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1. Introduction
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established a one-to-one correspondence between the isomorphism classes of irreducible
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ule to establish a theorem on fusion rules. Subsequently, Y. Zhu [21] generalized this result
to the twisted case of fusion rules. Following the idea that one can construct associative
algebras from V, Dong, Li, and Mason [6] introduced a family of associative algebras
A (V) for all n € N, where Ag(V) = A(V), and proved that V is rational if and only if
each A, (V) is finite-dimensional and semisimple. Later, Dong and Jiang [2] constructed
An(V)-A,, (V)-bimodules A, (V) for arbitrary n,m € N, where A, (V) = A,(V),
using which they gave a more precise construction of Verma-type admissible V-modules.
Specifically, for any A,,(V)-module U, the direct sum @, oy Anm(V) ®a,,(v) U is a
Verma-type admissible V-module. It should be emphasized that A,, ,,,(V) admits a defi-
nition in terms of representation theory [9], and can be realized as a specific subquotient
of the universal enveloping algebra U (V') associated with V' (see [12,9]).

For vertex operator algebras (V,w) and (V,w’), where w and w’ are both conformal
vectors of V', a natural question is whether the rationality of V' depends on the choice of
its conformal vector. Li [17] constructed a family of associative algebras A,, (V) for alln €
N, associated to the vertex algebra V', whose construction does not depend on the choice
of conformal vector. If V' is a vertex operator algebra and w is a conformal vector of V', Li
proved that fln(V) is isomorphic to A, (V) for all n € N, thereby giving an affirmative
answer to the above question. Li also shows that for a vertex operator algebra, regularity
and fusion rules are independent of the choice of the conformal vector. H. Li and Wang
[18] extended this idea to the setting of Z-graded vertex operator superalgebras. In
particular, they constructed a family of associative superalgebras fln(V) indexed by
nonnegative integers n, associated to a given vertex superalgebra V', and these algebras
are independent of the choice of conformal structure on V. Based on this, they show that
the rationality, regularity and fusion rules are independent of the choice of the conformal
vector for Z-graded vertex operator superalgebra.

We now consider the twisted representation theory of vertex operator algebras. Let
V' be a vertex operator algebra and let g be an automorphism of V of finite order T
Dong, Li, and Mason [4] constructed an associative algebra Ag(V'), where Ajq, (V) =
A(V), and established a one-to-one correspondence between the isomorphism classes of
irreducible A4(V')-modules and those of irreducible admissible g-twisted V-modules. For
each n € (1/T)N, they further introduced a family of associative algebras A, ., (V) [5]
such that A, o(V) = A4(V) and Aiq,, (V) = A, (V). They proved that V is g-rational if
and only if each A, ,,(V) is finite-dimensional and semisimple. Later, Dong and Jiang [1]
constructed Ay ,(V)-Ag m(V)-bimodules A, ,, (V) for arbitrary n,m € (1/T)N, with
Agnn(V) = Ay ,(V). Using these bimodules, they provided a more refined construction
of Verma-type admissible g-twisted V-modules. Specifically, for any A, ,,,(V)-module U,
the direct sum ,,¢ (1 /7yn Ag,n,m(V)®a4, ,.(v)U is a Verma-type admissible g-twisted V-
module. It should be emphasized that A, ,, (V) admits a definition from the perspective
of representation theory [11] and can be realized as a specific subquotient of the universal
enveloping algebra U(V[g]) associated to V' with respect to the automorphism g (see
[11,10]).
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For vertex operator algebras (V,w) and (V,w’), let g be an automorphism of finite order
T of both structures. Naturally, one may ask whether the g-rationality of V' depends on
the choice of its conformal vector. In the case g = idy, this question was already answered
by Li in [17]. In this paper, for a vertex algebra V' and an automorphism g of V' of order
T, we construct a sequence of associative algebras A, (V) for all n € (1/T)N, which
are independent of the conformal structure of V. When V is a vertex operator algebra,
we show that each A, (V) is isomorphic to the algebra A, (V) constructed by Dong,
Li, and Mason. Furthermore, we show that for a vertex operator algebra, properties such
as g-rationality, g-regularity, and twisted fusion rules do not depend on the choice of the
conformal vector.

