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1. Introduction

For a vertex operator algebra V , Zhu [22] constructed an associative algebra A(V ) and 
established a one-to-one correspondence between the isomorphism classes of irreducible 
A(V )-modules and those of irreducible admissible V -modules. Later, Frenkel and Zhu [8] 
constructed an A(V )-A(V )-bimodule for admissible V -modules. Li [16] used this bimod
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ule to establish a theorem on fusion rules. Subsequently, Y. Zhu [21] generalized this result 
to the twisted case of fusion rules. Following the idea that one can construct associative 
algebras from V , Dong, Li, and Mason [6] introduced a family of associative algebras 
An(V ) for all n ∈ ℕ, where A0(V ) = A(V ), and proved that V is rational if and only if 
each An(V ) is finite-dimensional and semisimple. Later, Dong and Jiang [2] constructed 
An(V )-Am(V )-bimodules An,m(V ) for arbitrary n,m ∈ ℕ, where An,n(V ) = An(V ), 
using which they gave a more precise construction of Verma-type admissible V -modules. 
Specifically, for any Am(V )-module U , the direct sum 

⨁︁
n∈ℕ An,m(V ) ⊗Am(V ) U is a 

Verma-type admissible V -module. It should be emphasized that An,m(V ) admits a defi
nition in terms of representation theory [9], and can be realized as a specific subquotient 
of the universal enveloping algebra U(V ) associated with V (see [12,9]).

For vertex operator algebras (V, ω) and (V, ω′), where ω and ω′ are both conformal 
vectors of V , a natural question is whether the rationality of V depends on the choice of 
its conformal vector. Li [17] constructed a family of associative algebras Ãn(V ) for all n ∈
ℕ, associated to the vertex algebra V , whose construction does not depend on the choice 
of conformal vector. If V is a vertex operator algebra and ω is a conformal vector of V , Li 
proved that Ãn(V ) is isomorphic to An(V ) for all n ∈ ℕ, thereby giving an affirmative 
answer to the above question. Li also shows that for a vertex operator algebra, regularity 
and fusion rules are independent of the choice of the conformal vector. H. Li and Wang 
[18] extended this idea to the setting of ℤ-graded vertex operator superalgebras. In 
particular, they constructed a family of associative superalgebras Ãn(V ) indexed by 
nonnegative integers n, associated to a given vertex superalgebra V , and these algebras 
are independent of the choice of conformal structure on V . Based on this, they show that 
the rationality, regularity and fusion rules are independent of the choice of the conformal 
vector for ℤ-graded vertex operator superalgebra.

We now consider the twisted representation theory of vertex operator algebras. Let 
V be a vertex operator algebra and let g be an automorphism of V of finite order T . 
Dong, Li, and Mason [4] constructed an associative algebra Ag(V ), where AidV

(V ) =
A(V ), and established a one-to-one correspondence between the isomorphism classes of 
irreducible Ag(V )-modules and those of irreducible admissible g-twisted V -modules. For 
each n ∈ (1/T )ℕ, they further introduced a family of associative algebras Ag,n(V ) [5] 
such that Ag,0(V ) = Ag(V ) and AidV ,n(V ) = An(V ). They proved that V is g-rational if 
and only if each Ag,n(V ) is finite-dimensional and semisimple. Later, Dong and Jiang [1] 
constructed Ag,n(V )-Ag,m(V )-bimodules Ag,n,m(V ) for arbitrary n,m ∈ (1/T )ℕ, with 
Ag,n,n(V ) = Ag,n(V ). Using these bimodules, they provided a more refined construction 
of Verma-type admissible g-twisted V -modules. Specifically, for any Ag,m(V )-module U , 
the direct sum 

⨁︁
n∈(1/T )ℕ Ag,n,m(V )⊗Ag,m(V )U is a Verma-type admissible g-twisted V

module. It should be emphasized that Ag,n,m(V ) admits a definition from the perspective 
of representation theory [11] and can be realized as a specific subquotient of the universal 
enveloping algebra U(V [g]) associated to V with respect to the automorphism g (see 
[11,10]).
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For vertex operator algebras (V, ω) and (V, ω′), let g be an automorphism of finite order 
T of both structures. Naturally, one may ask whether the g-rationality of V depends on 
the choice of its conformal vector. In the case g = idV , this question was already answered 
by Li in [17]. In this paper, for a vertex algebra V and an automorphism g of V of order 
T , we construct a sequence of associative algebras Ãg,n(V ) for all n ∈ (1/T )ℕ, which 
are independent of the conformal structure of V . When V is a vertex operator algebra, 
we show that each Ãg,n(V ) is isomorphic to the algebra Ag,n(V ) constructed by Dong, 
Li, and Mason. Furthermore, we show that for a vertex operator algebra, properties such 
as g-rationality, g-regularity, and twisted fusion rules do not depend on the choice of the 
conformal vector.

This paper is organized as follows. In Section 2, we review some basic concepts and 
preliminary results from the twisted representation theory of vertex operator algebras 
that will be needed in the sequel. In Section 3, for a vertex algebra V and an automor
phism g of V of finite order T , we construct a sequence of associative algebras Ãg,n(V )
for all n ∈ (1/T )ℕ, which are independent of the conformal structure of V . In Section 4, 
we show that for a vertex operator algebra, the properties of g-rationality, g-regularity, 
and twisted fusion rules do not depend on the choice of the conformal vector.

2. Preliminaries

In this section, we review some basic concepts and preliminary results from the twisted 
representation theory of vertex operator algebras that will be needed in the sequel.

Definition 2.1. A vertex algebra consists of a vector space V equipped with a linear map

Y (·, x) : V → (EndV )[[x, x−1]]

v ↦→ Y (v, x) =
∑︂
n∈ℤ

vnx
−n−1

and a distinguished vector 1 ∈ V , called the vacuum vector, satisfying the following 
conditions for any u, v ∈ V : 

(1) Y (1, z) = idV , and un1 = δn,−1u for all n ≥ −1;
(2) unv = 0 for sufficiently large n;
(3) the Jacobi identity:

z−1
0 δ

(︃
z1 − z2

z0

)︃
Y (u, z1)Y (v, z2) − z−1

0 δ

(︃
z2 − z1

−z0

)︃
Y (v, z2)Y (u, z1)

= z−1
2 δ

(︃
z1 − z0

z2

)︃
Y (Y (u, z0)v, z2).
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Let V be a vertex algebra. Define a linear operator 𝒟 on V by

𝒟(v) = v−21 = lim 
x→0

d 
dx

Y (v, x)1, for v ∈ V.

It follows from [15] that for any u, v ∈ V ,

[𝒟, Y (v, x)] = Y (𝒟v, x) = d 
dx

Y (v, x),

and

Y (u, x)v = ex𝒟Y (v,−x)u. (2.1)

Definition 2.2. Let (V, Y,1) be a vertex algebra. A linear isomorphism g of V is called 
an automorphism of V if it satisfies

g(1) = 1 and g(Y (u, z)v) = Y (g(u), z)g(v) for all u, v ∈ V.

Let V be a vertex algebra, and fix g to be an automorphism of V of finite order T . 
Denote the imaginary unit by 

√
−1. Then V admits the following decomposition with 

respect to the action of g:

V =
T−1⨁︂
r=0 

V r, where V r =
{︂
v ∈ V | gv = e−2π

√
−1r/T v

}︂
.

