactly one dimension and
dim Vy = dim L(1, 0)g + dim(X3)g + 1;

the same lemma applies with € = 1. Thus the first singular vector vanishes whenever k£ > 9.

Finally assume 5 < k < 8, and write C' = U(Vir)J. The module C' has no singular
relation below weight nine. Since C' is supported in weights at least four, its intersection
with the simple vacuum module is zero. The two modules are also orthogonal. Indeed, for a

descendant xJ € C and a vacuum descendant w of the same weight, contravariance moves
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the negative Virasoro modes in x to positive modes acting on w and reduces the pairing to
(J,w") for some w' € L(1,0)y; this vanishes by the choice of J. Put

A=L(1,0)®C

as an orthogonal direct sum. Through weight £ < 9, the module C has the same graded
dimensions as X5. Moreover, M(1)* = Xy & X5 @& X; & -+, and the next summand X4
starts only in weight 16. In the model character the first lattice sector contributes one top
vector in weight k, while every sector of charge at least two starts in weight at least 4k. It
follows that
Vo, =4, (n<k), dim V;, = dim A;, + 1.

Below the first singular level, the contravariant form on C'is a nonzero multiple of the Shapo-
valov form and is nondegenerate. The restriction to the vacuum module is nondegenerate
as well, so A; is nondegenerate. Its one-dimensional orthogonal complement is therefore

nondegenerate, and we may choose a nonisotropic vector
F e At

For n < k, the model character is already exhausted by A,. If 1 < r <k, then L(r)F €

Vi_r = Aj_,, and for every a € A;_, invariance gives
(L(T)Fa a) = (Fa L(—r)a) =0.

The form on Ay, is nondegenerate, so L(r)F = 0; for r > k the target has negative weight.
Hence F' is primary. Since none of 5,6,7,8 is of the form n?/4 with n € Zsq, the ¢ = 1
Verma module My, (1, k) is irreducible, and therefore
U(Vir)F = L(1k), Y dim L(L, k)gend™™ = ¢ JJ(1 = )"
n>0 j>1

The module D = U(Vir)F is orthogonal to A: for a Virasoro descendant zF and a € A,
contravariance moves x to an element of the positive enveloping algebra acting on a, and the
resulting weight-k vector lies in Ay, which is orthogonal to F'. Since D = L(1, k) is irreducible
and (F, F') # 0, the restricted form on D is nondegenerate. It follows that D N A = 0.

No second lattice sector appears by weight nine because 4k > 9. The character formula
therefore gives

dim Vg = dim L(1,0)9 + dim(X3)g + dim L(1, k).
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If the first singular vector in the J-cyclic module survived, the minimal-kernel argument

from Lemma 3.6 would make the Verma map injective through weight nine. Hence
dim Cy = dim(X3)g + 1.
We have A = L(1,0)® C and DN A = 0. Hence
L(1,0)9 ® Cy & Dy C Vy,
and consequently
dim Vy > dim L(1,0)g + dim(X3)g + 1 + dim L(1, k),

contrary to the preceding equality. Hence the singular vector vanishes in every case, and
U(Vir)J = X,. O

Corollary 4.4. Under the hypotheses of Lemma 4.3,
(L(1,0),J) = M(1)*.
Proof. Lemma 4.3 gives P;(V) = CJ and
U(Vir)J = X,.
Theorem 4.2 now applies. 0
5. THE Oy CHARGE CATEGORY AND THE RANK-ONE ORBIFOLD BRANCH

5.1. Compact-lattice normalization of the charge category. Fix k € Z-, and choose

a one-dimensional Heisenberg charge \ satisfying
(A A) = 2k.

Let

The compact torus T}, acts on the lattice VOA Vj, by the charge characters.
Theorem 5.1 (The integral Fock category). Let
Pe = (Fu|reZ),
be the full subcategory of finite direct sums of the indicated Heisenberg Fock modules. Then
Vik=M(1),  Pp~m Rep G

The Fock module F,y corresponds to the character z — 2".
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Proof. The lattice VOA has the charge decomposition
Vi, =P For.
rez

Distinct charge sectors carry distinct characters of T, so the fixed-point algebra is the
charge-zero sector Fy = M(1). The hypotheses of McRae’s compact-orbifold theorem hold
here. The lattice algebra Vi, is a simple ordinary VOA, the group 7} is compact, and its
action is continuous on every finite-dimensional homogeneous subspace, since that subspace
is a finite sum of charge spaces. The ambient Heisenberg category of finite direct sums of
Fock modules is a vertex tensor category and contains every multiplicity module F,.; this
is the setting recalled in [19, Example 4.11]. Thus Assumption 3.1 and the tensor-category
hypothesis of [19, Corollary 4.8] are satisfied. Remark 4.9 of that paper also shows that the
tensor products in the resulting subcategory do not depend on the chosen ambient module
category. The argument uses only the charge lattice, and therefore applies to every even
rank-one lattice Ly.

In McRae’s notation an ordinary VOA has trivial abelian grading group, so the modifying
cocycle is (F,) = (1,1). The resulting category is symmetric and equivalent to Rep T.
Finally, finite-dimensional complex representations of U(1) and rational representations of
its complexification G,, have the same character lattice Z. This identifies the charge-r Fock

module with the character z — 2". O

The lattice inversion 6 : A — —A lifts to an involution of V7, normalizes T}, and sends

Frx to F_.n. Together, T}, and 6 generate the compact group
Ky =Ty x (0) =2 0O(2).
Theorem 5.2 (The integral M (1)" charge category). In the Ci-cofinite M(1)* tensor cat-
eqory, set
1=M(1)", e=M(1)", Y, =M(1,7\) (r>1),
and let Dy, be the full subcategory of finite direct sums of these simple modules. Then there

is a symmetric vertexr tensor equivalence
Uy : Rep Oy(C) — Dy,
Under the equivalence,
1—1, det — ¢, pr — Y,

where p, is the two-dimensional irreducible Oo(C)-representation with torus weights {r, —r}.
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Proof. Adamovié-Lin—Yang prove that the category Ci(M(1)") of grading-restricted Cj-
cofinite modules is a vertex and braided tensor category [2, Theorem 4.3]. By [2, Corollary 3.4
and Theorem 3.5], it contains M (1)* and every M (1, u) with u # 0. Thus all the modules
defining D, lie in one vertex tensor category. The ambient category is not semisimple; only
the subcategory singled out below will be.

The element 6 acts on T} by inversion. The group K acts by genuine automorphisms of
VL., and

Vi = (v = M(1)*
As a Ky x M(1)"-module, the lattice VOA has the Schur-Weyl decomposition
Vi, 21@ M(1)" @ det @M (1)~ & @D pP @ M(1,7)),
r>1

where pfP* is the two-dimensional representation with Tj-weights {r, —r}. Here V7, is again
simple and ordinary, K} is compact, and the action is continuous on every homogeneous
subspace. The multiplicity modules in the displayed decomposition all belong to the vertex
tensor category Ci(M(1)") established in [2, Theorem 4.3]. Consequently [19, Corollary 4.8
and Remark 4.10] applies at the level of the full P(z)-tensor structures. Since the abelian
grading group of the ordinary VOA Vi, is trivial, the modifying cocycle is trivial and the
source is the ordinary symmetric category Rep K. By [19, Remark 4.9], its image is a tensor
subcategory independent of the ambient choice; here it is precisely Dy, which is therefore
semisimple.