This paper is organized as follows. In Section 2, we review some basic concepts and
preliminary results from the twisted representation theory of vertex operator algebras
that will be needed in the sequel. In Section 3, for a vertex algebra V and an automor-
phism g of V of finite order T', we construct a sequence of associative algebras /ng,n(V)
for all n € (1/T)N, which are independent of the conformal structure of V. In Section 4,
we show that for a vertex operator algebra, the properties of g-rationality, g-regularity,
and twisted fusion rules do not depend on the choice of the conformal vector.

2. Preliminaries

In this section, we review some basic concepts and preliminary results from the twisted
representation theory of vertex operator algebras that will be needed in the sequel.

Definition 2.1. A vertex algebra consists of a vector space V' equipped with a linear map

Y(-,z): V= (EndV)[[z,27"]]

v Y(v,z) = Z vpz "t
nez

and a distinguished vector 1 € V, called the vacuum vector, satisfying the following
conditions for any u,v € V:

(1) Y(1,2) =idy, and u,1 = d,,_qu for all n > —1;
(2) unv = 0 for sufficiently large n;
(3) the Jacobi identity:

zte (M) Y (u, 21)Y (v, 29) — 25 16 <ﬂ> Y (v, 22)Y (u, 21)
20 —Z20

— 2516 (—Zl _ ZO) Y (Y (u, 20)v, 22).
2
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Let V' be a vertex algebra. Define a linear operator D on V' by

D(v) =v_31 = lim diY(ux)l, for v e V.

0 dx
It follows from [15] that for any u,v € V,
[D,Y (v,2)] =Y (Dv,z) = %Y(v,x),
and
Y (u,z)v = e*PY (v, —z)u. (2.1)

Definition 2.2. Let (V,Y,1) be a vertex algebra. A linear isomorphism g of V is called
an automorphism of V if it satisfies

g(1)=1 and g(Y(u,2)v) =Y (g9(u),z)g(v) forallu,veV.

Let V be a vertex algebra, and fix g to be an automorphism of V of finite order T
Denote the imaginary unit by v/—1. Then V admits the following decomposition with
respect to the action of g:

T—1
V= @ V", where V" = {v eEVi)gv= e‘zﬂﬁr/TU}.
r=0
In what follows, when we write V", we always assume r € {0,1,...,T — 1}. Note that g

commutes with D, i.e., gD = Dg, which implies D(V") C V" for all r.

Definition 2.3. A conformal vector of a vertex algebra V' is a vector w € V such that the
following conditions hold:

(1) For any m,n € Z,
m3 —m

[L(m), L(n)] = (m — n)L(m +n) +

5m+n,OcV7

where L(n) = wp41 and ¢y € C is the central charge of V; and L(—1) = D;
(2) The operator L(0) is semisimple on V/, i.e.,

V= @ Vo, where L(0)|y, =n-idy, .
neC

The eigenvalues of L(0) are called the conformal weights. Moreover, the operators
L(n) for n > 1 act locally nilpotently on V.
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A vertex algebra V equipped with a conformal vector w is called a conformal vertex
algebra. A vertex operator algebra is a conformal vertex algebra V' with integer conformal
weights such that dim V,, < oo for all n € Z, and V,, = 0 for sufficiently small n.

Let V be a conformal vertex algebra. For any n € C, elements in V,, are said to be
homogeneous. If u € V,,, we define the weight of u as wt u = n. Whenever the notation
wt u appears, it will always be understood that u is a homogeneous vector.