In what follows, when we write V r, we always assume r ∈ {0, 1, . . . , T − 1}. Note that g
commutes with 𝒟, i.e., g𝒟 = 𝒟g, which implies 𝒟(V r) ⊂ V r for all r.

Definition 2.3. A conformal vector of a vertex algebra V is a vector ω ∈ V such that the 
following conditions hold: 

(1) For any m,n ∈ ℤ,

[L(m), L(n)] = (m− n)L(m + n) + m3 −m

12 
δm+n,0cV ,

where L(n) = ωn+1 and cV ∈ ℂ is the central charge of V ; and L(−1) = 𝒟;
(2) The operator L(0) is semisimple on V , i.e.,

V =
⨁︂
n∈ℂ

Vn, where L(0)|Vn
= n · idVn

.

The eigenvalues of L(0) are called the conformal weights. Moreover, the operators 
L(n) for n ≥ 1 act locally nilpotently on V .
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A vertex algebra V equipped with a conformal vector ω is called a conformal vertex 
algebra. A vertex operator algebra is a conformal vertex algebra V with integer conformal 
weights such that dimVn < ∞ for all n ∈ ℤ, and Vn = 0 for sufficiently small n.

Let V be a conformal vertex algebra. For any n ∈ ℂ, elements in Vn are said to be 
homogeneous. If u ∈ Vn, we define the weight of u as wtu = n. Whenever the notation 
wtu appears, it will always be understood that u is a homogeneous vector.

An automorphism g of (V, ω) is a vertex algebra automorphism preserving the confor
mal structure, i.e., g(ω) = ω. In particular, the definition of an automorphism of a vertex 
operator algebra coincides with that of an automorphism of the underlying conformal 
vertex algebra.

Definition 2.4. Let V be a vertex operator algebra. A weak g-twisted V -module M is a 
vector space equipped with a linear map

YM (·, z) : V → (EndM)
[︂[︂
z1/T , z−1/T

]︂]︂
,

sending each u ∈ V r (for 0 ≤ r ≤ T − 1) to YM (u, z) =
∑︁

n∈r/T+ℤ unz
−n−1, such that 

the following conditions hold: 

(1) YM (1, z) = idM ;
(2) For any u ∈ V r and w ∈ M , we have ur/T+nw = 0 for sufficiently large n;
(3) The twisted Jacobi identity: for any u ∈ V r, v ∈ V ,

z−1
0 δ

(︃
z1 − z2

z0

)︃
YM (u, z1)YM (v, z2) − z−1

0 δ

(︃
z2 − z1

−z0

)︃
YM (v, z2)YM (u, z1)

= z−1
2

(︃
z1 − z0

z2

)︃−r/T

δ

(︃
z1 − z0

z2

)︃
YM (Y (u, z0)v, z2).

Definition 2.5. Let V be a vertex operator algebra. An admissible g-twisted V -module 
is a (1/T )ℕ-graded weak g-twisted V -module M =

⨁︁
n∈(1/T )ℕ M(n), satisfying the 

condition

vmM(n) ⊆ M(n + wt v −m− 1)

for any v ∈ V and m,n ∈ (1/T )ℤ.

Definition 2.6. Let V be a vertex operator algebra. A (ordinary) g-twisted V -module is 
a ℂ-graded weak g-twisted V -module M =

⨁︁
λ∈ℂ Mλ, where

Mλ = {w ∈ M | LM (0)w = λw},
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and LM (0) is the component operator of YM(ω, z) =
∑︁

n∈ℤ LM (n)z−n−2. We further 
require that each homogeneous subspace Mλ is finite-dimensional, and for each fixed 
λ ∈ ℂ, we have Mn/T+λ = 0 for all sufficiently negative integers n.

Definition 2.7. A vertex operator algebra V is called g-rational if the category of ad
missible g-twisted V -modules is semisimple. In particular, V is called rational if it is 
1-rational.

Definition 2.8. A vertex operator algebra V is called g-regular if every weak g-twisted 
V -module M is a direct sum of irreducible g-twisted V -modules. V is called regular if it 
is 1-regular.

Let V be a vertex operator algebra, and let g be an automorphism of V of finite order 
T . For any k, l ∈ {0, 1, . . . , T − 1}, define δk(l) as follows:

δk(l) =
{︄

1, if k ≥ l,

0, if k < l,

and set δk(T ) = 0. For any n ∈ (1/T )ℕ, there exists a unique n̄ ∈ {0, 1, . . . , T − 1} such 
that n = ⌊n⌋ + n̄/T , where ⌊·⌋ denotes the floor function.

For any n ∈ (1/T )ℕ, let Og,n(V ) be the linear span of all elements of the form u◦g,n v
and L(−1)u + L(0)u, where for any u ∈ V r and v ∈ V , we define

u ◦g,n v = Resz
(1 + z)wtu−1+δn̄(r)+⌊n⌋+r/T

z2⌊n⌋+δn̄(r)+δn̄(T−r)+1 Y (u, z)v.

We also define a second product ∗g,n on V as follows: for u ∈ V r and v ∈ V ,

u ∗g,n v =
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resz

(1 + z)wtu+⌊n⌋

z⌊n⌋+m+1 Y (u, z)v,

if r = 0, and u ∗g,n v = 0 if r > 0. Define Ag,n(V ) to be the quotient V/Og,n(V ). Let M
be any weak g-twisted V -module. Define the linear map o(·) : V → EndM by sending 
each homogeneous element v ∈ V to o(v) = vwt v−1. For any n ∈ (1/T )ℕ, define

Ωn(M) = {w ∈ M | vwt v−1+iw = 0 for all v ∈ V and all i ∈ (1/T )ℤ with i > n} .

Theorem 2.9. [5] Let V be a vertex operator algebra and let M be a weak g-twisted V
module, with n ∈ (1/T )ℕ. Then the following statements hold: 

(1) The subspace Og,n(V ) is a two-sided ideal of V with respect to the product ∗g,n. 
Moreover, the quotient space Ag,n(V ) becomes an associative algebra under ∗g,n, 
with identity element 1 + Og,n(V ). In addition, ω + Og,n(V ) lies in the center of 
Ag,n(V ).
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(2) The identity map on V induces a surjective homomorphism of associative algebras 
from Ag,n(V ) to Ag,n−1/T (V ).

(3) The space Ωn(M) is an Ag,n(V )-module, where the action of u + Og,n(V ) is given 
by o(u) for any u ∈ V .

(4) The vertex operator algebra V is g-rational if and only if all Ag,n(V ) are finite
dimensional semisimple associative algebras.

(5) If V is g-rational, then V has only finitely many irreducible admissible g-twisted 
modules up to isomorphism, and every irreducible admissible g-twisted V -module is 
ordinary.

For a conformal vertex algebra (V, ω) of central charge c, there exists another confor
mal vertex algebra structure on V defined by the vertex operator map

Y [u, z] = Y
(︂
ezL(0)u, ez − 1

)︂
,

for all u ∈ V , with 1 as the vacuum vector and ω̃ = ω − 1 
24c1 as the new conformal 

vector (see [22]). We denote this new conformal vertex algebra by exp(V, ω) and write

Y [ω̃, z] =
∑︂
n∈ℤ

L[n]z−n−2.

