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1. Introduction

Let V be a vertex operator algebra. Zhu [12] constructed the Zhu algebra A(V) and proved that there is a one-to-one cor-
respondence between the isomorphism classes of irreducible A(V)-modules and those of irreducible admissible V -modules.
Following this idea of associating an associative algebra to a vertex operator algebra, Dong, Li, and Mason [2] constructed
for each n € Z, an associative algebra A,(V), where Ag(V) = A(V). Later, Dong and Jiang [1] developed a bimodule theory
for vertex operator algebras: for any n,m € Z., they defined an A,(V)—Apn(V)-bimodule A, ,(V). Using these bimodules,
given any A, (V)-module U, one can construct a Verma-type admissible V-module of the form @nez+ Apm(V) ®anvy U.

Recalling the definitions of A,(V) and A, m(V), we know that A,(V) is the quotient space V/0,(V), and Ay m(V) is
the quotient space V /0, m (V). Define

Onm(V)={u €V | om_n@)lg,m) = 0 for all weak V-modules M}

and set Oy (V) = Oy (V). Han [5] showed that 0,(V) = O, (V) and O, m (V) = Opm(V), thus providing a unified definition
for Ap(V) and Ay m(V).

The universal enveloping algebra U(V) of a vertex operator algebra was introduced by Frenkel and Zhu [4]. It plays a
fundamental role in the representation theory of vertex operator algebras, as every weak V-module naturally becomes a
U(V)-module. Frenkel and Zhu [4] noted that the Zhu algebra A(V) is isomorphic to a quotient of U(V)q. It has been
established in [8] (see also [6,4]) that A,(V) is a quotient algebra of U(V)¢ for any n € Z . Moreover, Han [5] showed that
the An(V)—An(V)-bimodule A, m(V) is a quotient of U(V)p—p, for any n,me Z,..
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In our previous work with Han and Xiao [7] (see also [6]), the above results were extended to the setting of twisted rep-
resentations of vertex operator algebras. The author [11] further generalized these results to vertex operator superalgebras
using a more concise and unified approach.

In this paper, we study vertex operator superalgebras over an arbitrary field. Our results recover the main results of [8,5,
11], and our approach is both more concise and more unified. This paper is organized as follows. In Section 2, we recall the
definition of a vertex operator superalgebra over an arbitrary field, together with its weak modules and admissible modules.
In Section 3, we review the universal enveloping algebra of a vertex operator superalgebra and establish some isomorphism
theorems. In Section 4, as applications, we realize (generalized) Zhu algebras associated with vertex operator (super)algebras
over arbitrary fields as subquotients of their universal enveloping algebras.

2. Basics

In this section, we recall the definitions of vertex operator superalgebras, weak modules, and admissible modules over
an arbitrary algebraically closed field IF with charlF # 2. For any k € Z, let k denote its image in Z/27Z.

Definition 2.1. A vertex operator superalgebra is a 4-tuple (V,Y,1, w), where V = @ne(l/z)Z Vp = V6€B vliis a (1/2)Z-
graded FF-vector space with dimV, < co for all n and V, =0 for n < 0, where V° =, ; V, and vi= @Dneij2+7 Vn-

1€ Vo, weV;y and Y is a linear map from V to EndV [[z,z7']] sending u € V to Y(u,2) = ,c7 unz """ satisfying the
following axioms:

(1) Y(A,2) :liv and u,1 :8_,1,,111 fc_)r anyn>—-landueV;

(2) upveVitiforanyueVi,veViandneZ; upv e Vsyt—m—1 forue Vg, ve Vi, meZ and uyv =0 for n > 0;

(3) the Virasoro algebra relations hold: [L(m), L(n)] = (m —n)L(m +n) + mi;’" cy for m,n e Z, where cy € IF and L(m) =
wmy1 for me Z; L(0)|y,, =midy,, forme (1/2)Z and Y (L(—1)u,z) = ;—ZY(u,z) forueV;

(4) for any u,v € V,m,l,n € Z, the Jacobi identity holds:

Z(—l)iC) (umH,ivnH - (—1)ﬁ6(—1)l‘/n+l—ium+i) =y (T) (Ui V) gy

i>0 i>0

where =0 for xe V0 and X =1 for x € V1. Whenever % appears, we always assume that x € vOor v,

For any n € (1/2)Z, elements in V, are called homogeneous, and if u € V,;, we define wtu =n. When wtu appears, we
always assume that u is homogeneous.