Complexification identifies finite-dimensional continuous representations of K = O(2)
with rational representations of Oy(C). Under this identification, the three types of multi-
plicity spaces correspond respectively to 1, det, and p,. This proves the claimed symmetric

equivalence. The resulting fusion decompositions coincide with [2, Theorem 4.6]. U
The fusion formulas in this subcategory are therefore
eXe=1, eXY, 2Y,,

and
Yvr+s b Yv|'r—s|7 r 7£ S,

Yo, 1 ®e, r=s.

Y, )Y, =

These are also exactly the formulas of [2, Theorem 4.6].
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Lemma 5.3 (Ambient subquotients of Dy). The full subcategory Dy, is closed under ambient
M (1)*-submodules and quotients, and its inclusion in the grading-restricted M(1)"-module

category is exact.

Proof. Every object of Dy is, as an actual M (1)*-module, a finite direct sum of the simple
modules M (1)", M(1)~, and M(1,r)\). It is therefore semisimple in the ordinary module-
theoretic sense. Every ambient submodule is a direct summand and hence a finite direct
sum of the same simple modules; the same holds for quotients. Kernels and cokernels in the

full subcategory consequently agree with the ambient ones. 0

Proposition 5.4 (Direct-limit certificate for Dy). The category Dy, satisfies the hypotheses
of the Creutzig-McRae—Yang direct-limit completion theorem. Hence Indenmy (Dy) carries
the vertex and braided tensor structures of [6, Theorem 1.1]. The extension—algebra cor-
respondence of [6, Theorem 1.3] applies to commutative algebra objects that are integrally
L(0)-graded and satisfy the required grading restrictions; in particular, it applies to the
extension-admissible objects of Definition 2.12. Moreover, if a grading-restricted VOA ex-

tension A D M(1)" contains a finite direct sum S of simple objects of Dy, then
(M(1)*, S)voa € Indemy (Dy)-

Proof. The base VOA M (1)* is the tensor unit of Dy. Lemma 5.3 verifies closure under actual
ambient submodules and quotients, and finite direct sums are immediate. Its objects are
finite direct sums of finitely generated simple modules. The P(z)-tensor products and parallel
transports are the restrictions of those in the full M (1)" category by the P(z)-compatibility
in [19, Corollary 4.8 and Remark 4.10]. These observations verify conditions (1)—(4) of [6,
Theorem 1.1].

We prove a coefficient-image statement stronger than condition (5). Let M, N € Dy, let
X be an arbitrary generalized M (1)*-module, and let ) be an intertwining operator of type
( X ) The commutator formula shows that its coefficient span I is an M (1)*-submodule

M N
of X. Corestriction gives an intertwining operator

VM ® N — I{z}[log 2]

whose coefficients span I. Since M and N are C-cofinite, Corollary 2.14 of [6] applies with
the arbitrary generalized target X and shows that I is grading restricted and C-cofinite.
Hence I € C;(M(1)") by [2, Theorem 4.2]. The ambient vertex tensor category of [2,
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Theorem 4.3| therefore supplies the P(z)-tensor universal property and a morphism
f-MKXN —I.

The inverse formula [19, Equation (2.1)] lifts the equality of the associated P(z)-intertwining
maps to the formal intertwining operators. Every coefficient of V! therefore lies in Im f.
These coefficients span I, so f is an epimorphism. The fusion formulas above make M X N
a finite semisimple Dy-object. Since f is an ambient epimorphism, Lemma 5.3 shows that
its quotient I belongs to Dx.

Taking X € Indeywy (Dg) proves condition (5) of [6, Theorem 1.1]. That theorem supplies
the direct-limit tensor structures. The extension statement, with the integrality and grading
restrictions in the proposition, follows from [6, Theorem 1.3].

For the final assertion, put

Ey=M(1)"T+S C A.
It is an ambient quotient of the finite semisimple object M(1)" @ S, so Lemma 5.3 gives
Eqy € Dy.. Suppose that E,. € D, and choose an internal decomposition
E.=PT
AEA,
into its actual embedded simple summands. For every ordered pair A, i, restrict the ambient
vertex operator of A to Ty ®T,,. The VOA A is a generalized M (1)*-module, so the stronger
coefficient-image statement just proved puts the image I , in Dj. Define
Ery1=E. + Z Iy ..
ApEN
This is an ambient quotient of a finite direct sum of semisimple Dg-objects, and Lemma 5.3
again puts it in Dy. Induction on the depth of a bracketed mode word gives
(M(1)*, S)voa = | B
r>0
The right-hand side is a directed union of Dg-subobjects, proving the asserted membership

in Indeyy (D) without assuming it for the ambient extension. O
Lemma 2.10 now extends ¥, to an exact symmetric monoidal equivalence

\/I}k : I{GPmt OQ(C) ;> IndCMy(Dk).



42 SHUN XU
5.2. The first lattice module.

Lemma 5.5 (Lowest-line criterion for M (1)"). Let M be a grading-restricted M (1)"-module

and suppose that, for some conformal weight h,

M;, = Co, My_,. =0 (TEZ>0).
Then the cyclic module M(1)" - v is a highest-weight M(1)"-module in the sense of [2,
Section 3.4].

Proof. For homogeneous a € M(1)" and n > wt(a),
anv € Mh+wt(a)—n—1 = 0.

The zero mode o(a) = Qwi(a)—1 Preserves the one-dimensional lowest space Cv and therefore
acts there by a scalar. Thus Cv is a one-dimensional module for the Zhu algebra and v
satisfies the highest-weight conditions used in [2, Section 3.4]. By definition, the module

under consideration is the cyclic module generated by this highest-weight vector. ([

Lemma 5.6 (Orthogonal first-lattice extraction). Assume k > 4 and
chV =chV;, L=7Za, (aa)=2k.
Let
U= M(@1)"
be the subVOA obtained in Corollary 4.4, and put K = U+ with respect to the invariant
bilinear form. Then:

(i) K is a grading-restricted U-module and its homogeneous bilinear form is nondegenerate;
(i) K; =0 for j <k and dim K, = 1;
(iii) every 0 # F € Ky is nonisotropic and is a U-highest-weight vector;
(iv) the U-module generated by F is irreducible and
U-F2>=M(1,N), (N, A) = 2k.

Proof. The restriction of the invariant form to the simple subVOA U is nondegenerate: its

radical is an ideal, and the vacuum has nonzero norm. Thus

V=UaU"*
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orthogonally in each weight. In particular, K = U+ is graded, lower bounded, and has
finite-dimensional homogeneous spaces. To verify that it is a U-module, let a,u’ € U and

v € K. Invariance of the bilinear form gives
(Y(a, 2)v,u') = (v, Y (D (=272 Oq, 27 1)).

Because U is a conformal subVOA, every coefficient on the right belongs to U, and the right-
hand side vanishes. Comparing coefficients shows that a,v € K for every n € Z. Hence K
is a grading-restricted U-module; its homogeneous form is nondegenerate by the orthogonal
decomposition above.

The character of V' is

ch M(1)" + Z ch M(1,ra),
r>1
and the first summand outside M (1) begins at weight k& with one-dimensional top. Char-
acter equality therefore gives K; = 0 for j < k and dim K = 1. The form on Kj is
nondegenerate, so every nonzero I’ € K} is nonisotropic. If a € U is homogeneous and
n > wt(a), then
anF' € Kitwi(a)—n—1 = 0.

The zero mode o(a) = Gywt(q)—1 preserves the one-dimensional space Kj, and hence acts by
a scalar. Lemma 5.5 shows that U - F' is a grading-restricted highest-weight module in the
precise sense of [2, Section 3.4].