Let (V, ω) be a conformal vertex algebra, g an automorphism of V of finite order 
T , and let n ∈ (1/T )ℕ. One can similarly define weak g-twisted V -modules for (V, ω). 
Furthermore, we can define the associative algebra Ag,n(V, ω) associated to the conformal 
vertex algebra (V, ω) under the assumption that V has integer conformal weights.

Let V be a conformal vertex algebra. Let g1, g2, g3 be mutually commuting automor
phisms of V of finite order dividing a positive integer T , i.e., gTk = 1 for k = 1, 2, 3. For 
integers j1, j2 ∈ ℤ, define

V (j1,j2) =
{︂
v ∈ V | gkv = e−2π

√
−1jk/T v, k = 1, 2

}︂
.

Then we have the decomposition V =
⨁︁

0≤j1,j2<T V (j1,j2). The following definition is 
due to Xu (see [20]; cf. [3], [7]):

Definition 2.10. Let V be a conformal vertex algebra. For k = 1, 2, 3, let (Mk, YMk
) be a 

weak gk-twisted V -module. An intertwining operator of type 
(︁

M3
M1 M2

)︁
is a linear map

𝒴(·, x) : M1 → (Hom(M2,M3)){x}

w ↦→ 𝒴(w, x) =
∑︂
h∈ℂ

whx
−h−1

satisfying the following conditions: 
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(1) For any w(1) ∈ M1, w(2) ∈ M2, and h ∈ ℂ,

w
(1)
h+nw

(2) = 0 for n ∈ ℚ sufficiently large.

(2) For any v ∈ V (j1,j2) with j1, j2 ∈ ℤ, and w(1) ∈ M1, the following Jacobi identity 
holds on M2:

x−1
0

(︃
x1 − x2

x0

)︃ j1
T

δ

(︃
x1 − x2

x0

)︃
YM3(v, x1)𝒴(w(1), x2)

− e
j1
T πix−1

0

(︃
x2 − x1

x0

)︃ j1
T

δ

(︃
x2 − x1

−x0

)︃
𝒴(w(1), x2)YM2(v, x1)

= x−1
2

(︃
x1 − x0

x2

)︃− j2
T

δ

(︃
x1 − x0

x2

)︃
𝒴(YM1(v, x0)w(1), x2).

(3) For any w(1) ∈ M1,

𝒴(LM1(−1)w(1), x) = d 
dx

𝒴(w(1), x).

We denote by IV
(︁

M3
M1 M2

)︁
the space of all such intertwining operators of the given type. 

The fusion rule is defined as

NM3
M1,M2

= dim IV

(︃
M3

M1 M2

)︃
.

These numbers are commonly referred to as the fusion rules of the modules involved.

3. Associative algebras 𝑨𝒈,𝒏(𝑽 )

Let V be a vertex algebra, and let g be an automorphism of V of finite order T . For 
any n ∈ (1/T )ℕ, and for u ∈ V r, v ∈ V , define bilinear operations ⋄g,n and •g,n as 
follows:

u ⋄g,n v = Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1Y (u, x)v

= Resy
(1 + y)δn̄(r)+⌊n⌋+r/T−1

y2⌊n⌋+δn̄(r)+δn̄(T−r)+1 Y (u, log(1 + y))v,

and

u •g,n v =
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resx

ex(⌊n⌋+1)

(ex − 1)⌊n⌋+m+1Y (u, x)v
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=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resy

(1 + y)⌊n⌋

y⌊n⌋+m+1 Y (u, log(1 + y))v,

if r = 0, and u •g,n v = 0 if r > 0. Let Õg,n(V ) be the subspace of V spanned by 
all elements of the form u ⋄g,n v and 𝒟u for any u, v ∈ V . Define the quotient space 
Ãg,n(V ) = V/Õg,n(V ). We will show in this section that Ãg,n(V ), equipped with the 
multiplication induced by •g,n, has the structure of an associative algebra. Moreover, 
the image of the vacuum vector, 1 + Õg,n(V ), serves as the identity element in this 
algebra.

From [6], we have the following identities for any s ∈ ℕ:

s ∑︂
m=0

(︃
m + s

s 

)︃
(−1)m(1 + z)s+1 − (−1)s(1 + z)m

zs+m+1 = 1, (3.1)

s ∑︂
m=0

(︃
m + s

s 

)︃
(−1)mmz + s + m + 1

zs+m+2 = (−1)s
(︃

2s + 1
s 

)︃
s + 1 
z2s+2 , (3.2)

s ∑︂
m=0

(−1)m
(︃
m + s

s 

)︃(︄
s−m∑︂
i=0 

(︃
−m− s− 1

i 

)︃
(−1)i z

i
2(1 + z2)m

zi+m
1

− 1 
zm1

)︄
= 0. (3.3)

Lemma 3.1. For any u ∈ V r, v ∈ V , and integers m ≥ k ≥ 0, we have

Resx
ex(δn̄(r)+⌊n⌋+r/T+k)

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+m
Y (u, x)v ∈ Õg,n(V ).

Proof. We begin by observing that

Resx
ex(δn̄(r)+⌊n⌋+r/T+k)

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+m
Y (u, x)v

= Resy
(1 + y)δn̄(r)+⌊n⌋+r/T+k−1

y2⌊n⌋+δn̄(r)+δn̄(T−r)+1+m
Y (u, log(1 + y))v

=
k∑︂

i=0 

(︃
k

i 

)︃
Resy

(1 + y)δn̄(r)+⌊n⌋+r/T−1

y2⌊n⌋+δn̄(r)+δn̄(T−r)+1+m−i
Y (u, log(1 + y))v

=
k∑︂

i=0 

(︃
k

i 

)︃
Resx

ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+m−i
Y (u, x)v.

Hence, it suffices to prove the lemma for the case k = 0 and m ≥ 0. We proceed by 
induction on m. The base case m = 0 is clear from the definition of Õg,n(V ). Assume 
the result holds for all m ≤ l. Consider m = l + 1. Using the inductive hypothesis and 
computing the residue involving 𝒟u, we have:
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Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+l
Y (𝒟u, x)v

=Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+l

d 
dx

Y (u, x)v

= − Resx
(︃

d 
dx

ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+l

)︃
Y (u, x)v

= − (δn̄(r) + ⌊n⌋ + r/T ) Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+l
Y (u, x)v

+ (2⌊n⌋ + δn̄(r) + δn̄(T − r) + 1 + l) Resx
ex(δn̄(r)+⌊n⌋+r/T+1)

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+l+2Y (u, x)v

=(⌊n⌋ + δn̄(T − r) + 1 − r/T + l) Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1+l
Y (u, x)v

+ (2⌊n⌋ + δn̄(r) + δn̄(T − r) + 1 + l) Resx
ex(δn̄(r)+⌊n⌋+r/T )

(ex − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+l+2Y (u, x)v.

By the induction hypothesis, the first term on the right-hand side of the last equality 
lies in Õg,n(V ). It follows that the second term on the right-hand side must also belong 
to Õg,n(V ), which completes the inductive step and proves the lemma. □
Lemma 3.2. The following statements hold: 

(1) For any u, v ∈ V , we have

Y (u, x)v ≡ Y (v,−x)umod Õg,n(V ).