Definition 2.2. A weak V-module is a IF-vector space M equipped with a linear map from V to EndM[[z, z‘l]] sending
ueVtoYu,z=> .7 u,z~"1 satisfying the following axioms:

(1) Yu(1,2) =idm;
(2) foranyueV,weM, uyw =0 for n>>0;
(3) for any u,v e V,m,l,n € Z, the following Jacobi identity holds on M:

Z(—l)i<:) (um stV = DT D Vit ) = >

m
( i ) (uH‘iv)ernfi : 21)
i>0 i>0
Definition 2.3. An admissible V-module M is a weak V-module that carries a (1/2)Z-grading M = @ne(1/2)2+ M(n) with
unMm) C M(wtu+n—m—1) foranyueV,meZ and n € (1/2)Z., where Z_ denotes the set of non-negative integers.

In the Definitions 2.1 and 2.3, when V1 =0 and @n51/2+z+ M(n) = 0, we recover the notions of a vertex operator
algebra V over IF, a weak V-module, and an admissible V-module over a vertex operator algebra.

3. Universal enveloping algebra U (V) and isomorphisms

In this section, we recall the universal enveloping algebra associated to SVOAs [11] and establish some isomorphism
theorems.

Let V be a vertex operator superalgebra over [F. Let L(V) =V Q IF [t, t‘1], recall a Lie superalgebra V = L(V)/DL(V)
from [3] with the Lie super-bracket as follows:
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o0

la(m),b()] =) <rln) (aib)(m 4 k — i),

i=0

for any a,b € V and m, k € Z, where a(m) the image of a®t™ € L(V) in V. Then V is a (1/2)Z-graded Lie superalgebra
with the degree of a(m) defined to be wta—m —1 forae V,me Z. Let U(V) be the universal enveloping algebra of the
Lie superalgebra V. Then the (1/2)Z-grading on V induces a (1/2)Z-grading on U(V) = @mea/z)z U (V)m. Following from
[11], we set

U= > U)W
(1/2)Z>i<k

for (1/2)Z 5k <0 and U(V), = U(V)p, then U(V)k, < U(V)/* and

(| Uk =o. U uh=u@nm.
ke—(1/2)Z ke—(1/2)Z
Thus, {U(\A/)l‘n | ke —(1/2)Z+} forms a fundamental neighborhood system of U(V ). Let ﬁ(\?)m be the completions of

U(V)m and set l7(\7) = @mea/z)z ﬁ(\?)m. For m € (1/2)Z, define a linear map [p(-):V — 1% by Jn(u) =u(wtu+m—1).
Note that J,(u)=0if wtu+m—1¢Z.

Definition 3.1. The universal enveloping algebra U (V) of V is the quotient of uw) by the two-sided ideal generated by the
relations: 1(i) = é;,_1 for i € Z and

(1 iv d
> (l) (Js=1Jei®) = DT e Jssia@) = Y <1> Jsve (ursiv) (3.1)

i>0 i>0

foranyu,veV,se 1/ +Z,te(1/2)" +Z,1e Z, where d=s+wtu — [ — 1.
Then U (V) is also a (1/2)Z-graded associative algebra U(V) = EBme(1/2)Z U(V)m. Set

U= D> UV)miU(V)
(1/2)Z>i<k

for any (1/2)Z > k < 0, then the quotient U(V)O/U(V)ﬁ is an associative algebra, since U(V)’a is two-sided ideal of U(V)g.

Then U(V)n_m/U(V); " is a U(V)o/U(V)y" ™ ? = U(V)o/U (V)™ "/*-bimodule for n,m € (1/2)Z..

Remark 3.2. (1) From the construction of U(V), any weak V-module is naturally a U(V)-module with the action induced
by the map u(m) — up, for any u € V and m € Z.
(2) We still use Js(u) to denote the image of Js(u) in U(V) or its quotients.

For any n € (1/2)Z, there exists a unique f € {0, 1} such that n = |n| +f/2, where |-] denotes the floor function. This
decomposition is utilized whenever we refer to ne (1/2)Z. For i,r € {0, 1}, define 8;(r) =1, if r <i <1, and §;(r) =0, if
i <r with the convention that §;(2) =0. Forue V'(r=0,1),veV and n,m, p € (1/2)Z., define the product *"m’p onV as
follows:

Lp] : tu+|m|+845 @) —141/2
iflm]+In]—[pl+e+] 1+2)% i
n _E : _1)J
Usky p V= ' O( 1) ( i Res; PIE IS Y(u,2)v,
]:

if p—n=r, where ¢ = —1+843 () +8;(2—r1); and u *m.p vV = 0 otherwise. Set *}, = %]}, ., %, = #[ , and #p = *; = %;,. From
[9, Lemma 6.2] and [11, Lemma 6.3], we have

Lemma3.3.(1)Letu,ve Vandm,n,p € (1/2)Z. Then

Jmen (W V) = Jp-n (@) Jm—p(v) mod U(V), 2.