By [2, Theorem 3.8], an M (1)* highest-weight module of nonzero conformal weight is
irreducible. The classification recalled in [2, Section 2.1] says that the non-Fock irreducibles
have lowest conformal weights 0, 1, 1/16, or 9/16. Since the present lowest weight is the
integer k > 4, the generated module must be of Fock type:

U-F2M(1M\

with (A, \)/2 = k; the sign of A is immaterial because M (1, ) = M(1,—\). The radical of
the restriction of the invariant form to U - F' is a U-submodule. Since U - F' is irreducible

and (F, F') # 0, this radical is zero. Thus the generated Fock module is nondegenerate. [J

5.3. The nonzero quadratic orbit. Let p; be the standard two-dimensional representa-

tion of Oy(C). Fix a nondegenerate invariant symmetric bilinear form

Bo:pp®pr—1
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and let @), € Sym?(p*)?2 be the corresponding quadratic tensor. Write Ly p1 — pi for the

induced equivariant self-duality. Its inverse Casimir tensor is

Qp = (L;1)®2(Qp) € Sym?(p;)°=.
By construction,
5@(@;)) = dimp; = 2.
We retain this distinction between the quadratic coordinate tensor (), and the invariant

tensor Qp.

Lemma 5.7 (The Oy quadric). For c € C*, set

g Symlsi)
(Qp —c)
Then
Spec R. = O4(C)/Hyeq,
where Hyoq = Zo is the stabilizer of a nonzero nonisotropic vector. In particular R, is reduced
and has no nonzero proper Oy-stable ideals. As an Os-module,
R.=1&Pp.

r>1

Proof. The spectrum is the nonzero norm quadric

{zep: Qp(x) = c}.
The complex orthogonal group acts transitively on this quadric. The stabilizer of a nonzero
nonisotropic vector fixes its orthogonal line and is the order-two reflection subgroup. Thus
the quadric is the homogeneous space Oy/H.,eq; it is smooth and reduced. Lemma 2.15
applied to Oy gives the ideal statement.
Peter-Weyl for the homogeneous space gives
O(OQ/Hreﬂ) =~ @ S ® (S*)Hreﬁ-
Selrr(02)
The trivial representation and each p, have one-dimensional reflection-fixed subspace, while

det has none. This gives the stated decomposition. 0

Lemma 5.8 (Admissibility of the O, quadric). The algebra R. is extension-admissible under
Theorem 5.2. Its underlying M (1) -module is

M) e P ML),

r>1
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Proof. The decomposition in Lemma 5.7 contains one copy of the tensor unit and no other
trivial summand. Hence the unit map is injective and Hom(1, R.) = C. The highest confor-

mal weights are 0 and
(rA,rA)

2
and each Fock module has spectrum kr? +Zsq. Thus L(0) is semisimple, the whole object is

=kr? € Z-y,

lower bounded, and all its conformal weights are nonnegative integers; in particular, the twist
is the identity. At any fixed weight N, only finitely many r satisfy kr? < N, and each Fock
module has finite-dimensional homogeneous spaces. Thus all conditions in Definition 2.12
hold. O

Lemma 5.9 (The standard rank-one orbifold algebra). Let k € Z~o and let L = Za with
(o, ) = 2k. The extension

Vi M)t
belongs to Indenmy (Dy) and is generated over M (1)t by its first lattice module M(1,«). If

Bs* s the corresponding commutative rational Oy(C)-algebra, then

Sym(p7)

Bstd ~ Rc —
g ' (Qp — i)

for some ¢, € C*.

Proof. The argument uses only k£ > 0. The standard decomposition

V=M1 e @M1, ra)

r>1

expresses V" as the directed union of its finite partial sums. Consequently,
V" € Indeny (Dy).
Let 6 be the lift of lattice inversion and put
F.=e""+6() (r>1).
The lattice vertex-operator formula gives
Y(e®, 2)e™ = e, ra) 2" (6(T+1)O‘ +0(2)), e(a,ra) #0.

Let ps denote projection to the sum of the two charge spaces Fgo @ F_s. Since F; and
F, are fixed by 6, so is (F})_op—1F,. Its (r + 1)a-component is e(a,ra)e D £ 0, and

f-equivariance forces the —(r + 1)a-component to be its nonzero translate. Hence

Pro1 ((F)—amr—1 ) = ¢, Fry, cr # 0.
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The remaining components have charges +(r — 1)«; for » = 1 they lie in M(1)*. Once the
sectors through charge r have been generated, these lower-charge terms may be subtracted.
Induction therefore recovers F..; and then the simple module M(1, (r+1)a). Hence M (1, «)
generates all of V" over M (1),

Let B be the corresponding Oy-algebra. The preceding generation shows that it is
generated by p;, while (V;7)y = C1 gives (B§4)92 = C1. The self-duality ¢, therefore yields
a surjection

s Sym(py) = By, m(Qp) = il
for some ¢, € C.
The restriction to V;" of the standard lattice invariant form is nondegenerate. If S, T are
two nonisomorphic irreducible summands in
Vi=M1)*t® EB M(1,ra),
r>1
invariance identifies their cross-pairing with an M (1)*-homomorphism S — 7", which van-
ishes by Schur’s lemma. Thus this multiplicity-free decomposition is orthogonal, and the
global nondegeneracy implies nondegeneracy on each summand. In particular, a nonzero
top vector I} € M(1,a) satisfies (Fy, F1) # 0. The unit component pd : p; ® p; — 1
of multiplication is therefore nonzero by Lemma 3.4. Since the relevant Hom-space is one-
dimensional,
pEt = by fo (b, € C).
Consequently
Wk(Qp) = Ngtd(Qp)l = 2b,1 # 0,
so ¢ # 0. Hence 7y factors through a surjective Oq-algebra map R, — B, Tts kernel is

zero by Lemma 5.7, proving the assertion. 0

Theorem 5.10 (Rank-one orbifold character rigidity for k > 4). Let L = Za with {(a, o) =
2k and k > 4. Let V be a simple self-contragredient CFT-type VOA of central charge one
and assume only
chV =ch V.
Then
Vvt
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Proof. By Corollary 4.4, V' contains a subVOA

Ux=M(1)".
Lemma 5.6 gives a nondegenerate irreducible U-submodule

Y1 = M(1,N), (N, ) = 2k.
Set
W = (U, Y1)voa.

By Proposition 5.4, W € Indeyy (Dg). Put

B =V (W).

Lemma 3.8, applied to Wy, shows that the commutative rational Os-algebra B is generated
by the standard representation p;.

Under the equivalence, B2 = Homyo, (1, B) identifies with Homsq)+(M(1)",W). A
module map is determined by the image of the vacuum, and W = C1 because W C V and
V is of CFT type. Hence B®? = C1. Commutativity of B in the symmetric category makes
the multiplication on p; ® p; factor through Sym? p; and kill /\2 p1 =det. Let j:py — B
be the generating copy. The map

jo Lp_l :py — B
extends uniquely to a surjective unital Os-algebra morphism
7 Sym(p)) - B.

Since @, is invariant, 75(Q,) = c1 for some ¢ € C.
In fact, ¢ # 0. Let
po:pr®pr — 1
be the unit component of the multiplication. Under W, it is the unit component of Y1 XY; —
W. Every nonunit simple in D; has positive lowest conformal weight, so the weight-zero
coefficient of the product of two lowest-weight vectors lies entirely in this channel. For the

nonisotropic top vector F' € Y;, Lemma 3.4 gives
Fo 1 F = (=1)*(F, F)1 #0.
Thus 1o # 0. The space Homo, (p1 ® p1,1) is one-dimensional, so

Ho=bBy  (beCT¥).
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By the normalization of the inverse Casimir tensor,

75(Q,) = 10(Q,)1 = 201 £ 0,

This proves ¢ € C*. The map 7w therefore factors through a surjective Os-algebra homo-
morphism
Re = Sym(p)/(Q, — ¢) - B.