An automorphism g of (V,w) is a vertex algebra automorphism preserving the confor-
mal structure, i.e., g(w) = w. In particular, the definition of an automorphism of a vertex
operator algebra coincides with that of an automorphism of the underlying conformal
vertex algebra.

Definition 2.4. Let V be a vertex operator algebra. A weak g-twisted V-module M is a
vector space equipped with a linear map

Yyu(,2): V— (End M) Hzl/T,z_l/T” ,

sending each u € V" (for 0 <r < T —1) to Yar(u,2) =3, ¢, /742 upz~ "1, such that
the following conditions hold:

(1) Yam(1,2) =idns;
(2) For any v € V" and w € M, we have u, ,p ,w = 0 for sufficiently large n;
(3) The twisted Jacobi identity: for any u € V", v € V,

22 — 21

25t <ZlZ_0Z2> Yar(u, 21)Yar (v, 22) — 2510 <

— o\ T _
= 251 <u> 1) <Zl ZO) YM(Y(U,Z())’U,ZQ).

z2 z2

o > Y (v, 22) Yo (u, 21)

Definition 2.5. Let V be a vertex operator algebra. An admissible g-twisted V-module
is a (1/T)N-graded weak g-twisted V-module M = @B,,¢¢1 /7y M(n), satisfying the

condition
UmM(n) C M(n+wtv—m—1)
for any v € V and m,n € (1/T)Z.

Definition 2.6. Let V' be a vertex operator algebra. A (ordinary) g-twisted V-module is
a C-graded weak g-twisted V-module M = @, c M», where

My={we M| Ly0)w=w},
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and Ly(0) is the component operator of Yy (w,2) = >, .z La(n)z"""2. We further
require that each homogeneous subspace M) is finite-dimensional, and for each fixed
A € C, we have M,,;p,» = 0 for all sufficiently negative integers n.

Definition 2.7. A vertex operator algebra V is called g-rational if the category of ad-
missible g-twisted V-modules is semisimple. In particular, V' is called rational if it is
1-rational.

Definition 2.8. A vertex operator algebra V is called g-regular if every weak g-twisted
V-module M is a direct sum of irreducible g-twisted V-modules. V is called regular if it
is 1-regular.

Let V' be a vertex operator algebra, and let g be an automorphism of V' of finite order
T. For any k,l € {0,1,...,T — 1}, define x (1) as follows:

1, ifk>1,
or(l) = ,
0, ifk<l,

and set 0, (T") = 0. For any n € (1/T)N, there exists a unique 7 € {0,1,...,7 — 1} such
that n = |n] 4+ n/T, where |-] denotes the floor function.

For any n € (1/T)N, let O, ,,(V') be the linear span of all elements of the form wo, ,, v
and L(—1)u + L(0)u, where for any u € V" and v € V, we define

(1 + Z)wt u—1485(r)+|n]+r/T
252 ln]+6n(r)+6a(T—r)+1

u0gn v = Res, Y (u, z)v.

We also define a second product *,4,, on V as follows: for u € V" and v € V,

Ln]
m+ |n| (1 + z)wtutlnl
U*gnp U= Z (_1)m( LnJ ) RGSZ M—mHY(U’ Z)’U,

ifr=0,and uxg, v=0if r > 0. Define 4, ,,(V) to be the quotient V/Oy (V). Let M
be any weak g-twisted V-module. Define the linear map o(:) : V' — End M by sending

m=0

each homogeneous element v € V' to 0(v) = vyt y—1. For any n € (1/T)N, define
QM) ={w e M | vytp—14+iw =0 for all v € V and all i € (1/T)Z with i > n}.

Theorem 2.9. [5] Let V be a vertex operator algebra and let M be a weak g-twisted V -
module, with n € (1/T)N. Then the following statements hold:

(1) The subspace Ogn(V) is a two-sided ideal of V' with respect to the product g .
Moreover, the quotient space Ag (V) becomes an associative algebra under x4,
with identity element 1 + Oy (V). In addition, w + Oy (V') lies in the center of
Agn(V).
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(2) The identity map on V induces a surjective homomorphism of associative algebras
from Ag (V) to Ay 1/p(V).

