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1. Introduction

Let V be a vertex operator algebra. Zhu [12] constructed the Zhu algebra A(V ) and proved that there is a one-to-one cor
respondence between the isomorphism classes of irreducible A(V )-modules and those of irreducible admissible V -modules. 
Following this idea of associating an associative algebra to a vertex operator algebra, Dong, Li, and Mason [2] constructed 
for each n ∈Z+ an associative algebra An(V ), where A0(V ) = A(V ). Later, Dong and Jiang [1] developed a bimodule theory 
for vertex operator algebras: for any n,m ∈Z+ , they defined an An(V ) − Am(V )-bimodule An,m(V ). Using these bimodules, 
given any Am(V )-module U , one can construct a Verma-type admissible V -module of the form 

⨁︁
n∈Z+ An,m(V ) ⊗Am(V ) U .

Recalling the definitions of An(V ) and An,m(V ), we know that An(V ) is the quotient space V /O n(V ), and An,m(V ) is 
the quotient space V /O n,m(V ). Define

𝒪n,m(V ) = {︁
u ∈ V | om−n(u)|Ωm(M) = 0 for all weak V -modules M

}︁
and set 𝒪n(V ) =𝒪n,n(V ). Han [5] showed that O n(V ) =𝒪n(V ) and O n,m(V ) =𝒪n,m(V ), thus providing a unified definition 
for An(V ) and An,m(V ).

The universal enveloping algebra U (V ) of a vertex operator algebra was introduced by Frenkel and Zhu [4]. It plays a 
fundamental role in the representation theory of vertex operator algebras, as every weak V -module naturally becomes a 
U (V )-module. Frenkel and Zhu [4] noted that the Zhu algebra A(V ) is isomorphic to a quotient of U (V )0. It has been 
established in [8] (see also [6,4]) that An(V ) is a quotient algebra of U (V )0 for any n ∈Z+ . Moreover, Han [5] showed that 
the An(V ) − Am(V )-bimodule An,m(V ) is a quotient of U (V )n−m for any n,m ∈Z+ .
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In our previous work with Han and Xiao [7] (see also [6]), the above results were extended to the setting of twisted rep
resentations of vertex operator algebras. The author [11] further generalized these results to vertex operator superalgebras 
using a more concise and unified approach.

In this paper, we study vertex operator superalgebras over an arbitrary field. Our results recover the main results of [8,5, 
11], and our approach is both more concise and more unified. This paper is organized as follows. In Section 2, we recall the 
definition of a vertex operator superalgebra over an arbitrary field, together with its weak modules and admissible modules. 
In Section 3, we review the universal enveloping algebra of a vertex operator superalgebra and establish some isomorphism 
theorems. In Section 4, as applications, we realize (generalized) Zhu algebras associated with vertex operator (super)algebras 
over arbitrary fields as subquotients of their universal enveloping algebras.

2. Basics

In this section, we recall the definitions of vertex operator superalgebras, weak modules, and admissible modules over 
an arbitrary algebraically closed field F with charF ≠ 2. For any k ∈Z, let k̄ denote its image in Z/2Z.

Definition 2.1. A vertex operator superalgebra is a 4-tuple (V , Y ,1,ω), where V = ⨁︁
n∈(1/2)Z Vn = V 0 ⨁︁

V 1 is a (1/2)Z

graded F -vector space with dim Vn < ∞ for all n and Vn = 0 for n ≪ 0, where V 0 = ⨁︁
n∈Z Vn and V 1 = ⨁︁

n∈1/2+Z Vn . 
1 ∈ V 0, ω ∈ V 2 and Y is a linear map from V to End V

[︁[︁
z, z−1

]︁]︁
sending u ∈ V to Y (u, z) = ∑︁

n∈Z unz−n−1 satisfying the 
following axioms:

(1) Y (1, z) = idV and un1 = δn,−1u for any n ≥ −1 and u ∈ V ;