By Lemma 5.7, R, has no nonzero proper Os-stable ideal, so the kernel vanishes. Thus
B=R..

Lemma 5.8 makes the extension correspondence applicable.

By Lemma 5.9, the standard extension V;" D> M (1)* corresponds to B{*! 2 R,, for some
c. € C*.

Choose a € C* with a?c = ¢;. Sending the generating copy of p; in R, to a times the
generating copy in R. defines an Os-algebra isomorphism R, — [R.. After applying \T/k,
this is an isomorphism of commutative algebra objects in Indcyy (Dy). Both algebras are
extension-admissible by Lemma 5.8, so [6, Theorem 1.3] identifies it with an isomorphism of
VOA extensions of the fixed base M(1)". In particular, the base conformal vector and the

L(0)-grading are preserved, and
W=V, chW =ch V" =chV.

Since W,, C V,, for every n, equality of all homogeneous dimensions yields W, = V,, and
hence W = V. [

6. THE FOUR LOW-NORM LATTICE-ORBIFOLD CASES
Throughout this section, V' is assumed to satisfy the hypotheses of Theorem 1.1.

6.1. A uniform low-weight character computation. For a central-charge-one VOA W

with nonnegative integral grading, write

grchW o= ¢"/* ch W = Z(dim Wo)q".
n>0

1/24

Thus grch is the ordinary graded dimension, with the common factor ¢~ removed. Put

Pio)=[-¢""  T@=]J+¢)™"

n>1 n>1
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Lemma 6.1 (Rank-one orbifold character formula). For L = Za with (o, o) = 2k,

+_ Plo+T(q)

grch M (1) 5 ,

and
P(q) +T(q) )
+ kr
greh Vit = =220 p(g) S

r>1
Proof. The Heisenberg involution acts by —1 on every oscillator a(—n). Hence its graded
trace on the oscillator algebra is

[Ta+¢) " =7(9),

n>1
whereas the ordinary graded trace is P(q). Averaging the identity and involution traces gives
the fixed-point graded dimension (P + T)/2.

For every r» > 1, the pair of lattice charges +ra contributes one full oscillator Fock space

to the +-fixed subspace, with lowest conformal weight kr2. Its graded dimension is qk’"QP(q).

Summing over r gives the formula. 0

Proposition 6.2 (Low-weight dimensions). Let Ay = Za with (a, ) = 2k and write

greh Vi = Z d®gn,

n>0
For1<k<4and0<n<9,
K\n{O 1 2 345 6 7 8 9
1 /112 37 9 15 21 32 44
2 /1 0 2 2 5 6 11 14 24 30
3 /1 01 2 45 12 19 25
4 |1 011 4 4 10 17 21.

Proof. The expansions needed are
P(q) =1+ q+2¢° +3¢* + 5¢" + 7¢° + 11¢° + 15¢" + 22¢° + 30¢° + O(¢"?),

and
T(q)=1-q—-¢+q" = ¢ +d"— ¢ +2¢" = 2¢" + O(¢"").
Insert these in Lemma 6.1 and add the finitely many shifts qk’"QP(q) that can contribute

through weight nine. Direct coefficient comparison gives the table. 0
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6.2. The cases £k =1 and k = 2.

Theorem 6.3 (The case k = 1). If
chV = ch V}, (a, ) = 2,
then
Ve

Proof. Proposition 6.2 gives dimV} = 1. For a strongly rational VOA the Lie algebra V; is
reductive, so its Lie rank is one. By Li’s criterion [14, Corollary 3.2], simplicity, CFT type
and self-contragredience imply L(1)V; = 0. Thus the standing hypotheses give strong CFT
type in the convention of Dong—Mason, and Theorems 1-3 of [11] apply. They give

rank V) <¢=1,

and equality rank V} = ¢ = ¢ = 1 implies that V is a positive-definite rank-one lattice VOA
V.

Dong—Griess prove the classical accidental isomorphism
Vi = Vo,
where the generator of 24; has squared length 8 [7]. Therefore
chVxg =chV = ChVX1 =chVy,.

For a rank-one lattice VOA, the character is Og/n, so O = Oa4,. A positive-definite
rank-one even lattice is determined by the squared length of its shortest positive generator,

equivalently by the first nonzero exponent in its theta series. Hence K = 2A; and

V=Vau =V =V

Theorem 6.4 (The case k = 2). If
chV =chV{, (a, ) = 4,

then
Ve V/Q;.
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Proof. By Proposition 6.2,

Vi =0, dim V, = 2.
Theorem 4.7 of Zhang—Dong [22] applies to a rational, Co-cofinite VOA of moonshine type
with ¢ = ¢ = 1 and dim V5 = 2. Here moonshine type follows from V{, = C1 and V; = 0, and

all the remaining hypotheses are part of the standing assumptions. The theorem therefore

1 1
~ (= L(=,0).
vai(y0)oi(3)

For the rank-one lattice of squared norm four, Dong—Griess record the VOA isomorphism

1 1
Vi = L(§,O) ® L(E’O)

in [7, Remark 3.2]. This is an isomorphism of the entire fixed-point algebra, not merely an

gives

embedding furnished by two Ising vectors. Hence V' = VAJ;. U

6.3. The case k = 3.

Lemma 6.5. Assume chV = ch VAJ;. Then Ps3(V') is one-dimensional. Every nmonzero
F € Py(V) satisfies
(F,F) #0, U(Vir)F = L(1, 3).

Proof. The table gives dim V3 = 2, whereas dim L(1,0); = 1. The orthogonal complement
of the vacuum Virasoro subspace is therefore a one-dimensional nondegenerate primary line,
exactly as in Lemma 3.3.

At ¢ = 1, a Verma module My;,(1,h) is reducible precisely at the degenerate highest
weights h = n?/4 with n € Z>q [15, 16]. Since 3 is not of this form, My, (1,3) is irreducible.

The nonzero map from Mvy;.(1,3) induced by F' is therefore injective, proving the claim. O

Lemma 6.6. Under the same assumptions, Py(V') is one-dimensional. Every nonzero J €
Py(V) satisfies
(J,J) #0, U(Vir)J = X, = L(1,4).

Proof. Let
A= L(1,0) & U(Vir)F,
where F' is as in Lemma 6.5. The two summands are orthogonal: the invariant pairing

would otherwise give a nonzero Virasoro homomorphism between the nonisomorphic simple
modules L(1,3) and L(1,0) = L(1,0). The restriction of the form to U(Vir)F = L(1,3)
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is nonzero because (F, F') # 0, and is therefore nondegenerate. Thus A is a nondegenerate
Virasoro submodule.

At weight four, A contributes two vacuum descendants and the level-one descendant of
F. Since dim V), = 4, its orthogonal complement in V} is a one-dimensional nondegenerate
line; choose 0 # J on this line. For 1 < n < 4, the low-weight table gives V,_,, = Ay_,. If

a € Ay_,, invariance yields
(L(n)J,a) = (J,L(—n)a) = 0.

The form on Ay, = Vi, is nondegenerate, so L(n)J = 0 for 1 < n < 4; forn > 4
the same conclusion follows from the absence of negative conformal weights. Hence J is
primary. Neither simple summand of A has a primary vector of weight four, and consequently
Py (V)=CJ.