(3) The space Q, (M) is an Ag ., (V)-module, where the action of u+ Oy (V) is given
by o(u) for any u € V.

(4) The vertex operator algebra V is g-rational if and only if all Ay, (V) are finite-
dimensional semisimple associative algebras.

(5) If V is g-rational, then V has only finitely many irreducible admissible g-twisted
modules up to isomorphism, and every irreducible admissible g-twisted V-module is

ordinary.

For a conformal vertex algebra (V,w) of central charge ¢, there exists another confor-
mal vertex algebra structure on V' defined by the vertex operator map

Yu,z] =Y (eZL(O)u, e’ — 1) ,

for all w € V, with 1 as the vacuum vector and @ = w — icl as the new conformal
vector (see [22]). We denote this new conformal vertex algebra by exp(V,w) and write

Yi@,z] = Z L[n]z="2.

nezZ

Let (V,w) be a conformal vertex algebra, g an automorphism of V of finite order
T, and let n € (1/T)N. One can similarly define weak g-twisted V-modules for (V,w).
Furthermore, we can define the associative algebra A ,,(V,w) associated to the conformal
vertex algebra (V,w) under the assumption that V has integer conformal weights.

Let V' be a conformal vertex algebra. Let g1, g2, g3 be mutually commuting automor-
phisms of V of finite order dividing a positive integer T, i.e., g} =1 for k =1,2,3. For
integers ji1,j2 € Z, define

Vs _ {U €V | gov = e~V TTITy f 1,2}.

Then we have the decomposition V' = Py, ;, o7 VU132) The following definition is
due to Xu (see [20]; cf. [3], [7]):

Definition 2.10. Let V' be a conformal vertex algebra. For k = 1,2, 3, let (M}, Yy, ) be a
JUE

My M2) is a linear map

weak gr-twisted V-module. An intertwining operator of type (

Y(-,x): My — (Hom(Ms, Ms)){x}
w— Y(w,x) = Z w1

heC

satisfying the following conditions:
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(1) For any w) € My, w® € My, and h € C,

1)

wh+nw(2) =0 for n € Q sufficiently large.

(2) For any v € VU172) with j1,5, € Z, and w®) € M, the following Jacobi identity
holds on Ms:

i) Zo
Co\F gy
o i1 (332 x1> 5(” xl)y(w(l) 22)Y, (v, 1)
o) —Zo
_ 2
1 f{x1—x T 1 —

(3) For any wM) € My,
(Lt (1w, ) = Ly, ).

We denote by Iy ( Mi\/[?\/fz) the space of all such intertwining operators of the given type.
The fusion rule is defined as

: , M
NP o, = dim Iy ( "y j’%> :

These numbers are commonly referred to as the fusion rules of the modules involved.

3. Associative algebras Ay (V)

Let V be a vertex algebra, and let g be an automorphism of V' of finite order T'. For
any n € (1/T)N, and for v € V", v € V, define bilinear operations ¢4, and e, as
follows:

e (8a(r)+|n]+r/T)
(€% — 1)2ln]+0a(r)+6n(T—r)+1

U g, U =Res, Y (u,x)v

(1 + y)éﬁ(r)+LnJ+T/T71

2] F0n (1) +0a (T—7) +1 Y (u,log(1 +y))v,

= Res,

and

[n]
Udyn V= Z (—1)m< I-nj ) Resw WY(% .'L')’l)
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Ln] m o+ |n [n]
- Z(_nm( E:sz J) Res, %Y(u,log(l +y))v,

ifr =0, and ue;, v =0if r > 0. Let O~g1n(V) be the subspace of V' spanned by
all elements of the form u ¢4, v and Du for any u,v € V. Define the quotient space
Ay (V) = V/Oyn(V). We will show in this section that A, (V), equipped with the
multiplication induced by e, ,, has the structure of an associative algebra. Moreover,
the image of the vacuum vector, 1 + Og,n(V), serves as the identity element in this
algebra.