(2) un v ∈ V i+ j for any u ∈ V ī, v ∈ V j̄ and n ∈Z; um v ∈ V s+t−m−1 for u ∈ V s, v ∈ Vt,m ∈Z and un v = 0 for n ≫ 0;

(3) the Virasoro algebra relations hold: [L(m), L(n)] = (m − n)L(m + n) + m3−m
12 cV for m,n ∈ Z, where cV ∈ F and L(m) =

ωm+1 for m ∈Z; L(0)|Vm
= m idVm for m ∈ (1/2)Z and Y (L(−1)u, z) = d 

dz Y (u, z) for u ∈ V ;
(4) for any u, v ∈ V ,m, l,n ∈Z, the Jacobi identity holds:∑︂

i≥0 
(−1)i

(︃
l 
i

)︃(︂
um+l−i vn+i − (−1)ũ ṽ(−1)l vn+l−ium+i

)︂
=

∑︂
i≥0 

(︃
m

i 

)︃(︁
ul+i v

)︁
m+n−i ,

where x̃ = 0 for x ∈ V 0 and x̃ = 1 for x ∈ V 1. Whenever x̃ appears, we always assume that x ∈ V 0̄ or V 1̄ .

For any n ∈ (1/2)Z, elements in Vn are called homogeneous, and if u ∈ Vn , we define wt u = n. When wt u appears, we 
always assume that u is homogeneous.

Definition 2.2. A weak V -module is a F -vector space M equipped with a linear map from V to End M
[︁[︁

z, z−1
]︁]︁

sending 
u ∈ V to Y (u, z) = ∑︁

n∈Z unz−n−1 satisfying the following axioms:

(1) Y M(1, z) = idM ;
(2) for any u ∈ V , w ∈ M , un w = 0 for n ≫ 0;
(3) for any u, v ∈ V ,m, l,n ∈Z, the following Jacobi identity holds on M:∑︂

i≥0 
(−1)i

(︃
l 
i

)︃(︂
um+l−i vn+i − (−1)ũ ṽ(−1)l vn+l−ium+i

)︂
=

∑︂
i≥0 

(︃
m

i 

)︃(︁
ul+i v

)︁
m+n−i . (2.1)

Definition 2.3. An admissible V -module M is a weak V -module that carries a (1/2)Z+-grading M = ⨁︁
n∈(1/2)Z+ M(n) with 

um M(n) ⊆ M(wt u + n − m − 1) for any u ∈ V ,m ∈Z and n ∈ (1/2)Z+ , where Z+ denotes the set of non-negative integers.

In the Definitions 2.1 and 2.3, when V 1 = 0 and 
⨁︁

n∈1/2+Z+ M(n) = 0, we recover the notions of a vertex operator 
algebra V over F , a weak V -module, and an admissible V -module over a vertex operator algebra.

3. Universal enveloping algebra U (V ) and isomorphisms

In this section, we recall the universal enveloping algebra associated to SVOAs [11] and establish some isomorphism 
theorems.

Let V be a vertex operator superalgebra over F . Let L(V ) = V ⊗ F
[︁
t, t−1

]︁
, recall a Lie superalgebra V̂ = L(V )/𝒟L(V )

from [3] with the Lie super-bracket as follows:

2 
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[a(m),b(k)] =
∞ ∑︂

i=0 

(︃
m

i 

)︃
(aib)(m + k − i),

for any a,b ∈ V and m,k ∈ Z, where a(m) the image of a ⊗ tm ∈ L(V ) in V̂ . Then V̂ is a (1/2)Z-graded Lie superalgebra 
with the degree of a(m) defined to be wt a − m − 1 for a ∈ V ,m ∈ Z. Let U (V̂ ) be the universal enveloping algebra of the 
Lie superalgebra V̂ . Then the (1/2)Z-grading on V̂ induces a (1/2)Z-grading on U (V̂ ) = ⨁︁

m∈(1/2)Z U (V̂ )m . Following from 
[11], we set

U (V̂ )k
m =

∑︂
(1/2)Z∋i≤k

U (V̂ )m−i U (V̂ )i

for (1/2)Z ∋ k < 0 and U (V̂ )0
m = U (V̂ )m , then U (V̂ )k

m ⊆ U (V̂ )
k+1/2
m and⋂︂

k∈−(1/2)Z+

U (V̂ )k
m = 0, 

⋃︂
k∈−(1/2)Z+

U (V̂ )k
m = U (V̂ )m.