By Proposition 3.5, the first singular vector of My;(1,4) occurs at level five, hence at
absolute weight nine, and it generates the maximal proper submodule. Thus the cyclic
module generated by J agrees with the Verma module below weight nine. Suppose that the
level-five singular vector survives and denote its image by s € V4. Then s is a primary of
weight nine.

Let C' = U(Vir)J. The intersection of C' with the semisimple module L(1,0) & L(1,3) is
zero: any nonzero intersection would contain one of these two simple summands, but C' has
no vectors of conformal weight zero or three. If s survived, then at the first singular level Cy

would have the full Verma dimension p(5) = 7. Proposition 6.2 gives dim Vy = 25, whereas
dim L(1,0)9 = 8, dim L(1,3)9 = p(6) = 11,

and therefore
dim(L(1,0) ® L(1,3) & C), = 8+ 11 4 7 = 26,
a contradiction. Hence the singular vector is killed. The maximal submodule statement in

Proposition 3.5 now shows that the cyclic module is X5. 0
Theorem 6.7 (The case k = 3). If chV = ch V!, then
V= VAJ; :
Proof. Lemma 6.6 and Theorem 4.2 give a subVOA
U= M(1)".
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The invariant form restricts nondegenerately to the simple subVOA U: its radical is an
ideal and the vacuum has nonzero norm. By the invariance calculation in Lemma 5.6, the
orthogonal complement K = U* is a grading-restricted U-module, and the form on each of
its homogeneous spaces is nondegenerate.

Character comparison gives K; = 0 for j < 3 and dim K3 = 1. Thus every nonzero F' € K3

is nonisotropic. If a € U is homogeneous, then
a, F' € K3+Wt(a)—n—1 =0 (n > Wt(a>>7

while the zero mode o(a) = Awt(a)—1 acts by a scalar on the one-dimensional top Ks.
Lemma 5.5 shows that U - F' is a grading-restricted highest-weight module in the precise
sense of [2, Section 3.4]. Its conformal weight is 3 # 0, so [2, Theorem 3.8] shows that it is
irreducible. The classification recalled in [2, Section 2.1] lists the non-Fock irreducibles with
lowest conformal weights 0, 1, 1/16, and 9/16. An irreducible module of lowest weight 3

must therefore be of Fock type. Hence, for some charge p,
U-F=MQ1np),  (up =06

Let A\¢ be the charge of norm six used to define the fixed category Ds;. Once the isomorphism
U = M(1)*" is fixed, the Heisenberg space is one-dimensional, so u = +\g. Moreover
M(1, ) = M(1,—X) as M(1)*-modules. Consequently

U-F=2Y, = M(1,\) € Ds.
Set W = (U,U - F)yoa. Proposition 5.4 places W in Indcyy (D3). Let
B=U; (W).

Lemma 3.8 shows that B is generated by p;, while W, = C1 gives B2 = C1. The self-duality

L, therefore gives a surjection
751 Sym(p)) » B, wp(Q,) = cl.
The top vector F'is nonisotropic, and
FsF =—(F,F)1#0,

so the unit component of p; ® p; — B is nonzero. Since the invariant contraction space is
one-dimensional, evaluation on Qp gives ¢ # 0. Hence R. — B, and Lemma 5.7 makes this

map an isomorphism.



54 SHUN XU

Lemma 5.9 gives B§' = R, for the standard extension V' > M(1)*, with ¢z # 0.
Choose a € C* with a?c = c3. Scaling the generating copy of p; by a gives an O,-algebra
isomorphism R., = R.. Lemma 5.8 and the extension correspondence now yield W = VA*;.

Its character equals ch V', so equality in every homogeneous degree gives W = V. U
6.4. The case k = 4: the first-singular map. Assume from now on
chV =chVy .

Then dim Py(V) = 2. Let My (1,4) be the Verma module with highest-weight vector vy,

and let s; be its first singular vector, unique up to scalar, at level five.

Definition 6.8. For u € Py(V') let
¢u : MVir(174) — ‘/, Vy —> U
be the canonical Virasoro homomorphism. Define the first-singular map

SiP(V) = Ve, S(u) = dulss).

Lemma 6.9 (Double Verma saturation through weight eight). The space Py(V') is two-

dimensional and nondegenerate. The natural map
(O3 MVir(1a4) (29 P4(V) —V
is injective in levels 0,1,2,3,4, and for 4 < n <8,

Vo =L(1,0), ® ®(Myi(1,4)n—1 @ Py(V)).

Proof. The low-weight table gives V; = 0 and dimV, = dim V3 = 1, so below weight four
there is only the vacuum Virasoro module. Since dimV, = 4 and dim L(1,0)4 = 2, the
orthogonal complement P of L(1,0), in Vj is two-dimensional and nondegenerate. It is also
primary: ifu € P, 1 <n <4, and a € V,_,, = L(1,0)4_,, then

(L(n)u,a) = (u, L(—n)a) = 0.

Nondegeneracy of the form on V,_,, gives L(n)u = 0, while L(n)u = 0 for n > 4 by CFT type.
This proves P C Py(V'). Conversely, if u € Py(V), then u is orthogonal to L(1,0),: every
vector in that space is a linear combination of vacuum descendants, and repeated invariance
moves their negative Virasoro modes to positive modes annihilating . Thus P,(V) C P,
while the preceding argument gave P C Py(V). Therefore P = P4(V); in particular, this

primary space is two-dimensional and nondegenerate.
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Proposition 3.5 says that My;.(1,4) has no singular vector below level five. If ® had a
first nonzero kernel vector at some level r < 5, every positive Virasoro mode would send
it to a lower-level kernel vector and hence to zero. It would therefore be singular, which
is impossible. Thus @ is injective through level four. Its image is a Virasoro submodule
supported in weights at least four. Its intersection with the simple vacuum module L(1,0) is
zero: a nonzero intersection would be all of L(1,0) and would contain the vacuum. Through
weight eight, the character of VAJ; is the sum of the vacuum character and two copies of
the Verma character My;,(1,4); the first singular relation occurs only at weight nine. This
direct sum has the full target dimension in weights four through eight, which proves the

formula. O

Lemma 6.10 (The critical-level kernel). At level five,
ker &9 = Cs5; ® ker S,

and hence
dimIm &9 = 12 + rank S.

Proof. Let x be a level-five kernel vector. Every positive Virasoro mode sends x to a lower-
level kernel vector, which vanishes by Lemma 6.9. Thus z is singular in the direct sum of two
copies of My;(1,4). The level-five singular space of one copy is one-dimensional, spanned

by s5, so the full singular space is
CS5 ® P4(V)

On this space the map is s5 ® u — S(u), proving the kernel formula. Since p(5) = 7 and

dimIm ®g = 14 — dimker S = 14 — (2 — rank §) = 12 4 rank S.

Theorem 6.11 (Vanishing of the first-singular map). In the case k = 4,

S =0.
Consequently every nonzero u € Py(V') generates an embedded Xo = L(1,4).
Proof. Proposition 6.2 gives

dimVy =21,  dim L(1,0)y =8,
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and Lemma 6.10 gives
dim Im &9 = 12 + rank S.

The image is supported in weights at least four. Its intersection with the simple vacuum
module is therefore zero: a nonzero intersection would be the entire vacuum module and

would contain 1. Consequently
8+ 12 +rank S = dim(L(l, 0)g @ Im CI>9) <21,

so rank .S < 1.
Assume rank S = 1 and choose u with s = S(u) # 0. The vector s is a Virasoro primary

of weight nine. The dimension equality now gives
Vo = L(1,0)9 @ Im y.