From [6], we have the following identities for any s € N:

mi_o <m:8> — Z)Z:m_+(1_1)s<1 a7 _ L (1)
> (") e e (M) >
(T o ) s

Lemma 3.1. For anyu € V", v € V, and integers m > k > 0, we have

(@8 (r)+n)+r/T+h) R
Y(u,z)v € Oy n(V).

R,esz (693 . 1)2LnJ+5ﬁ(r)+6ﬁ(T7T)+1+m

Proof. We begin by observing that

em(éﬁ(r)+tnj +r/T+k)

(e — 1)2LnJ+5a(r)+6ﬁ(Tfr)+1+mY(“’x>v

Res,

(1 + y)ﬁﬁ,(r)+LnJ+r/T+k—1

265 (1) +05 (T—) F 1 Y (u,log(1 +y))v

= Res,

k
(1+y)67(r)+LnJ+r/T 1
Z( )R €Sy 2\_n]+6 (P)+on(T—r)+14+m—i (U,, 10g(1+y))v
=0

(3

% (On(r)+n]+r/T)

k
Z( )Resm eT 1)2[nj+6 (r)+8a(T—r)+1+m— 1Y(u QS)’U
=0

Hence, it suffices to prove the lemma for the case ¥ = 0 and m > 0. We proceed by
induction on m. The base case m = 0 is clear from the definition of O, (V). Assume
the result holds for all m < [. Consider m = [ 4 1. Using the inductive hypothesis and
computing the residue involving Du, we have:
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em(‘sﬁ (r)+|n]+r/T)
(e* — 1)2ln]+6a(r)+6a(T—r)+1+1

Res, Y (Du, z)v

(8 (r)+|n]+r/T) d
(ez — 1)2LnJ+6ﬁ(T)+57’L(T—’,‘)+1+l %

d (65 (1) +[n] +7/T)
= — Res; (dgc (ev — 1)2Lnj+6n(r)+6n(T—r)+1+l) Y (u, x)v

=Res,

Y (u,x)v

®(Ga(r)+n]+r/T)

=—(0a(r) + [n] +r/T) Res, (e® — 1)2LnJ+5ﬁ(r)+5ﬁ(T7’r‘)+1+lY(/LL’:I:)’U
z(8a (r)+|n]|+r/T+1)
(&
+ (2[n] + 05 (r) + 07 (T —r) + 1 +1) Res, (e — 1)2|_nj+§ﬁ(7‘)+5ﬁ(T—T)+l+2Y(u’x)ru
@ (8a (r)+[n]+r/T)
=([n] +6a(T —7)+1—7r/T +1)Res, (e® — 1)2Lnj+5ﬁ(r)+5ﬁ(:r—r)+1+lY(u’w)v
z(67 (r)+[n]+r/T)
+ (2[n) + 65 (r) + 62(T — ) + 1 + 1) Res, ¢ Y (u, z)v.

(ew _ 1)2|_nj 487 (r)+05 (T—r)+1+2
By the induction hypothesis, the first term on the right-hand side of the last equality
lies in O~g,n(V). It follows that the second term on the right-hand side must also belong
to Ogm(V), which completes the inductive step and proves the lemma. O

Lemma 3.2. The following statements hold:

(1) For any u,v € V, we have

Y (u,z)v =Y (v, —2)umod O, , (V).