(2) If r ̸= 0, then V r ⊂ Õg,n(V ).
(3) For any u ∈ V 0 and v ∈ V , we have

u •g,n v ≡
⌊n⌋ ∑︂
m=0

(−1)⌊n⌋
(︃
m + ⌊n⌋

m 

)︃
Resx

exm

(ex − 1)⌊n⌋+m+1Y (v, x)umod Õg,n(V ).

(4) For any u, v ∈ V 0, the following congruence holds:

u •g,n v − v •g,n u ≡ Resx Y (u, x)vmod Õg,n(V ).

Proof. (1) By definition, 𝒟u ∈ Õg,n(V ). Using this together with (2.1), we obtain

Y (u, x)v = ex𝒟Y (v,−x)u ≡ Y (v,−x)umod Õg,n(V ),

as required.
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(2) Let u ∈ V r with r ̸= 0. Then,

u ⋄g,n 1 = Resy
(1 + y)δn̄(r)+⌊n⌋+r/T−1

y2⌊n⌋+δn̄(r)+δn̄(T−r)+1 Y (u, log(1 + y))1

≡ Resy
(1 + y)δn̄(r)+⌊n⌋+r/T−1

y2⌊n⌋+δn̄(r)+δn̄(T−r)+1 umod Õg,n(V ) (by part (1))

=
(︃

δn̄(r) + ⌊n⌋ + r/T − 1 
2⌊n⌋ + δn̄(r) + δn̄(T − r)

)︃
u.

Since r ̸= 0, the binomial coefficient is nonzero. As u ⋄g,n 1 ∈ Õg,n(V ), it follows that 
u ∈ Õg,n(V ), completing the proof of part (2).

(3) From part (1), we deduce

u •g,n v ≡
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx

ex(⌊n⌋+1)

(ex − 1)⌊n⌋+m+1Y (v,−x)u mod Õg,n(V )

=
⌊n⌋ ∑︂
m=0

(−1)⌊n⌋
(︃
m + ⌊n⌋

m 

)︃
Resx

exm

(ex − 1)⌊n⌋+m+1Y (v, x)u,

which proves part (3).
(4) Using part (3), we compute

u •g,n v − v •g,n u

≡ Resx

⎛⎝ ⌊n⌋ ∑︂
m=0

(︃
m + ⌊n⌋

⌊n⌋ 

)︃
(−1)mex(⌊n⌋+1) − (−1)⌊n⌋exm

(ex − 1)⌊n⌋+m+1

⎞⎠Y (u, x)vmod Õg,n(V )

= Resy
⌊n⌋ ∑︂
m=0

(︃
m + ⌊n⌋

⌊n⌋ 

)︃
(−1)m(1 + y)⌊n⌋+1 − (−1)⌊n⌋(1 + y)m

y⌊n⌋+m+1

× Y
(︁
(1 + y)−1u, log(1 + y)

)︁
v

= Resy Y
(︁
(1 + y)−1u, log(1 + y)

)︁
v (by (3.1))

= Resx Y (u, x)v,

which completes the proof of part (4). □
Lemma 3.3. The subspace Õg,n(V ) is a two-sided ideal of V under the multiplication 
•g,n.

Proof. To prove that Õg,n(V ) is a two-sided ideal, we need to show that for any u, v ∈ V , 
u•g,n v lies in Õg,n(V ) whenever either u or v lies in Õg,n(V ). This follows from checking 
three cases.
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Case (1): We first show that (𝒟u) •g,n v ∈ Õg,n(V ) and u •g,n (𝒟v) ∈ Õg,n(V ) for all 
u, v ∈ V . Without loss of generality, assume u ∈ V 0. Then, we have

(𝒟u) •g,n v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx

ex(⌊n⌋+1)

(ex − 1)⌊n⌋+m+1Y (𝒟u, x)v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx

ex(⌊n⌋+1)

(ex − 1)⌊n⌋+m+1
d 
dx

Y (u, x)v

=
⌊n⌋ ∑︂
m=0

(−1)m+1
(︃
m+⌊n⌋

m 

)︃
Resx

ex(⌊n⌋+1) ((⌊n⌋+1)(ex − 1) − (⌊n⌋+m+1)ex)
(ex − 1)⌊n⌋+m+2 Y (u, x)v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resy

(my + ⌊n⌋ + m + 1)(1 + y)⌊n⌋

y⌊n⌋+m+2 Y (u, log(1 + y))v

= (−1)⌊n⌋
(︃

2⌊n⌋ + 1
⌊n⌋ 

)︃
(⌊n⌋ + 1) Resy

(1 + y)⌊n⌋

y2⌊n⌋+2 Y (u, log(1 + y))v (by (3.2))

= (−1)⌊n⌋
(︃
⌊n⌋ + 1
⌊n⌋ 

)︃
(⌊n⌋ + 1)u ⋄g,n v ∈ Õg,n(V ).

Next, by Lemma 3.2(4), we have

u •g,n (𝒟v) ≡ −Resx
d 
dx

Y (v, x)u = 0 mod Õg,n(V ),

which completes Case (1).
Case (2): Next, we show that (u1 ⋄g,n u2) •g,n u3 ∈ Õg,n(V ) for all u1, u2, u3 ∈ V . 

Assume without loss of generality that u1 ∈ V r1 , u2 ∈ V r2 with r1 + r2 ≡ 0 modT . 
Define the functions:

f(r) = δn̄(r) + ⌊n⌋ + r/T, h(r) = 2⌊n⌋ + δn̄(r) + δn̄(T − r) + 1.

Note the identities:

h(r1) − f(r1) = f(r2), h(r1) = h(r2). (3.4)

Now compute:

(u1 ⋄g,n u2) •g,n u3

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx2 Resx0

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
ex0f(r1)

(ex0 − 1)h(r1)
Y (Y (u1, x0)u2, x2)u3
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=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2 Resx0

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
ex0f(r1)

(ex0 − 1)h(r1)

· x−1
1 δ

(︃
x2 + x0

x1

)︃
Y (Y (u1, x0)u2, x2)u3

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2 Resx0

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
ex0f(r1)

(ex0 − 1)h(r1)

· x−1
0 δ

(︃
x1 − x2

x0

)︃
Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2 Resx0

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
ex0f(r1)

(ex0 − 1)h(r1)

· x−1
0 δ

(︃
x2 − x1

−x0

)︃
Y (u2, x2)Y (u1, x1)u3

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
e(x1−x2)f(r1)

(e(x1−x2) − 1)h(r1)

· Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
e(−x2+x1)f(r1)

(e(−x2+x1) − 1)h(r1)

· Y (u2, x2)Y (u1, x1)u3

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
e(x1−x2)f(r1)

(e(x1−x2) − e−x2 + e−x2 − 1)h(r1)

· Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

m 

)︃
Resx1 Resx2

ex2(⌊n⌋+1)

(ex2 − 1)⌊n⌋+m+1
e(−x2+x1)f(r1)

(e(−x2+x1) − ex1 + ex1 − 1)h(r1)

· Y (u2, x2)Y (u1, x1)u3

=
⌊n⌋ ∑︂
m=0

∑︂
k≥0

(−1)m+k

(︃
m + ⌊n⌋

m 

)︃(︃
−h(r1)

k

)︃
Resx1 Resx2

ex1f(r1)

(ex1 − 1)h(r1)+k

· e
x2(⌊n⌋+1+h(r1)−f(r1))

(ex2 − 1)⌊n⌋+m+1−k
Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂
m=0

∑︂
k≥0

(−1)m+h(r1)+k

(︃
m + ⌊n⌋

m 

)︃(︃
−h(r1)

k

)︃
Resx1 Resx2

ex2(f(r2)+⌊n⌋+k+1)

(ex2 − 1)h(r2)+⌊n⌋+m+k+1

· ex1(f(r1)−h(r1)−k)(ex1 − 1)kY (u2, x2)Y (u1, x1)u3 (by (3.4))
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≡ 0 mod Õg,n(V ), (by Lemma 3.1)

which completes Case (2).
Case (3): Finally, we show that u3 •g,n (u1 ⋄g,n u2) ∈ Õg,n(V ) for all u1, u2, u3 ∈ V . 