We show that s is orthogonal to both summands. If x is a vacuum descendant, repeated
invariance moves all negative Virasoro modes from x to positive modes acting on the primary
s, giving (s,z) = 0. If

y=L(—ny)---L(—n,)v

is a level-five descendant of a vector v € Py(V'), then similarly
(s,y) = (L(n,)--- L(ny)s,v) = 0.

Thus s L Vy, contradicting nondegeneracy of the invariant form on the homogeneous space
Vy. Therefore rank S = 0.

For every u # 0, the first singular vector is therefore killed. Proposition 3.5 says that it
generates the maximal proper submodule of My, (1,4), so ¢, factors through a nonzero map

Xy — V. Simplicity of X5 makes this map injective. U
6.5. The regular spin-two orbit.

Lemma 6.12 (Orthogonal diagonalization on the regular locus). Let A € Sym*(C?) have
three distinct eigenvalues. Then there is g € SO3(C) such that gAg™' is diagonal.

Proof. If Av = Ml and Aw = pw, symmetry gives
(>\ - M)(an) = (AU, UJ) - (Ua AUJ) = 0.

Thus distinct eigenspaces are orthogonal. Each eigenline is nondegenerate: an isotropic
eigenvector would be orthogonal to its own line and to the other two eigenlines, hence to all

of C3, which is impossible. Normalize one vector on each eigenline to obtain an orthonormal
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eigenbasis. Changing the sign of one basis vector if necessary makes the determinant of the

change-of-basis matrix equal to one. 0
For A € E = Sym3(C?) define
g(A) =tr(A%),  d(A) = tx(A%).

Restrict invariant polynomials to diagonal matrices. The nonvanishing of the discriminant
defines a nonempty Zariski-open subset of F; for example, it contains diag(1,0,—1). By
Lemma 6.12, this regular locus is the G-saturation of the diagonal matrices with distinct
eigenvalues and is dense in E. Restriction is therefore injective. Every permutation of the
diagonal entries is induced by an element of SO3(C): if necessary, multiply the permutation
matrix by a diagonal sign matrix that centralizes the diagonal matrices and corrects the
determinant. The restricted polynomial is therefore symmetric in the eigenvalues x1, x5, 73,
subject to 1 + x5 + 23 = 0.

Conversely, every such symmetric polynomial is a polynomial in the elementary functions
es, e3. Newton’s identities give

1

1
€2 2Q7 €3 3

Thus every symmetric polynomial on the traceless diagonal is the restriction of a polynomial
in ¢ and d, and
C[E]” = Clg. d].

The discriminant of the traceless characteristic polynomial is

1
A= —¢° — 3d°%
54

It is nonzero precisely when A has three distinct eigenvalues.

Lemma 6.13 (Regular fibers). If
%cg —3c3 #0,
then the affine scheme
Sym(E™)
(¢ —co,d — c3)

Feocs = SPeEC

s smooth and reduced, and
‘FCQ,Cg = G/D27
where Dy = (Z/2)? is the Klein four subgroup of coordinate-azis half-turns.
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Proof. For a traceless 3 x 3 matrix A one has

1 1
The discriminant hypothesis says that the polynomial
T 1c t— 1c
52t = 36

has three distinct roots x1, Ty, 3. Their sum is zero, and Newton’s identities give > 2? = ¢,
and Y z? = c3. Hence diag(zy, rq, x3) lies in the fiber, so the fiber is nonempty.

Every matrix in the fiber has these three distinct eigenvalues. Lemma 6.12 diagonalizes
it by an element of SO3(C). Thus all points of the fiber are conjugate. The stabilizer
of a diagonal matrix with three distinct eigenvalues is the determinant-one diagonal sign
subgroup Dy, and the closed points form a single orbit G/ Ds,.

We must exclude a nonreduced thickening. For H € F,

dga(H) = 2tr(AH), dds(H) = 3tr(A*H).

The trace pairing restricts nondegenerately to E. Indeed, inside Sym,(C) one has E+ = CI3,
and therefore £ N E+ = 0. Since A has three distinct eigenvalues, in particular A # 0, so
the functional
dga = 2tr(A-)
is nonzero on FE.
Suppose that the Jacobian of (¢,d) had rank less than two at A. Since dga # 0, there
would be p € C such that ddy = ppdga on E. Hence

tr((34° —2uA)H) =0  (H € E).
As E+ = CI;, there is v € C such that
3A% — 2uA = v,

Thus every eigenvalue of A is a root of the quadratic polynomial 3t — 2ut — v, so A could
have at most two distinct eigenvalues, a contradiction. Therefore the Jacobian of (¢, d) has
rank two at every closed point of the fiber. The fiber cut out by ¢ — ¢ and d — ¢3 in the
smooth five-dimensional affine space E is consequently smooth of codimension two at every
closed point, hence is a smooth three-dimensional affine scheme. In particular, it is reduced.

Fix Ay = diag(zq, z2, x3) in the fiber and put O = G - Ay. Standard orbit theory gives an
isomorphism

G/Dy, — E, gDy — gAog ™,
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onto the locally closed smooth subvariety O C E. The diagonalization argument shows that

every closed point of F, ., lies in O. Since O is locally closed, the complement
[Feres| \ O

is constructible. If it were nonempty, it would contain a closed point, because finite-type
schemes over C are Jacobson. This is a contradiction. Hence |F,, .| = O, and O is closed
in F.

Give O its reduced induced scheme structure. The fiber is also reduced, so these are two
reduced closed subschemes of E with the same underlying closed set. Their defining ideals
are radical and have the same zero locus. The Nullstellensatz therefore gives equality of the
ideals, and

f02763 - O = G/D2

as afline schemes. O

Lemma 6.14 (Invariant parameters on the primary space). Put P = Py(V'). There is a
commutative G-algebra Bp, generated by E ® P, with the following properties.
(i) For every uw € P, the G-subalgebra B, C Bp generated by E ® u corresponds to the

vertex subalgebra (L(1,0),u)voa.

(ii) The invariant polynomials q and d take scalar values in B,. These values are homoge-
neous forms

qv(u)l, dy (u)1,

where q € Sym?(P*) and dy € Sym®(P*).

(7ii) The quadratic form qy is a nonzero scalar multiple of the invariant bilinear form on P,

and in particular is nondegenerate.

Proof. The maps My (1,4) — V depend linearly on their highest-weight vectors. Theo-

rem 6.11 and Proposition 3.5 therefore induce a Virasoro homomorphism

Its kernel is a submodule of the semisimple module X, ® P. A nonzero submodule would
meet the highest-weight space, but the map on that space is the identity P — P;(V'). Hence
this homomorphism is injective.

Let Up be the vertex subalgebra generated by L(1,0) and X, ® P. Theorem 3.7 places
Up in Indenmy (Cyq); let Bp be its commutative G-algebra. By Lemma 3.8, Bp is generated
by E ® P. Moreover BS = C1, since (Up)y = CL1.
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For u € P, the equivariant map
ju:E*—>BPa 6'—>LE(£)®U7

extends to a G-algebra map Sym(E*) — Bp; denote its image by B,. Thus B, is the smallest
unital G-subalgebra of Bp containing £ ® u.
Set
W, = (L(1,0),u)yoa C Up.
By Theorem 3.7, W,, € Indemy (Csq)- Let B(W,,) C Bp be the algebra object corresponding to
this inclusion. It is a unital G-subalgebra containing £ ®u, so minimality gives B, C B(W,,)
and hence ®(B,) C W,,.