Thus, 
{︂

U (V̂ )k
m | k ∈ −(1/2)Z+

}︂
forms a fundamental neighborhood system of U (V̂ )m . Let ˜︁U (V̂ )m be the completions of 

U (V̂ )m and set ˜︁U (V̂ ) = ⨁︁
m∈(1/2)Z

˜︁U (V̂ )m . For m ∈ (1/2)Z, define a linear map Jm(·) : V → V̂ by Jm(u) = u(wt u + m − 1). 
Note that Jm(u) = 0 if wt u + m − 1 ∉Z.

Definition 3.1. The universal enveloping algebra U (V ) of V is the quotient of ˜︁U (V̂ ) by the two-sided ideal generated by the 
relations: 1(i) = δi,−1 for i ∈Z and∑︂

i≥0 
(−1)i

(︃
l 
i

)︃(︂
J s−i(u) Jt+i(v) − (−1)ũ ṽ+l J l+t−i(v) J s+i−l(u)

)︂
=

∑︂
i≥0 

(︃
d

i 

)︃
J s+t

(︁
ul+i v

)︁
(3.1)

for any u, v ∈ V , s ∈ (1/2)ũ +Z, t ∈ (1/2)ṽ +Z, l ∈Z, where d = s + wt u − l − 1.

Then U (V ) is also a (1/2)Z-graded associative algebra U (V ) = ⨁︁
m∈(1/2)Z U (V )m . Set

U (V )k
m =

∑︂
(1/2)Z∋i≤k

U (V )m−i U (V )i

for any (1/2)Z ∋ k < 0, then the quotient U (V )0/U (V )k
0 is an associative algebra, since U (V )k

0 is two-sided ideal of U (V )0. 
Then U (V )n−m/U (V )

−m−1/2
n−m is a U (V )0/U (V )

−n−1/2
0 − U (V )0/U (V )

−m−1/2
0 -bimodule for n,m ∈ (1/2)Z+ .

Remark 3.2. (1) From the construction of U (V ), any weak V -module is naturally a U (V )-module with the action induced 
by the map u(m) ↦→ um for any u ∈ V and m ∈Z.

(2) We still use J s(u) to denote the image of J s(u) in U (V ) or its quotients.

For any n ∈ (1/2)Z, there exists a unique n̂ ∈ {0,1} such that n = ⌊n⌋ + n̂/2, where ⌊·⌋ denotes the floor function. This 
decomposition is utilized whenever we refer to n ∈ (1/2)Z. For i, r ∈ {0,1}, define δi(r) = 1, if r ≤ i ≤ 1, and δi(r) = 0, if 
i < r with the convention that δi(2) = 0. For u ∈ V r̄(r = 0,1), v ∈ V and n,m, p ∈ (1/2)Z+ , define the product ∗n

m,p on V as 
follows:

u ∗n
m,p v =

⌊p⌋ ∑︂
j=0 

(−1) j
(︃⌊m⌋ + ⌊n⌋ − ⌊p⌋ + ε + j

j 

)︃
Resz

(1 + z)wt u+⌊m⌋+δm̂(r)−1+r/2

z⌊m⌋+⌊n⌋−⌊p⌋+ε+ j+1
Y (u, z)v,

if p̂ − n̂ = r̄, where ε = −1 + δm̂(r)+ δn̂(2 − r); and u ∗n
m,p v = 0 otherwise. Set ∗n

m = ∗n
m,m , ∗̄n

m = ∗n
m,n and ∗n = ∗n

n = ∗̄n
n . From 

[9, Lemma 6.2] and [11, Lemma 6.3], we have

Lemma 3.3. (1) Let u, v ∈ V and m,n, p ∈ (1/2)Z+ . Then

Jm−n
(︁
u ∗n

m,p v
)︁ ≡ J p−n(u) Jm−p(v) mod U (V )

−m−1/2
n−m .