Assuming u3 ∈ V 0 and u1 ∈ V r1 , u2 ∈ V r2 with r1 + r2 ≡ 0 modT from the definition 
•g,n and Lemma 3.2(2). Then we have

− u3 •g,n (u1 ⋄g,n u2)

≡Resx2 Resx0

ex0f(r1)

(ex0 − 1)h(r1)
Y (Y (u1, x0)u2, x2)u3 mod Õg,n(V ) (by Lemma 3.2(4))

=Resx2 Resx0 Resx1

ex0f(r1)

(ex0 − 1)h(r1)
x−1

1 δ

(︃
x2 + x0

x1

)︃
Y (Y (u1, x0)u2, x2)u3

=Resx2 Resx0 Resx1

ex0f(r1)

(ex0 − 1)h(r1)
x−1

0 δ

(︃
x1 − x2

x0

)︃
Y (u1, x1)Y (u2, x2)u3

− Resx2 Resx0 Resx1

ex0f(r1)

(ex0 − 1)h(r1)
x−1

0 δ

(︃
−x2 + x1

x0

)︃
Y (u2, x2)Y (u1, x1)u3

=Resx2 Resx1

e(x1−x2)f(r1)

(e(x1−x2) − 1)h(r1)
Y (u1, x1)Y (u2, x2)u3

− Resx2 Resx1

e(x1−x2)f(r1)

(e(−x2+x1) − 1)h(r1)
Y (u2, x2)Y (u1, x1)u3

=Resx2 Resx1

e(x1−x2)f(r1)

(e(x1−x2) − e−x2 + e−x2 − 1)h(r1)
Y (u1, x1)Y (u2, x2)u3

− Resx2 Resx1

e(x1−x2)f(r1)

(e(−x2+x1) − ex1 + ex1 − 1)h(r1)
Y (u2, x2)Y (u1, x1)u3

=
∑︂
k≥0

(−1)k
(︃
−h(r1)

k

)︃
Resx1 Resx2

ex1f(r1)

(ex1 − 1)h(r1)+k
ex2(h(r1)−f(r1))

· (ex2 − 1)kY (u1, x1)Y (u2, x2)u3

−
∑︂
k≥0

(−1)h(r1)+k

(︃
−h(r1)

k

)︃
Resx1 Resx2

ex2(f(r2)+k)

(ex2 − 1)h(r2)+k
ex1(f(r1)−h(r1)−k)

· (ex1 − 1)kY (u2, x2)Y (u1, x1)u3 (by (3.4))

≡ 0 mod Õg,n(V ), (by Lemma 3.1)

which completes Case (3). Thus, in all cases, Õg,n(V ) is closed under left and right 
multiplication by arbitrary elements of V , proving that it is a two-sided ideal under 
•g,n. □



68 S. Xu / Journal of Algebra 709 (2027) 54--75 

Theorem 3.4. The product •g,n induces the structure of an associative algebra on the 
quotient space Ãg,n(V ) = V/Õg,n(V ), with identity element given by 1 + Õg,n(V ).

Proof. We need to prove that (u1 •g,n u2) •g,n u3 ≡ u1 •g,n (u2 •g,n u3) mod Õg,n(V ) for 
any u1, u2, u3 ∈ V . By the definition of •g,n, Lemma 3.2(2) and Lemma 3.3, we may 
assume without loss of generality that u1, u2 ∈ V 0. Then we have

(u1 •g,n u2) •g,n u3

=
⌊n⌋ ∑︂

m1,m2=0
(−1)m1+m2

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃

· Resx2 Resx0

ex2(1+⌊n⌋)

(ex2 − 1)⌊n⌋+m2+1
ex0(1+⌊n⌋)

(ex0 − 1)⌊n⌋+m1+1Y (Y (u1, x0)u2, x2)u3

=
⌊n⌋ ∑︂

m1,m2=0
(−1)m1+m2

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃

· Resx2 Resx1

ex2(1+⌊n⌋)

(ex2 − 1)⌊n⌋+m2+1
e(x1−x2)(1+⌊n⌋)

(e(x1−x2) − 1)⌊n⌋+m1+1Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂

m1,m2=0
(−1)m1+m2

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃

· Resx2 Resx1

ex2(1+⌊n⌋)

(ex2 − 1)⌊n⌋+m2+1
e(x1−x2)(1+⌊n⌋)

(e(−x2+x1) − 1)⌊n⌋+m1+1Y (u2, x2)Y (u1, x1)u3

=
⌊n⌋ ∑︂

m1,m2=0

∑︂
k≥0

(−1)m1+m2+k

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃(︃
−⌊n⌋ −m1 − 1

k

)︃

· Resx2 Resx1

ex1(1+⌊n⌋)

(ex1 − 1)⌊n⌋+m1+1+k

ex2(1+⌊n⌋+m1)

(ex2 − 1)⌊n⌋+m2+1−k
Y (u1, x1)Y (u2, x2)u3

−
⌊n⌋ ∑︂

m1,m2=0

∑︂
k≥0

(−1)m2+⌊n⌋+k+1
(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃(︃
−⌊n⌋ −m1 − 1

k

)︃

· Resx2 Resx1

ex2(1+⌊n⌋+m1+k)

(ex2 − 1)2⌊n⌋+m2+m1+k+2
ex1(−m1−k)

(ex1 − 1)−k
Y (u2, x2)Y (u1, x1)u3

≡
⌊n⌋ ∑︂

m1,m2=0

∑︂
k≥0

(−1)m1+m2+k

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃(︃
−⌊n⌋ −m1 − 1

k

)︃

· Resy2 Resy1

(1 + y1)⌊n⌋

y
⌊n⌋+m1+1+k
1

(1 + y2)⌊n⌋+m1

y
⌊n⌋+m2+1−k
2

· Y (u1, log(1 + y1))Y (u2, log(1 + y2))u3 mod Õg,n(V ) (by Lemma 3.1)
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=
⌊n⌋ ∑︂

m1,m2=0

⌊n⌋−m1∑︂
k=0 

(−1)m1+m2+k

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃(︃
−⌊n⌋ −m1 − 1

k

)︃

· Resy2 Resy1

(1 + y1)⌊n⌋

y
⌊n⌋+m1+1+k
1

(1 + y2)⌊n⌋+m1

y
⌊n⌋+m2+1−k
2

Y (u1, log(1 + y1))Y (u2, log(1 + y2))u3

=
⌊n⌋ ∑︂

m1,m2=0
(−1)m1+m2

(︃
m1 + ⌊n⌋

⌊n⌋ 

)︃(︃
m2 + ⌊n⌋

⌊n⌋ 

)︃
· Resy2 Resy1

(1 + y1)⌊n⌋

y
⌊n⌋+m1+1
1

(1 + y2)⌊n⌋

y
⌊n⌋+m2+1
2

· Y (u1, log(1 + y1))Y (u2, log(1 + y2))u3 (by (3.3))

=u1 •g,n (u2 •g,n u3).