For the reverse inclusion, put C, = ®(B,). It is an L(0)-stable submodule of the grading-
restricted VOA Up, hence it is lower bounded and has finite-dimensional homogeneous
spaces. Proposition 2.14 therefore shows that C, is a vertex operator subalgebra of Up.
It contains L(1,0) and the copy of Xy with highest-weight vector u, so W,, C C,. Together
with the opposite inclusion obtained by minimality, this gives C,, = W,, and B, = B(W,,),
proving (i).

The images of ¢,d € Sym(E*) under the map defined by j, lie in B = C1. Because j,
depends linearly on wu, their scalar values depend homogeneously on u with degrees two and
three. This defines g,y and dy and proves (ii).

To identify qy, let

evg . F®QFE — 1

be the nonzero contraction defined by the trace form. The unit component of multiplication
on (E® P)® (E® P) is G-invariant; hence it has the form evg ®fp for a bilinear form Sp
on P. Commutativity makes Sp symmetric.

The equivalence ® sends evg to a nonzero map
X2 X X2 — X[).

This morphism space is one-dimensional. The canonical contragredient intertwiner spanning
it has a nonzero vacuum coefficient on the two highest-weight vectors. Thus there is a scalar

vg € C* such that the vacuum projection of the product of the primaries u,v € P is
YeBp(u,v)z~ 41,
Lemma 3.4, applied directly in V, identifies the same projection with (u,v)z781. Therefore

Bp(u,v) =5 (u,v).
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Under the trace self-duality ¢z, the one-dimensional space (Sym?* £*)¢ is the line of con-
traction tensors for the trace pairing. Since g(A) = tr(A?) is a nonzero generator of that

line, applying the algebra map induced by j, and projecting to the unit gives

qv(u) = cg Bp(u, u)
for a fixed ¢ € C*. Thus
qv(u) = cp7g' (u,u).
The scalar cE’y]El is nonzero, and the invariant form on P is nondegenerate. Hence gy is

nondegenerate, proving (iii). O

Lemma 6.15 (Existence of a regular primary). There exists u € Py(V') such that

%qv(u)s — Bdy(u)? £ 0.

FEquivalently, the scalar values co(u) = qy(u) and c3(u) = dy(u) in B, have nonzero discrim-

inant.

Proof. If the assertion failed, the discriminant polynomial would vanish at every point of
Py(V). Since C is infinite, the polynomial identity
1

5(]?/ = 3dy,

would hold on the two-dimensional space Py(V). In particular, dy would be nonzero. By

Lemma 6.14, q is a nondegenerate binary quadratic form. Over C it factors as
qv = l1ls

with distinct linear factors. Each factor occurs with odd multiplicity three in ¢, whereas

every irreducible factor of the square d3- occurs with even multiplicity. This is impossible. [

Theorem 6.16 (Regular spin-two reconstruction). For a regular u as in Lemma 6.15,
(L(1,0), u)vos = V2.

Here D, is the standard Klein four subgroup constructed in Lemma 6.17.

Proof. Use the notation of Lemma 6.14. By construction, B, is a G-stable unital subalgebra
of Bp. Hence
C1 C BY € B =1,
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so B¢ = C1. The fixed self-duality tp : E* = E defines a surjection Sym(E*) — B,.
Since C[E]“ = Clg, d], the two invariants take the scalar values ¢, = qy(u) and c3 = dy (u).
Regularity gives

%cg —3c; #0,
and hence a surjective G-algebra map

Sym(E*)

(¢ —c2,d —c3)

By Lemma 6.13, the source is the affine homogeneous coordinate algebra O(G/H,), where

— B,.

H, is the stabilizer of a regular spin-two vector and is conjugate in G to a Klein four
subgroup. This coordinate algebra has no nonzero proper G-stable ideal by Lemma 2.15, so
the surjection is an isomorphism. The subgroup H, is finite, hence reductive, and G/H, is

affine by Lemma 6.13. Corollary 2.18 therefore gives
(L(1,0), u)voa = V™.

The classification of finite subgroups of PSLy(C) shows that all such Klein four subgroups
are conjugate. Thus H, = gDyg~! for some g € G, where Dj is the subgroup in Lemma 6.17.
Since g acts by a VOA automorphism,

Vi =g(Va?) = Vi,
This proves the stated isomorphism. O
Lemma 6.17 (The D, fixed point). Inside V4, one has
Vir = Via,
Proof. Write A; = Z~ with (v,7) = 2. Define commuting involutions
olma = id, o(e") = (=1)"e",

and the lattice inversion

On the weight-one basis
h=~(-1)1, r=¢ +e 7, y=¢e¢ —e 7,

the invariant form makes the three lines pairwise orthogonal and is nonzero on each of them.

After replacing y by 1y and rescaling the three vectors, they form an orthonormal basis of
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the standard three-dimensional SO3(C)-module. In the original basis the two involutions
act as

o:(h,z,y) — (h,—z,—y), 0:(h,z,y) — (—h,z,—y).
Thus their matrices are

diag(la_la_l)v dlag(_Lla_l)a

and they generate precisely the determinant-one diagonal sign subgroup, the standard Klein
four subgroup Ds.

The o-fixed lattice charges are the even charges, so
Vi = Vaa,.
The restriction of € to this fixed-point algebra is exactly lattice inversion for 2A;. Therefore

NG
V£2 - <V1§1>> - ‘/2—;1

Theorem 6.18 (The case k =4). If chV = chV}, then
V= VAJ; :
Proof. Theorem 6.11 shows that every nonzero line in the two-dimensional space Py(V)
gives an embedded X,. Lemma 6.15 provides a regular choice u. By Theorem 6.16 and
Lemma 6.17,
(L(1,0),u) 2 V2 = V,f, .

The generator of 2A4; has squared length eight, so this is exactly VX; . Hence the generated
subVOA has the same graded character as V. Since it is a graded subspace of V', equality

of homogeneous dimensions implies equality with V. U

Theorem 6.19 (Rank-one lattice-orbifold rigidity). Let L be any positive-definite even lattice
of rank one, and let V' satisfy the hypotheses of Theorem 1.1. If

chV =ch V",

then
Vvt
No Virasoro complete reducibility assumption is required.

Proof. Write L = Ay with generator squared length 2k. The cases k > 4 are Theorem 5.10;
the cases k = 1,2,3,4 are Theorems 6.3, 6.4, 6.7, and 6.18, respectively. 0
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7. THE LATTICE BRANCH AND THE FINAL CLASSIFICATION

7.1. The lattice character branch. We first isolate the only remaining structural branch.

The following is the form of the effective-central-charge theorem that we need.

Theorem 7.1 (Dong—Mason). Let V' be strongly rational, and let € be the Lie rank of the
reductive Lie algebra V. Then
L <e(V).
If moreover
t=¢(V)=cV),
then V' is isomorphic to the lattice vertex operator algebra Vi of a positive-definite even
lattice K of rank €.

Proof. Dong—Mason include strong CFT type in their definition of strong rationality. For
a simple CFT-type VOA, Li’s criterion [14, Corollary 3.2] identifies self-contragredience
with L(1)V; = 0, so our convention implies theirs. The result is then the combination of
Theorems 1-3 of [11]: Theorem 1 gives reductivity of Vi, Theorem 2 gives the inequality
between its Lie rank and the effective central charge, and Theorem 3 identifies the equality

case { = ¢ = ¢ with a positive-definite even lattice VOA. O

Theorem 7.2 (Rigidity of the rank-one lattice character). Let V' satisfy the hypotheses of

Theorem 1.1, and let L be a positive-definite even lattice of rank one. If
chV =chVp,
then
V=V

Proof. A rank-one lattice VOA contains the rank-one Heisenberg vector, so (V)1 # 0. Hence
character equality implies V; # 0. Since V' is strongly rational, V; is reductive. Therefore its
Lie rank £ is at least one. On the other hand, Theorem 7.1 and ¢(V') = 1 give

< 1.