(2) For any w = ∑︁
Jk1

(︁
u1

)︁ · · · Jkm

(︁
um

)︁ ∈ U (V )n−m/U (V )
−n−1/2
n−m with n,m ∈ (1/2)Z+ , where u j ∈ V , then there exists u(w) ∈

V such that w = Jm−n(u(w)).

3 
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For m ∈ (1/2)Z+ , set Mm = ⨁︁
n∈(1/2)Z+ U (V )n−m/U (V )

−m−1/2
n−m . Then Mm carries a natural (1/2)Z+-grading such that 

Mm(n) = U (V )n−m/U (V )
−m−1/2
n−m for n ∈ (1/2)Z+ . For u ∈ V , p ∈ Z,n ∈ (1/2)Z+ , v ∈ U (V )n−m/U (V )

−m−1/2
n−m , set d = n +

wt u − p − 1, define a linear map up from Mm(n) to Mm(d) is defined by up(v) = u(p)v , if d ≥ 0; otherwise up(v) = 0. 
It is easy to verify that this map is well defined. Then we form a generating function YMm (u, z) = ∑︁

p∈Z up z−p−1. Then 
Mm carries the structure of an admissible V -module, since the Jacobi identity follows immediately from the construction 
of U (V ).

For any weak V -module M and n,m ∈ (1/2)Z+ , let on(·) be the linear map from V to End M sending u ∈ V to on(u) =
uwt u+n−1 and define

Ωn(M) = {w ∈ M | on+i(u)w = 0 for all u ∈ V and 0 < i ∈ (1/2)Z} ,

𝒪n,m(V ) = {︁
u ∈ V |om−n(u)|Ωm(M) = 0 for all weak V -modules M

}︁
.

Set 𝒪n(V ) =𝒪n,n(V ), 𝒜n(V ) = V /𝒪n(V ) and 𝒜n,m = V /𝒪n,m(V ). Write o(·) = o0(·).

Lemma 3.4. For n,m ∈ (1/2)Z+ , define a linear map

φn,m : 𝒜n,m(V ) → U (V )n−m/U (V )
−m−1/2
n−m

sending u +𝒪n,m(V ) to Jm−n(u) + U (V )
−m−1/2
n−m . Then φn,m is a linear isomorphism.

Proof. Since Mm(m) = U (V )0/U (V )
−m−1/2
0 ⊆ Ωm(Mm), for any u ∈ 𝒪n,m(V ), it follows from the definition of 𝒪n,m(V )

that 0 = om−n(u)( J0(1) + U (V )
−m−1/2
0 ) = Jm−n(u) + U (V )

−m−1/2
n−m . Hence, φn,m is well-defined. Clearly, φn,m is surjective 

by Lemma 3.3(2). Now suppose Jm−n(u) ∈ U (V )
−n−1/2
n−m . Then for any weak V -module M , we have om−n(u)|Ωn(M) = 0 by 

Remark 3.2(1). Therefore, u ∈𝒪n,m(V ) by definition, which implies that φn,m is injective. Thus, the proof is complete. □

Using the fact that U (V )0/U (V )
−n−1/2
0 is an associative algebra, U (V )n−m/U (V )

−m−1/2
n−m is a U (V )0/U (V )

−n−1/2
0 −

U (V )0/U (V )
−m−1/2
0 -bimodule, and the linear isomorphisms in Lemma 3.4, we immediately obtain the following result.

Theorem 3.5. Let m,n ∈ (1/2)Z+ , then
(1) 𝒜n(V ) is an associative algebra under the multiplication ∗n with the identity 1 +𝒪n(V ).
(2) 𝒜n,m(V ) is an 𝒜n(V ) −𝒜m(V )-bimodule with ∗̄n

m the left action and ∗n
m the right action.