Next, we verify that 1+Õg,n(V ) acts as the identity element. For any v ∈ V , we compute:

1 •g,n v =
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resx

ex(⌊n⌋+1)

(ex − 1)⌊n⌋+m+1Y (1, x)v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resy

(1 + y)⌊n⌋

y⌊n⌋+m+1 Y (1, log(1 + y))v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
m + ⌊n⌋

⌊n⌋ 

)︃
Resy

(1 + y)⌊n⌋

y⌊n⌋+m+1 v = v.

On the other hand, by Lemma 3.2(4), we have:

v •g,n 1 ≡ 1 •g,n v − Resx Y (1, x)v = vmod Õg,n(V ).

Therefore, 1 + Õg,n(V ) is indeed the identity element in Ãg,n(V ), completing the 
proof. □
Remark 3.5. For vertex operator algebra V and n ∈ ℕ, the associative algebra Ãn(V )
constructed in [14] is isomorphic to the associative algebra ˜︁AidV ,n(V ) in Theorem 3.4
under (2π

√
−1)L(0).

Proposition 3.6. The identity map on V induces a surjective homomorphism of associa
tive algebras from Ãg,n(V ) to Ãg,n−1/T (V ).

Proof. By Lemma 3.1, we know that Õg,n(V ) ⊂ Õg,n−1/T (V ). Hence, the identity map 
on V descends to a well-defined linear map between the quotient spaces. We only need 
to show that u•g,n v ≡ u•g,n−1/T v mod Õg,n−1/T (V ) for any u, v ∈ V . By the definition 
of •g,n and •g,n−1/T , we may assume without loss of generality that u ∈ V 0, n ∈ ℤ and 
⌊n− 1/T ⌋ = n− 1. Then we have
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u •g,n v

=
n ∑︂

m=0
(−1)m

(︃
m + n

m 

)︃
Resx

e(n+1)x

(ex − 1)m+n+1Y (u, x)v

=
n ∑︂

m=0
(−1)m

(︃
m + n

m 

)︃
Resx

enx

(ex − 1)m+nY (u, x)v

+
n ∑︂

m=0
(−1)m

(︃
m + n

m 

)︃
Resx

enx

(ex − 1)m+n+1Y (u, x)v

≡
n−1 ∑︂
m=0

(−1)m
(︃
m + n

m 

)︃
Resx

enx

(ex − 1)m+nY (u, x)v

+
n−2 ∑︂
m=0

(−1)m
(︃
m + n

m 

)︃
Resx

enx

(ex − 1)m+n+1Y (u, x)v mod Õg,n−1/T (V )

= Resx
enx

(ex − 1)n
Y (u, x)v +

n−1 ∑︂
m=1

Resx
enx

(ex − 1)m+nY (u, x)v

·
(︃

(−1)m
(︃
m + n

m 

)︃
+ (−1)m+1

(︃
m + n− 1
m− 1 

)︃)︃
= u •g,n−1/T v.

Thus, the identity map on V induces a well-defined, surjective homomorphism of asso
ciative algebras from Ãg,n(V ) to Ãg,n−1/T (V ), as claimed. □
4. 𝒈-rationality, 𝒈-regularity and twisted fusion rules

In this section, we demonstrate that for any vertex operator algebra, the properties 
of g-rationality, g-regularity, and twisted fusion rules are independent of the choice of 
conformal vector.

Lemma 4.1. Let (V, ω) be a conformal vertex algebra with integer conformal weights, let 
g be an automorphism of V of order T , and let n ∈ (1/T )ℕ. Then we have

Ag,n(V, ω) = Ãg,n(exp(V, ω)).

Proof. Note that g is also an automorphism of exp(V, ω). For any u ∈ V 0 and v ∈ V , 
we compute:

u ∗g,n v =
⌊n⌋ ∑︂
m=0

(−1)m
(︃
⌊n⌋ + m

⌊n⌋ 

)︃
Resx

(1 + x)⌊n⌋

x⌊n⌋+m+1 Y
(︂
(1 + x)L(0)u, x

)︂
v
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=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
⌊n⌋ + m

⌊n⌋ 

)︃
Resz

e(⌊n⌋+1)z

(ez − 1)⌊n⌋+m+1Y
(︂
ezL(0)u, ez − 1

)︂
v

=
⌊n⌋ ∑︂
m=0

(−1)m
(︃
⌊n⌋ + m

⌊n⌋ 

)︃
Resz

e(⌊n⌋+1)z

(ez − 1)⌊n⌋+m+1Y [u, z]v.

Similarly, for any u ∈ V r and v ∈ V , we have:

u ◦g,n v = Resx
(1 + x)δn̄(r)+⌊n⌋+r/T−1

x2⌊n⌋+δn̄(r)+δn̄(T−r)+1 Y
(︂
(1 + x)L(0)u, x

)︂
v

= Resz
e(δn̄(r)+⌊n⌋+r/T )z

(ez − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1Y
(︂
ezL(0)u, ez − 1

)︂
v

= Resz
e(δn̄(r)+⌊n⌋+r/T )z

(ez − 1)2⌊n⌋+δn̄(r)+δn̄(T−r)+1Y [u, z]v.

From Theorem 4.2.1 of [22], we also know that L[−1] = L(−1)+L(0). Therefore, by the 
definitions of Ag,n(V, ω) and Ãg,n(exp(V, ω)), it follows that

Ag,n(V, ω) = Ãg,n(exp(V, ω)).

This completes the proof. □
Theorem 4.2. Let (V, ω) be a vertex operator algebra with an automorphism g of finite 
order T , and let n ∈ (1/T )ℕ. Then the associative algebra Ãg,n(V, ω) is isomorphic to 
the associative algebra Ag,n(V, ω).

Proof. Let Bj (for j ∈ ℕ) be rational numbers defined by the equation

log(1 + y) =

⎛⎝exp

⎛⎝∑︂
j∈ℕ

Bjy
j+1 ∂

∂y

⎞⎠⎞⎠ y.

We denote the operator 
∑︁

j∈ℕ BjL(j) by L+(B). By the change-of-variable formula in 
[13], we have

Y [u, z] = Y
(︂
ezL(0)u, ez − 1

)︂
= e−L+(B)Y

(︂
eL+(B)u, z

)︂
eL+(B).

This shows that exp(V, ω) is isomorphic to (V, ω) as a vertex algebra. Consequently, 
Ãg,n(V, ω) is isomorphic to Ãg,n(exp(V, ω)). By Lemma 4.1, we have Ag,n(V, ω) =
Ãg,n(exp(V, ω)). Therefore, it follows that Ag,n(V, ω) is isomorphic to Ãg,n(V, ω), com
pleting the proof. □
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Lemma 4.3. Let (V, ω) and (V, ω′) be two vertex operator algebra structures on the same 
underlying vertex algebra V , and let g be an automorphism of both structures of order 
T . For any n ∈ (1/T )ℕ, the associative algebra Ag,n(V, ω) is isomorphic to Ag,n(V, ω′).