(2) Ifr#0, then V" C Oy (V).
(3) For anyu € V® and v € V, we have

]
nl(m+|n erm ~
USy V= Z (_1)[ ] ( mL J) Resx WY(W,Z’)U mod Og,n(V)

m=0

(4) For any u,v € VO, the following congruence holds:
Uey v —v ey, u=Res, Y (u,x)vmod Oy, (V).
Proof. (1) By definition, Du € O, (V). Using this together with (2.1), we obtain
Y (u,z)v = e"PY (v, —2)u = Y (v, —z)umod Oy ,(V),

as required.
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(2) Let uw € V" with  # 0. Then,

(1 _|_y)5ﬁ(r)+[nj+r/T71
2] +0a (N +0a (T—1)+1 Y (u,log(1 +y))1

u©gn 1 = Res,

(1_|_y)6 a(r)+|n]4+r/T—1
Sy 2Ln]+5n(r)+6n(T r)+1

Res
( ig/?_l>)“

Since r # 0, the binomial coefficient is nonzero. As u g4, 1 € Oy, (V), it follows that

umod O, ,,(V) (by part (1))

u € Ogm(V)7 completing the proof of part (2).
(3) From part (1), we deduce

[n]
B m _|_ LnJ e:C(l_TLJ+1) ~
UGynU= Tnz_o(_l)”L( m > R,QSI WY(U, —ZL')’U, mod Og’n(V)

xrm

[n]
_ pylas (M 0] e
Z ( m Res, (6% — 1)[n)+m+1 Y (v, 2)u,

which proves part (3).
(4) Using part (3), we compute

UGy, U — Ve, U

Ln] m n _ m,eﬁ(LnJ-&-l)_ _ Lnjexm 5
= Res, Z( 1 J>( D ( (=1) Y (u, z)vmod Oy (V)

— LnJ eT — 1)['@ +m+1
Ln]
m+ o]\ (=)™ (1L +y) It — () )™
=ren 3 (") ’
xY (14 y) 'u,log(l+y))v
= Res, Y (1 +y) u,log(1+y))v (by (3.1))

= Res, Y (u, x)v,
which completes the proof of part (4). O

Lemma 3.3. The subspace O~g’n(V) is a two-sided ideal of V' under the multiplication
®n.
Proof. To prove that Og,n(V) is a two-sided ideal, we need to show that for any u,v € V,
ue, v lies in Oy, (V) whenever either u or v lies in Oy ,, (V). This follows from checking
three cases.
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Case (1): We first show that (Du) e, , v € Oy, (V) and u e, (Dv) € O,,(V) for all
u,v € V. Without loss of generality, assume u € V9. Then, we have

(Du) oy, v

L] .
_ (0 L) e(ln+1
= n;)(_l) ( m ) Resz WY(DU,I')U

L]
) et g
= Z (—1) ( m ) Resx W%Y@h JC)’U

m=0

In) metln D) ([n)+1)(e" — 1) — (|n)+mt1)e®
= 3yt () e, S DE ) S D )y

2 m (= — Dyll+m+?
- :ﬁo(l)m (m ;er) Res, "4 LnJyTnﬁIfz)(l ™y, log(1 1 )

— (~1)ln] (2 Vﬁﬂ* 1) (ln] + 1) Res, %—%lfJY(u,log(l +y))v (by (3.2))
= (~1)lnl (L”Hnjr 1) (In] + 1)uogn v € Ogn(V).

Next, by Lemma 3.2(4), we have

u ey, (Dv) = — Res, %Y(U, z)u = 0mod O, ,,(V),

which completes Case (1).

Case (2): Next, we show that (u; og, us) 4, uz € Oy, (V) for all uy,ug,uz € V.
Assume without loss of generality that u; € V'™ us € V™ with r{ + 7o = OmodT.
Define the functions:

fry=96a(r)+ |n] +r/T, h(r)=2|n]+0z(r)+éz(T —r)+1.
Note the identities:
h(ri) — f(r1) = f(re), h(ri) = h(rz). (3.4)

Now compute:

(u1 0g,n u2) ®g.n U3

Ln]
m+ |n| er2(ln]+1) evof(r1)
= Z(—l)m< ) Res,, Resg, (7 — D)l (oo = 1)h(rl)Y(Y(u1,.’1}0)U2,ZC2)U3

m
m=0




66 S. Xu / Journal of Algebra 709 (2027) 54—75

_ m [T —+ LnJ . . . em2(LnJ+1) efﬂof(rl)
= Z (—1) ( m ) Rebxl Rebm Reba:o (6952 _ 1)[”]""7"""1 (ewo . 1)h(T1)
m=0
7 te (%) Y (Y (uy, zo)usg, x2)us
ev2(ln]+1) evof(r1)

(6372 _ 1)|_nj+m+1 (exo _ 1)h(r1)

m(m+|n] er2(ln]+1) erof(r1)
-2 ( m ) Resa, Rese, Reseo Ty e (gro = 1yh0)

m=0

[T —x
x50 ( 2—3:0 1) Y (ug,22)Y (u1, 1) ug

"] ea(ln+1) (@1—22)f(r1)
= E \_nJ Res,, Res, ¢ ¢
1 2 (612 _ 1)LnJ+m+1 (e(mlfxg) _ 1)h(7‘1)

Y (uy,x1)Y (ug,x9) us

%( 1)m <m+ LnJ) Res. Ros ezz([anrl) e(*$2+z1)f(7“1)
- - T1 To

= m (612 _ ]_)Ln]+m+1 (6(7w2+wl) _ ]_)h(n)
Y (u2,22) Y (u1,21) us
Ln] za(|n)+1) (21—22)f(r1)
=S (M Res,, Res,, —° — .
o m (elz — 1)\.”J+m+1 (e(wl—zz) —e~T2 4 g~ T2 — 1>h(71)

Y (ul,xl) Y (UQ,xz) us

[n) I
- Zo(l)m< :ﬁ} J) Res;, Resq,

m=

er2(ln]+1) e(—zatz1)f(r1)
(e*2 — 1)LnJ+m+1 (e(—zz-‘rml) —eT1 4 eT1 1)h(r1)

Y (UQ,I‘Q) Y (U1,$1)U3

Ln] w1 f(r1)
gy (M L]y (=R em /i
- Z Z ( m ) ( i Res,, Resg, (em1 — 1)h(ri)+k

m=0 k>0
e2([n]+1+h(r1)=f(r1))
’ (exg _ 1) [n]+m+1—k

Y (u1,21) Y (ug,22) us

[n] T T n
_ m+h (r1)+k <m + LTLJ) <—h(7’1)> Resxl Res$2 e Q(f(h2)+L J+k+1) -
mZO kZ>O m k (ewz _ 1) (r2)+[n]+m+k+

- eF1(F(r)=h(r)=k) (e®t — 1)kY (ug,22) Y (u1, 1) us (by (3.4))



S. Xu / Journal of Algebra 709 (2027) 54—75 67

=0mod O, ,,(V), (by Lemma 3.1)

which completes Case (2).
Case (3): Finally, we show that u3 e, (ui ogn u2) € Ogm(V) for all uy,us,u3 € V.
Assuming us € V° and u; € V™, uy € V™ with r; + 79 = 0mod T from the definition

o, , and Lemma 3.2(2). Then we have

— U3 O n (U1 <>g,n UQ)
erof(r1)

WY (Y (ur, x0)ua, ©2) uz mod Oy ,, (V) (by Lemma 3.2(4))

=Res,, Resy,

erof(r1)
= Res,, Res,, Res,, o o e (Iz + mo) (Y(u1, zo)uz, x2) us
evof(r1)
= Res;, Res;, Res,, (0 = e TR © ( > (u1,21)Y (ug,x2) us
e?:of(’“l) _ —T9 + 71
— Resy, Resy, Resy, mxo 1 (T) Y (ug,x2) Y (ug, x1)us

e(@1—22)f(r1)

Y () Y ()

=Res,, Res,,

e(z1—x2) f(r1)
(e(=z2tz1) — 1)h(r1)