Theorem 3.6. In Lemma 3.4, φn,n is an algebra isomorphism and φn,m is a bimodule isomorphism.

Proof. For any u, v ∈ V ,

φn,m
(︁(︁

u +𝒪n,m(V )
)︁ ∗n

m (v +𝒪m(V ))
)︁

=φn,m
(︁
u ∗n

m v +𝒪n,m(V )
)︁ = Jm−n

(︁
u ∗n

m v
)︁ + U (V )

−m−1/2
n−m

= Jm−n(u) J0(v) + U (V )
−m−1/2
n−m =

(︂
Jm−n(u) + U (V )

−m−1/2
n−m

)︂
·
(︂

J0(v) + U (V )
−m−1/2
0

)︂
,

where the third equality follows from Lemma 3.3(1). When m = n, 𝒜n(V ) = 𝒜n,n(V ) by definition, we obtain that φn,n is 
an algebra isomorphism. Then

φn,m
(︁(︁

u +𝒪n,m(V )
)︁ ∗n

m (v +𝒪m(V ))
)︁ = φn,m

(︁
u +𝒪n,m(V )

)︁ · (v +𝒪m(V )) .

Thus, φn,m is a right 𝒜m(V )-module homomorphism. Similarly, φn,m is a left 𝒜n(V )-module homomorphism, completing 
the proof. □
4. Applications

In this section, as applications, we realize (generalized) Zhu algebras associated with vertex operator (super)algebras over 
arbitrary fields as subquotients of their universal enveloping algebras.

4 
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4.1. Associative algebra A(V ) associated SVOAs over F

For a vertex operator superalgebra V over F , any a,b ∈ V and any m,n ∈Z+ , we set

a ∗ b =
{︄

a ∗0 b, if a,b ∈ V 0,

0, if a or b ∈ V 1,
a ◦n

m b =
{︄

Resz Y (a, z) (1+z)wta+m

z2+n+m b, if a ∈ V 0,

Resz Y (a, z) (1+z)wta−1/2+m

z1+n+m b, if a ∈ V 1,

and extend to V × V bilinearly. Denote by O (V ) the linear span of a ◦n
m b for a,b ∈ V ,m,n ∈Z+ and set A(V ) = V /O (V ). 

From [3], we have

Theorem 4.1. (1) A(V ) is an associative algebra under ∗ with the identity 1 + O (V ).
(2) Suppose that M is a weak V -module. Then there is a representation of the associative algebra A(V ) on Ω0(M) induced by the 

map u ↦→ o(u) for u ∈ V . Let M = ⨁︁
k∈(1/2)Z+ M(k) be an admissible V -module, then M(0) is A(V )-module under u + O (V ) ↦→

o(u).
(3) There exists an admissible V -module M̄(A(V )) such that M̄(A(V ))(0) = A(V ).

Lemma 4.2. We have O (V ) =𝒪0(V ).

Proof. For any weak V -module M , Ω0(M) is an A(V )-module, so for any u ∈ O (V ), we have o(u) = 0 on Ω0(M). Thus 
O (V ) ⊆ 𝒪0(V ). Consider admissible V -module M̄(A(V )), so M̄(A(V ))(0) = A(V ) ⊆ Ω0(M̄(A(V ))). For any u ∈ 𝒪0(V ), we 
have

0 = o(u)(1 + O (V )) = u ∗ 1 + O (V ) = u + O (V ).

Thus 𝒪0(V ) ⊆ O (V ). □
From Theorem 3.6 and Lemma 4.2, we have

Corollary 4.3. There exists an algebra isomorphism A(V ) ∼ = U (V )0/U (V )
−1/2
0 .