Proof. Since (V, ω) and (V, ω′) are equal as vertex algebras, we have

Ãg,n(V, ω) = Ãg,n(V, ω′).

Now, applying Theorem 4.2, it follows that Ag,n(V, ω) is isomorphic to Ag,n(V, ω′). This 
completes the proof. □

From Lemma 4.3 and Theorem 2.9(4), we immediately obtain the following result.

Theorem 4.4. Let (V, ω) and (V, ω′) be two vertex operator algebra structures on the 
same underlying vertex algebra V , and let g be an automorphism of both structures of 
finite order T . Then (V, ω) is g-rational if and only if (V, ω′) is g-rational. Moreover, the 
g-rationality of a vertex operator algebra is independent of the choice of the conformal 
vector.

We now proceed to show that the g-regularity of a vertex operator algebra is also 
independent of the choice of the conformal vector.

Theorem 4.5. Let (V, ω) and (V, ω′) be two vertex operator algebra structures on the 
same underlying vertex algebra V , and let g be an automorphism of both structures of 
finite order T . Then (V, ω) is g-regular if and only if (V, ω′) is g-regular. Moreover, the 
g-regularity of a vertex operator algebra is independent of the choice of the conformal 
vector.

Proof. Assume that (V, ω) is g-regular. Then by Theorem 2.9, every irreducible weak 
g-twisted (V, ω)-module is an irreducible ordinary g-twisted (V, ω)-module and (V, ω) is 
g-rational.

Furthermore, according to Theorem 2.9, there are only finitely many irreducible weak 
g-twisted (V, ω)-modules up to isomorphism. Let W1, . . . ,Wr be a complete set of repre
sentatives of the isomorphism classes of irreducible weak g-twisted (V, ω)-modules. Since 
(V, ω) is g-regular, each Wi is in fact an irreducible ordinary g-twisted (V, ω)-module.

By Zhu’s one-to-one correspondence for vertex operator algebras (see [4]), the asso
ciative algebra Ag(V, ω) has exactly r irreducible modules up to isomorphism. Applying 
Lemma 4.3, it follows that Ag(V, ω′) also has exactly r irreducible modules up to iso
morphism.

Therefore, there exist exactly r irreducible admissible g-twisted (V, ω′)-modules 
M1, . . . ,Mr up to isomorphism. By Theorems 2.9 and 4.4, these modules are also 
irreducible ordinary g-twisted (V, ω′)-modules. In particular, they are nonisomorphic 
irreducible weak g-twisted (V, ω′)-modules.
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Moreover, since these modules are also irreducible weak g-twisted (V, ω)-modules, 
they form a complete set of isomorphism-equivalence class representatives of irreducible 
weak g-twisted (V, ω)-modules.

Hence, any weak g-twisted (V, ω)-module is a direct sum of some of the M1, . . . ,Mr, 
which implies that the same holds for weak g-twisted (V, ω′)-modules. Therefore, (V, ω′)
is g-regular, as desired. □
Definition 4.6. Let (V, ω) be a conformal vertex algebra with integer conformal weights 
and let g be an automorphism of (V, ω) of order T . A weak g-twisted V -module W is 
called a lowest weight weak g-twisted V -module if W =

⨁︁
n∈(1/T )ℕ W(λ+n) for some 

λ ∈ ℂ, where

W(λ+n) = {w ∈ W | LW (0)w = (λ + n)w}.

Moreover, W(λ) is an irreducible Ag(V, ω)-module and generates W as a weak g-twisted 
V -module.

Finally, we prove that the twisted fusion rules of a vertex operator algebra are also 
independent of the choice of the conformal vector.

Theorem 4.7. Let (V, ω) and (V, ω′) be two vertex operator algebra structures on the same 
underlying vertex algebra V , and let g1, g2, g3 be mutually commuting automorphisms of 
finite order of both structures. Let (Wk, YWk

) be a weak gk-twisted V -module for k =
2, 3, and suppose W1 is a lowest weight weak g1-twisted (V, ω)-module. Then there is a 
canonical isomorphism between the spaces of intertwining operators:

I(V,ω)

(︃
W3

W1 W2

)︃
and I(V,ω′)

(︃
W3

W1 W2

)︃
.

Proof. Let a = ω − ω′ ∈ V . Then

a0 = ω0 − ω′
0 = L(−1) − L′(−1) = 𝒟 −𝒟 = 0 on V.

Let λ denote the lowest L(0)-weight of W1. Then (W1)(λ) is an irreducible Ag1(V, ω)
module and generates W1 as a weak g1-twisted V -module. From the identity

[(aW1)0, YW1(ω, z)] = YW1(a0ω, z) = 0,

where (aW1)0 = Resz YW1(a, z), we deduce that [(aW1)0, LW1(0)] = 0, which implies 
(aW1)0(W1)(λ) ⊂ (W1)(λ). Since Ag1(V, ω) has countable dimension as a quotient of V , 
it follows that (W1)(λ) also has countable dimension. For any v ∈ V ,

[(aW1)0, YW1(v, z)] = YW1(a0v, z) = 0, (4.1)
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which implies that the action of (aW1)0 on (W1)(λ) commutes with the action of 
Ag1(V, ω). Therefore, by Dixmier’s Lemma [19, page 11], (aW1)0 acts on (W1)(λ) as 
a scalar α ∈ ℂ. Since (W1)(λ) generates W1 and (4.1), it follows that (aW1)0 acts on all 
of W1 as the scalar α, i.e.,

LW1(−1) − L′
W1

(−1) = α on W1.

Now, let 𝒴(·, z) ∈ I(V,ω)
(︁

W3
W1 W2

)︁
. Then for any w ∈ W1, we have 𝒴(LW1(−1)w, z) =

d 
dz𝒴(w, z). Therefore,

e−αz𝒴(L′
W1

(−1)w, z) = e−αz𝒴(LW1(−1)w, z) − αe−αz𝒴(w, z)

= e−αz d 
dz

𝒴(w, z) − αe−αz𝒴(w, z)

= d 
dz

(︁
e−αz𝒴(w, z)

)︁
.

This shows that e−αz𝒴(·, z) ∈ I(V,ω′)
(︁

W3
W1 W2

)︁
. Similarly, for any 𝒴 ′(·, z) ∈ I(V,ω′)

(︁
W3

W1 W2

)︁
, 

we have eαz𝒴 ′(·, z) ∈ I(V,ω)
(︁

W3
W1 W2

)︁
. Hence, multiplication by e±αz defines mutually 

inverse linear maps between the spaces of intertwining operators, yielding a canonical 
isomorphism:

I(V,ω)

(︃
W3

W1 W2

)︃
∼ = I(V,ω′)

(︃
W3

W1 W2

)︃
.

This completes the proof. □
Acknowledgment

This work is supported by the National Natural Science Foundation of China (Grant 
No. 12271406). The author would like to express his sincere gratitude to his supervisor, 
Professor Jianzhi Han, for his constant guidance and support throughout this research. 
The author also wishes to thank Professor Haisheng Li for an insightful observation 
regarding vertex operator algebras—specifically, that the rationality of such an algebra 
is independent of the choice of its conformal vector. This valuable insight was shared 
during a short lecture series on vertex operator algebras organized by Associate Professor 
Haibo Chen at Jimei University.