Consequently
C=1=¢(V)=¢V).

The equality statement in Theorem 7.1 gives

V=Vk
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for a positive-definite even lattice K of rank one.

For a positive-definite even lattice M of rank one,

ch Vi = M
1
where 7(q) = ¢"/**I],>, (1 — ¢"). Thus
@K'::@L-

Write K = Z and L = Za with
</87/B> :2T7 <OK,O[> :257 T,S €Z>0

Then
Ox(@)=> ¢, Oa=> ¢

nez nez
The smallest positive exponent appearing in these theta series is respectively r and s, so

equality implies » = s. Therefore K =2 L as even lattices, and hence V = V. 0
7.2. Proof of the classification theorem.
Proof of Theorem 1.1. By Theorem 2.2, the vacuum character of V' is one of
chVy, ch V;*, ch V3, ch Ve, ch V",

for a positive-definite even rank-one lattice L.

If chV = chVy, Theorem 7.2 gives V = V.

If chV = chV;", Theorem 6.19 gives

Vv

This includes all lattice norms, including the four collision cases treated in Section 6.
Finally, suppose
chV =chV, H € {Ay, Sy, A5}
The exceptional character-rigidity theorem, Theorem 3.13, gives
Vv

These five alternatives exhaust the character list. At no point in the rigidity argument was

complete reducibility of V' as an L(1,0)-module assumed. This proves the theorem. 0



66 SHUN XU

Corollary 7.3. Under the hypotheses of Theorem 1.1, the additional assumption used in
several earlier characterization arguments that V' be a direct sum of highest-weight L(1,0)-

modules is unnecessary.

Proof. The character reduction in Theorem 2.2 uses only rationality, Cs-cofiniteness, self-
contragredience, and ¢ = ¢ = 1; it does not require Virasoro semisimplicity. The lattice
branch is Theorem 7.2. Theorem 6.19 treats the rank-one orbifolds by constructing only the
semisimple subcores needed for reconstruction, and Theorem 3.13 treats the three exceptional
branches in the same way. Thus no branch uses a global decomposition of V' into Virasoro

highest-weight modules. U

Remark 7.4 (Strong rationality of the models). Positive-definite lattice VOAs are simple,
reqular, non-negatively graded, and equipped with a nonsingular invariant bilinear form.
Carnahan—Miyamoto’s finite-solvable-orbifold theorem therefore applies 3, Corollary 5.25].
Lattice inversion is cyclic, and Ay and Sy are solvable; their fized-point algebras remain
simple, reqular, non-negatively graded, and self-contragredient. The degree-zero space is still
C1, so these algebras are of CFT type. Together with the equivalence between regularity and
rationality plus Cy-cofiniteness [1, Theorem 4.5], this proves their strong rationality.

For the remaining icosahedral model, Xu proves directly that fo is strongly rational [21].

Thus every VOA on the classification list is strongly rational.

APPENDIX A. WHY AMBIENT VIRASORO SEMISIMPLICITY CANNOT BE USED AS A
FORMAL SHORTCUT

For completeness, we record a simple obstruction that explains why the generated-core
arguments above are needed. Even at central charge one, integral grading, diagonalizable

L(0) and trivial twist do not force a Virasoro module to be semisimple.

Proposition A.1 (Explicit nonsplit square blocks). For every m > 0, fix a singular-vector
embedding
b - MVir(L (m + ]_)2) — MVir(l,mQ)
and identify its source with its image. Define
Em = MVir(L m2)/<1/m o Lm—i—l)MVir(ly (m + 2)2)

Then E,, fits into a nonsplit exact sequence

0— L(1,(m+1)*) — E,, — L(1,m?) — 0.
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Moreover, L(0) acts semisimply on E,,, all conformal weights are integers, and the categorical

twist is the identity.

Proof. Proposition 3.5 supplies the embeddings ¢,,, unique up to nonzero scalar. Once a

normalization is fixed, the Feigin—Fuchs chain is
Myie(1,m?) D 1 Myie (1, (m 4 1)%) D (1 © tipg1) Myie(1, (m +2)%) D -+
The quotient of the first two nested submodules is the irreducible module
b Mie (1, (m+ 1)) / (i © i) Myvie (1, (m + 2)?) = L(1, (m + 1)?),

and the maximal proper submodule of My (1,m?) is ¢, Myi(1, (m + 1)?). Passing to the

indicated quotient therefore gives an exact sequence
0— L(1,(m+1)?) — E,, — L(1,m?) — 0.

If the sequence split, E,, would contain a highest-weight vector v' of weight m? whose
generated submodule is isomorphic to L(1,m?). The image of v’ in the quotient L(1,m?)
is nonzero, so after rescaling it differs from the image of the original Verma highest-weight
vector by a vector from the submodule of lowest weight (m -+ 1)2. Since that submodule
has no vector of weight m?, the weight-m? space of E,, is one-dimensional and v' must be
the image of the original Verma highest-weight vector. But its first singular descendant, at
weight (m + 1)2, survives in E,, by construction. Hence the cyclic module generated by v’
is not the irreducible quotient L(1,m?), a contradiction. Thus the sequence is nonsplit.

The same sequence is nonsplit in the category of L(1,0)-modules: any splitting there
would, after restriction to the Virasoro action, give a Virasoro-module splitting.

The module E,, is a highest-weight Virasoro module of central charge one: it is a homo-
geneous quotient of Myi, (1, m?) generated by the image of the Verma highest-weight vector.
It is lower bounded, its L(0)-eigenspaces are finite dimensional, and for every w € E,, one
has L(n)w = 0 for all sufficiently large n. Thus F,, is a restricted Virasoro module. The
standard Virasoro-VOA correspondence [4, Section 2.2] therefore makes it a module for the
universal Virasoro vertex operator algebra M(1,0). By [4, Corollary 2.2.5(4)], M(c,0) is

simple unless
(»—q)

c=Cpg=1-6 -
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for coprime integers p,q > 2. If ¢, , = 1, then p = ¢; coprimality would force p = ¢ = 1,

contrary to p,q > 2. Hence central charge one is not exceptional and
M(1,0) = L(1,0).

Consequently E,, is an L(1,0)-module.
The equalities
m® = homi11(1),  (m+1)* = hopisi(1)
show that both lowest weights belong to the degenerate set H; of [4, Section 2.2]. The
exact sequence above shows that F,, has finite length with composition factors L(1,m?) and
L(1,(m + 1)%). Hence E,, € O'" by definition. The equality

C, = O

of [4, Theorem 3.1.4] now gives E,,, € O;. In particular, its categorical twist is defined.
A Verma module is an algebraic direct sum of its L(0)-eigenspaces, and the same is true of
every homogeneous quotient. Since m? € Z, the spectrum of E,, is contained in m? + Zsq C

2miL(0)

Z. Therefore L(0) is semisimple and, for the standard twist Oy = e in the vertex

tensor category,
p2miL(0) _ 1

on F,,. This proves the final assertions. 0J

Remark A.2. Proposition A.1 shows that neither semisimplicity of L(0), integrality of
conformal weights, triviality of the twist, nor equality of graded characters with a sum of
irreducible characters is sufficient to deduce complete reducibility as a Virasoro module. The
proofs in Sections 3—6 instead extract particular simple submodules and prove that the vertex

subalgebras they generate remain in explicitly semisimple tensor subcategories.
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