4.2. Associative algebra An(V ) associated VOAs over F

Let V be a vertex operator algebra over F . For n ∈ Z+ , let O n(V ) be the linear span of all a ◦s
n,t b and L(−1)a+ L(0)a

where for a ∈ V and b ∈ V ,

a ◦s
n,t b = Resz Y (a, z)b

(1 + z)wt a+n+s

z2n+2+t

and s, t ∈Z+ with s ≤ t . Define An(V ) = V /O n(V ). From [10], we have

Theorem 4.4. (1) An(V ) is an associative algebra under ∗n with the identity 1 + O n(V ).
(2) Suppose that M is a weak V -module. Then there is a representation of the associative algebra An(V ) on Ωn(M) induced by the 

map u ↦→ o(u) for u ∈ V . Let M = ⨁︁
k∈Z+ M(k) be an admissible V -module, then M(k) is An(V )-module under u + O n(V ) ↦→ o(u)

for 0 ≤ k ≤ n.
(3) There exists an admissible V -module M̄(An(V )) such that M̄(An(V ))(n) = An(V ).

Lemma 4.5. We have O n(V ) =𝒪n(V ) for any n ∈Z+ .

Proof. For any weak V -module M , Ωn(M) is an An(V )-module, so for any u ∈ O n(V ), we have o(u) = 0 on Ωn(M). Thus 
O n(V ) ⊆ 𝒪n(V ). Consider admissible V -module M̄(An(V )), so M̄(An(V ))(n) = An(V ) ⊆ Ωn(M̄(An(V ))). For any u ∈ 𝒪n(V ), 
we have

0 = o(u)(1 + O n(V )) = u ∗n 1 + O n(V ) = u + O n(V ).

Thus 𝒪n(V ) ⊆ O n(V ). □
For a vertex operator algebra V , its universal enveloping algebra U (V ) is Z-graded. Therefore, from Theorem 3.6 and 

Lemma 4.5, we obtain the following result:

Corollary 4.6. There exists an algebra isomorphism An(V ) ∼ = U (V )0/U (V )−n−1
0 .

5 
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4.3. Associative algebra An(V ) and An(V ) − Am(V )-bimodules An,m(V ) associated SVOAs over C

Let (V , Y ,1,ω) be a vertex operator superalgebra over C. Let m,n ∈ (1/2)Z+ , define O ′
n,m(V ) = V r̄ + span{u ◦n

m v | u, v ∈
V } + Ln,m(V ), where m̂ − n̂ ≠ r̄, Ln,m(V ) = span{(L(−1) + L(0) + m − n)u | u ∈ V s̄ such that m̂ − n̂ = s̄} and for u, v ∈ V ,

u ◦n
m v =

⎧⎨⎩Resz
(1+z)wt u+⌊m⌋

z⌊m⌋+⌊n⌋+2 Y (u, z)v, if u ∈ V 0,

Resz
(1+z)wt u+⌊m⌋+δm̂(1)−1/2

z⌊m⌋+⌊n⌋+δm̂(1)+δn̂(1)+1 Y (u, z)v, if u ∈ V 1.

Set O n(V ) = O ′
n,n(V ) and An(V ) = V /O n(V ). For u,a,b, c ∈ V and p1, p2, p3 ∈ (1/2)Z+ , we define O ′′

n,m(V ) as the lin
ear span of u ∗n

m,p3

(︁(︁
a ∗p3

p1,p2 b
)︁ ∗p3

m,p1 c − a ∗p3
m,p2

(︁
b ∗p2

m,p1 c
)︁)︁

. Define O ′′′
n,m(V ) = ∑︁

p1,p2∈(1/2)Z+
(︁

V ∗n
p1,p2

O ′
p2,p1

(V )
)︁ ∗n

m,p1
V , 

O n,m(V ) = O ′
n,m(V ) + O ′′

n,m(V ) + O ′′′
n,m(V ) and An,m(V ) = V /O n,m(V ). The subsequent theorem is derived from [9,11].

Theorem 4.7. Let m,n ∈ (1/2)Z+ , then
(1) An(V ) is an associative algebra under the multiplication ∗n with the identity 1 + O n(V ).
(2) An,m(V ) is an An(V ) − Am(V )-bimodule with ∗̄n

m the left action and ∗n
m the right action.