Data availability

No data was used for the research described in the article.



S. Xu / Journal of Algebra 709 (2027) 54--75 75

References

[1] Chongying Dong, Cuipo Jiang, Bimodules and g-rationality of vertex operator algebras, Trans. Am. 
Math. Soc. 360 (8) (2008) 4235--4262.

[2] Chongying Dong, Cuipo Jiang, Bimodules associated to vertex operator algebras, Math. Z. 259 (4) 
(2008) 799--826.

[3] Chongying Dong, James Lepowsky, Generalized Vertex Algebras and Relative Vertex Operators, 
Progress in Mathematics, vol. 112, Birkhäuser Boston, Inc., Boston, MA, 1993.

[4] Chongying Dong, Haisheng Li, Geoffrey Mason, Twisted representations of vertex operator algebras, 
Math. Ann. 310 (3) (1998) 571--600.

[5] Chongying Dong, Haisheng Li, Geoffrey Mason, Twisted representations of vertex operator algebras 
and associative algebras, Int. Math. Res. Not. 8 (1998) 389--397.

[6] Chongying Dong, Haisheng Li, Geoffrey Mason, Vertex operator algebras and associative algebras, 
J. Algebra 206 (1) (1998) 67--96.

[7] Igor B. Frenkel, Yi-Zhi Huang, James Lepowsky, On axiomatic approaches to vertex operator alge
bras and modules, Mem. Am. Math. Soc. 104 (494) (1993) viii+64.

[8] Igor B. Frenkel, Yongchang Zhu, Vertex operator algebras associated to representations of a�ine 
and Virasoro algebras, Duke Math. J. 66 (1) (1992) 123--168.

[9] JianZhi Han, Bimodules and universal enveloping algebras associated to VOAs, Isr. J. Math. 247 (2) 
(2022) 905--922.

[10] Jianzhi Han, Yukun Xiao, Associative algebras and universal enveloping algebras associated to 
VOAs, J. Algebra 564 (2020) 489--498.

[11] Jianzhi Han, Yukun Xiao, Shun Xu, Twisted bimodules and universal enveloping algebras associated 
to VOAs, J. Algebra 664 (2025) 1--25.

[12] Xiao He, Higher level Zhu algebras are subquotients of universal enveloping algebras, J. Algebra 
491 (2017) 265--279.

[13] Yi-Zhi Huang, Two-Dimensional Conformal Geometry and Vertex Operator Algebras, Progress in 
Mathematics, vol. 148, Birkhäuser Boston, Inc., Boston, MA, 1997.

[14] Yi-Zhi Huang, Differential equations, duality and modular invariance, Commun. Contemp. Math. 
7 (5) (2005) 649--706.

[15] James Lepowsky, Haisheng Li, Introduction to Vertex Operator Algebras and Their Representations, 
Progress in Mathematics, vol. 227, Birkhäuser Boston, Inc., Boston, MA, 2004.

[16] Haisheng Li, Determining fusion rules by A(V )-modules and bimodules, J. Algebra 212 (2) (1999) 
515--556.

[17] Haisheng Li, ϕ-coordinated modules for quantum vertex algebras and associative algebras, J. Alge
bra 498 (2018) 1--37.

[18] Huaimin Li, Qing Wang, Associative superalgebras for ℤ-graded vertex operator superalgebra, 
J. Algebra 676 (2025) 38--55.

[19] Nolan R. Wallach, Real Reductive Groups. I, Pure and Applied Mathematics, vol. 132, Academic 
Press, Inc., Boston, MA, 1988.

[20] Xiaoping Xu, Intertwining operators for twisted modules of a colored vertex operator superalgebra, 
J. Algebra 175 (1) (1995) 241--273.

[21] Yiyi Zhu, Bimodules over twisted Zhu algebras and twisted fusion rules theorem for vertex operator 
algebras, Math. Z. 310 (4) (2025) 91.

[22] Yongchang Zhu, Modular invariance of characters of vertex operator algebras, J. Am. Math. Soc. 
9 (1) (1996) 237--302.

http://refhub.elsevier.com/S0021-8693(26)00361-3/bib940B40D3A2A2B8DCD97B5F6239F66BCBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib940B40D3A2A2B8DCD97B5F6239F66BCBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibD538B8D988A3D3F1CA229AC1871281EBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibD538B8D988A3D3F1CA229AC1871281EBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib50D9EE88A5BC05E08B03F855529C79CBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib50D9EE88A5BC05E08B03F855529C79CBs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib3183A1A7737ED78CEB4C5BAED3012234s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib3183A1A7737ED78CEB4C5BAED3012234s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib37E49FBF967ADCB6E45583CB4184868Es1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib37E49FBF967ADCB6E45583CB4184868Es1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib5C1FE4172693EAFECA87D4AB6C5B0B85s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib5C1FE4172693EAFECA87D4AB6C5B0B85s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibC697FDCFD381D9F4FDF9BD38CED2A277s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibC697FDCFD381D9F4FDF9BD38CED2A277s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibEA0DFD4265661F05315A9FE9F3DF4032s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibEA0DFD4265661F05315A9FE9F3DF4032s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib144EFB915E49AD8B8D559A75CB3916D7s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib144EFB915E49AD8B8D559A75CB3916D7s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib14DA4BD945B526F0E3D782CAC5497F41s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib14DA4BD945B526F0E3D782CAC5497F41s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib1C6EDC519FC63E2B77002BE7A8EDF987s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib1C6EDC519FC63E2B77002BE7A8EDF987s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib106530DC42BAA21C67F8A3AF4D7FD9E1s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib106530DC42BAA21C67F8A3AF4D7FD9E1s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibB14763210C3AB7284E9CBE731D7DC2A5s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibB14763210C3AB7284E9CBE731D7DC2A5s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibFA0255747D8957B48AD8388C26B6DB4Bs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibFA0255747D8957B48AD8388C26B6DB4Bs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib9EC4C0AFD450CEAC7ADB81C3BCFC9732s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib9EC4C0AFD450CEAC7ADB81C3BCFC9732s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib7E6AA2D53F6EE2B1A34B017FA403CB76s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib7E6AA2D53F6EE2B1A34B017FA403CB76s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibC74E8A2710F8C977EF7C2B94C0A58289s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibC74E8A2710F8C977EF7C2B94C0A58289s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibD49479B50C2B535B4389AEA4C5A53111s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibD49479B50C2B535B4389AEA4C5A53111s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibBB7F5AE6220C9828E5EC91FAF054197Cs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bibBB7F5AE6220C9828E5EC91FAF054197Cs1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib10CABBEDF836057C57D03730B32C6FA5s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib10CABBEDF836057C57D03730B32C6FA5s1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib2871A030D5F4D04037A9B6F405E19C5As1
http://refhub.elsevier.com/S0021-8693(26)00361-3/bib2871A030D5F4D04037A9B6F405E19C5As1

	Twisted associative algebras associated to vertex algebras
	1 Introduction
	2 Preliminaries
	3 Associative algebras Ãg,n(V)
	4 g-rationality, g-regularity and twisted fusion rules
	Acknowledgment
	Data availability
	References