(2)Forany w =3 Ji, (u) - Ji, (u™) € U(V),F,T,/U(V)n_f;l/2 withn,m e (1/2)Z., where ul € V, then there exists u(w) €
V such that w = Jj—p(u(w)).
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For me (1/2)Z, set M™ @ne(1/2)Z+ UV)n— m/U(V)fm 12 Then M™ carries a natural (1/2)Z 4 -grading such that

M™(n) = UV )pem/UWV);™ V2 for ne (1/2)Zy. ForueV, peZ.ne (1/2)Z4, v € UV )u_m/U(V); ™2 set d =n +
wtu — p — 1, define a linear map u, from M™(n) to M™(d) is defined by u,(v) = u(p)v, if d > 0; otherw15e up(v)=0
It is easy to verify that this map is well defined. Then we form a generating function Ypgqm(u, z) = ZpEZ upzfpfl. Then
M™ carries the structure of an admissible V-module, since the Jacobi identity follows immediately from the construction
of U(V).

For any weak V-module M and n,m € (1/2)Z., let 0,(-) be the linear map from V to End M sending u € V to on(u) =
Uwty+n—1 and define

QM) ={weM|opi(uyw=0forallue Vand0<ie (1/2)Z},
Onm(V) = {u € V|om-n(W)lg,, ) = 0 for all weak V-modules M} .

Set On(V)=Onpn(V), An(V)=V/On(V) and Ay m =V /Opm(V). Write o(-) = 0g(-).

Lemma 3.4. Forn,m € (1/2)Z., define a linear map

Gnm : Anm(V) = UV /U V)12

m—1/2

sending u 4+ Opm(V) to Jin—n(u) +U(V),_,, '. Then ¢n m is a linear isomorphism.

~m-1/2 C QupM™), for any u € Opn(V), it follows from the definition of Op (V)

Proof. Since M™(m) = U(V)o/U(V),
) = Jmon() + UV), " /2,

that 0 = op_n()(Jo(1) + U(V);™" 12
n—1/2

by Lemma 3.3(2). Now suppose Jm_n(u) € U(V),_,, '“. Then for any weak V-module M, we have oy_n(u)|o,m) =0 by
Remark 3.2(1). Therefore, u € Op (V) by definition, Wthh implies that ¢, n is injective. Thus, the proof is complete. O

Hence, ¢n ;m is well-defined. Clearly, ¢n, is surjective

—n—1/2 —m— 1/2 -n—-1/2

Using the fact that U(V)o/U(V),
UV)o/U(V)," /2

is an associative algebra, U(V)n—m/U(V),_ is a U(V)o/U(V),

-bimodule, and the linear isomorphisms in Lemma 3.4, we 1mmed1ately obtain the following result.

Theorem 3.5. Let m,n € (1/2)Z ., then
(1) An (V) is an associative algebra under the multiplication %, with the identity 1 + Op (V).
(2) Apm(V) is an Ap(V)— Am(V)-bimodule with %7, the left action and =), the right action.

Theorem 3.6. In Lemma 3.4, ¢n , is an algebra isomorphism and ¢, m is a bimodule isomorphism.

Proof. For any u,v eV,

@nm (U + Onm(V)) # (v + Om(V)))
=@nm (U v + On,m(v)) Jm—n (Ll *m V) +UV),Z

— e @) Jo) + UV = (T )+ U 2) - (Jow) + UV, 2),

—m— 1/2

where the third equality follows from Lemma 3.3(1). When m =n, Ay (V) = Apn(V) by definition, we obtain that ¢, is
an algebra isomorphism. Then

@n,m ((U + On,m(v)) s (V + Om(v))) =®n,m (u + On,m(v)) “(V+Om(V)).

Thus, ¢@n;m is a right Ap(V)-module homomorphism. Similarly, ¢, is a left A, (V)-module homomorphism, completing
the proof. O

4. Applications

In this section, as applications, we realize (generalized) Zhu algebras associated with vertex operator (super)algebras over
arbitrary fields as subquotients of their universal enveloping algebras.

4
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4.1. Associative algebra A(V') associated SVOAs over F

For a vertex operator superalgebra V over IF, any a,b € V and any m,n € Z, we set

- Wta+i . n

iupo Jarob ifabev® o [Res; Y@ TR b, ifae VO,
= . - == ta—1/2 . T

0, ifaorbe V!, " ReszY(a,z)%b, ifaevl,

and extend to V x V bilinearly. Denote by O (V) the linear span of aoj, b for a,be V,m,ne Z, and set A(V)=V/0(V).
From [3], we have

Theorem 4.1. (1) A(V) is an associative algebra under * with the identity 1+ O (V).