(3) O n(V ) =𝒪n(V ) and O n,m(V ) =𝒪n,m(V ).

From Theorem 3.6 and Theorem 4.7, we obtain the following result:

Corollary 4.8. There exist an algebra isomorphism An(V ) ∼ = U (V )0/U (V )
−n−1/2
0 and a bimodule isomorphism An,m(V ) ∼ = 

U (V )n−m/U (V )
−n−1/2
n−m .

Remark 4.9. Corollary 4.8 was first obtained in [11].

Acknowledgement

This work is supported by the National Natural Science Foundation of China (No. 12271406). The author is grateful to 
his supervisor Professor Jianzhi Han for his guidance.

Data availability

No data was used for the research described in the article.

References

[1] Chongying Dong, Cuipo Jiang, Bimodules associated to vertex operator algebras, Math. Z. 259 (4) (2008) 799--826.
[2] Chongying Dong, Haisheng Li, Geoffrey Mason, Vertex operator algebras and associative algebras, J. Algebra 206 (1) (1998) 67--96.
[3] Chongying Dong, Wang Wei, Representations of vertex operator superalgebras over an arbitrary field, J. Algebra 610 (2022) 571--590.
[4] Igor B. Frenkel, Yongchang Zhu, Vertex operator algebras associated to representations of a�ine and Virasoro algebras, Duke Math. J. 66 (1) (1992) 

123--168.
[5] JianZhi Han, Bimodules and universal enveloping algebras associated to VOAs, Isr. J. Math. 247 (2) (2022) 905--922.
[6] Jianzhi Han, Yukun Xiao, Associative algebras and universal enveloping algebras associated to VOAs, J. Algebra 564 (2020) 489--498.
[7] Jianzhi Han, Yukun Xiao, Shun Xu, Twisted bimodules and universal enveloping algebras associated to VOAs, J. Algebra 664 (2025) 1--25.
[8] Xiao He, Higher level Zhu algebras are subquotients of universal enveloping algebras, J. Algebra 491 (2017) 265--279.
[9] Wei Jiang, CuiBo Jiang, Bimodules associated to vertex operator superalgebras, Sci. China Ser. A 51 (9) (2008) 1705--1725.

[10] Li Ren, Modular An(V ) theory, J. Algebra 485 (2017) 254--268.
[11] Shun Xu, Bimodules and universal enveloping algebras associated to SVOAs, J. Pure Appl. Algebra 229 (9) (2025) 108037.
[12] Yongchang Zhu, Modular invariance of characters of vertex operator algebras, J. Am. Math. Soc. 9 (1) (1996) 237--302.

6 

http://refhub.elsevier.com/S0393-0440(25)00290-6/bibD538B8D988A3D3F1CA229AC1871281EBs1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib5C1FE4172693EAFECA87D4AB6C5B0B85s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bibB01E62F491EDD302A1CBAC9497A3AD5Cs1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bibCA27261780715763204D71158BF6DECFs1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib1C6EDC519FC63E2B77002BE7A8EDF987s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib14DA4BD945B526F0E3D782CAC5497F41s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bibF2AFBB73AF16196D3D475DD6863D92B1s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib36B190F046A5CD43251B3C7983B34417s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bibCDA522D4353B166CC2DEE84673307B4Es1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib4869457D73CDDDB565798ED22DF12886s1
http://refhub.elsevier.com/S0393-0440(25)00290-6/bib2871A030D5F4D04037A9B6F405E19C5As1

	Bimodules and associative algebras associated to SVOAs over an arbitrary field
	1 Introduction
	2 Basics
	3 Universal enveloping algebra U(V) and isomorphisms
	4 Applications
	4.1 Associative algebra A(V) associated SVOAs over F
	4.2 Associative algebra An(V) associated VOAs over F
	4.3 Associative algebra An(V) and An(V)−Am(V)-bimodules An,m(V) associated SVOAs over C

	Acknowledgement
	Data availability
	References