(2) Suppose that M is a weak V -module. Then there is a representation of the associative algebra A(V) on Qo(M) induced by the
map ur> o(u) forue V. Let M = @ke(]/Z)Z+ M (k) be an admissible V-module, then M(0) is A(V)-module under u 4+ O(V) —
o(u). ~ ~

(3) There exists an admissible V -module M(A(V)) such that M(A(V))(0) = A(V).

Lemma 4.2. We have 0 (V) = Ogy(V).

Proof. For any weak V-module M, Q¢(M) is an A(V)-module, so for any u € O(V), we have o(u) =0 on Q¢(M). Thus
0(V) C Og(V). Consider admissible V-module M(A(V)), so M(A(V))(0) = A(V) C Qo(M(A(V))). For any u € Og(V), we
have

O=o0w)A+0(V)=ux1+0(V)=u+ 0(V).
Thus Og(V) C 0(V). O

From Theorem 3.6 and Lemma 4.2, we have

Corollary 4.3. There exists an algebra isomorphism A(V) = U(V)O/U(V)al/z.

4.2. Associative algebra A, (V) associated VOAs over IF
Let V be a vertex operator algebra over . For n € Z, let 0,(V) be the linear span of all ao} ;b and L(—1)a+ L(0)a

where forae V and be V,

(-1 + Z)wta+n+s
Z2n+2+t

and s,t € Z with s <t. Define Ap(V)=V/0,(V). From [10], we have

aoy . b=Res;Y(a,2)b

Theorem 4.4. (1) A, (V) is an associative algebra under *, with the identity 1 + O, (V).

(2) Suppose that M is a weak V -module. Then there is a representation of the associative algebra A, (V) on Q,(M) induced by the
mapu+>o(u) forueV.Let M = @I<GZ+ M (k) be an admissible V -module, then M (k) is A,(V)-module under u + 0,(V) — o(u)
forO<k<n.

(3) There exists an admissible V -module M(An(V)) such that M(An(V))(n) = Ap(V).

Lemma 4.5. We have 0,(V) = Op(V) foranyne Z.

Proof. For any weak V-module M, Q,(M) is an _An(V)—module_. so for any u € O,(V), we I_lave o(u) =0 on Q,(M). Thus
0n(V) € On(V). Consider admissible V-module M(Ap(V)), so M(Ap(V))(n) = Ap(V) € Q2 (M(An(V))). For any u € Oy (V),
we have

0=0w)(1+ 0,(V)) =ty 14 0p(V)=u+ 0,(V).

Thus Oy (V) € 0,(V). O

For a vertex operator algebra V, its universal enveloping algebra U(V) is Z-graded. Therefore, from Theorem 3.6 and
Lemma 4.5, we obtain the following result:

Corollary 4.6. There exists an algebra isomorphism Ap(V) = U(V)O/U(V)a”_l.

5
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4.3. Associative algebra An(V) and Ap(V) — Am(V)-bimodules An m (V) associated SVOAs over C

Let (V,Y,1, w) be a vertex operator superalgebra over C. Let m,n € (1/2)Z, define O,/Lm(V) = V' 4+ spanfu omviu,ve
V}+ Lym(V), where i — i #£F, Ly m(V) = span{(L(—1) + L(0) +m —n)u | u € V® such that 1 —fi=5} and for u,veV,

(142 wtu+|m] . 0
n ReSZ WY(U,Z)V, ifueV ,

u Om V= (1+Z)wtu+[mj+8ﬁ1(1)—1/2 3 1
Res, ST, (075, (D Y(u,z)v, ifueVv'.

Set 0,(V) = O;’n(V) and Ap(V) =V /0,(V). For u,a,b,c € V and p1, p2, p3 € (1/2)Z, we define O,’{’m(V) as the lin-

b3 b3 ] b2 _
ear span of ux, . ((axp; p, b) #mp, € — A p, (biip, €)). Define 07 (V) = Y b1 pac(1/2)Z, (v # 2 Oy ) oy Vo

Onm(V) =05 (V) + 0y (V)4 07/, (V) and Ap (V) =V /Oy m(V). The subsequent theorem is derived from [9,11].

Theorem 4.7. Let m,n € (1/2)Z, then
(1) Ap(V) is an associative algebra under the multiplication *, with the identity 1+ On(V).
(2) Apm(V) is an Aq(V)—Am(V)-bimodule with %7, the left action and =, the right action.
(3) 0p(V)=0On(V) and Oy (V) = Opm(V).

From Theorem 3.6 and Theorem 4.7, we obtain the following result:

Corollary 4.8. There exist an algebra isomorphism Ap(V) = U(V)(]/U(V)a”*]/2 and a bimodule isomorphism Apm(V) =

UV )nem /U V)" 2

Remark 4.9. Corollary 4.8 was first obtained in [11].
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