— Res,, Res,, Y (ug,x2) Y (u1, 1) us

e(@1—z2) f(r1)

= Res,, Resy, Y (u1,21)Y (ug,22) us

(e(wl—mg) —e %2 4 %2 — 1)h(T1)

e(wl_xQ)f(rl)
Y ('LLQ, £C2) Y (Uh 1'1) us

_ Resmg Resrl (6(7124»@1) — eT1 4 eT1 — 1)h(7‘1)

—h(r1) er1f(r1) B
_ _1)k . . w2 (h(r1)—f(r1))
_Z( 1) ( A Res;, Res,, (e = 1)h(r1)+ke 2 !

- (e*? — 1)kY (u1,21) Y (ug,x2) us

h(?" ) e$2(f(7‘2)+k) _ .
Z h(r )k 1 . . z1(f(r1)—h(r1)—k)
1 < & ) Rebzl Rebl»z (612 1)h(T2)+k et 1 1

k>0
- (et — 1)kY (ug,x2) Y (u1,21) us (by (3.4))
=0mod O, ,(V), (by Lemma 3.1)

which completes Case (3). Thus, in all cases, O, (V) is closed under left and right
multiplication by arbitrary elements of V', proving that it is a two-sided ideal under

o n O
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Theorem 3.4. The product e, ., induces the structure of an associative algebra on the
quotient space A, (V) = V/Oyn(V), with identity element given by 1+ O, (V).

Proof. We need to prove that (u; @y, u2) @4, us = uy 84, (u2 84, u3) mod Og’n(V) for
any w1, uz,us € V. By the definition of e, ,,, Lemma 3.2(2) and Lemma 3.3, we may
assume without loss of generality that uq,us € V9. Then we have

(u1 @g,5 u2) g U3

Ln)

= 3 (M) ()

ml,mzzo

er2(1+(n]) exo(1+[n])

- Resg, Resg, (5 — DT et (g — 1)m+m1+1Y(Y(uhxo)uz,:m)us

L)

= 5 (M) ™)

m1,ma=0
er2(1+[n]) e(z1—z2)(1+[n])

- Resg, Resg, (er2 — 1) [n]4+ma+1 (e(zl—m) - 1)L"J+m1+1

Y (ur, 21)Y (u2, z2)us

L]

- 5 e (M) ()

ml,’mQ:O

er2(1+n)) e(@1—22)(1+]n])
(€72 — 1)lnl+matT (g(—watar) — 1)lnf+mi+l ¥(uz, 22)¥ (w1, 21)us

N R (s ) (e ) (<L)

m1,m2=0k>0

- Resg, Resg,

ex1(1+\_nJ) e:cg(1+Lnj+m1)
- Resg, Resg,

(e — D) Fm 17k (gma — Dyllrmaris ¥ (1 TV (uz, 22)us

R (e [ [

m1,m2=0k>0

€m2(1+LnJ+m1+k¢) 1(7777,17]())

613
(6922 _ 1)2\_n]+m2+m1+k+2 (ewl _ 1)7k

= % Z(_l)m1+m2+k <m1;LJL”J> (m2;d[nj) (L’nJ *kml - 1)

m1,m2=0k>0

- Resg, Resg,

Y(U27 $2)Y(U1, l’l)u;g

(L+y)l (14 go) ™
ln]+mi+1+k n]+mo+1—Fk
Y1 Ya

- Resy, Res,,

Y (u1, log(1 + y1))Y (ug, log(1 + y2))uz mod O, ,, (V) (by Lemma 3.1)
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- 3 Lnizjl(_l)ml+m2+k (") (™) )

m1,m2=0

(L)l (14 g™
ln]+mi+1+k ln]+mo+1—k
Yy Y

- Resy, Resy, Y (u1,log(1 + y1))Y (u2, log(1 + y2))us

LnJ I_nj yanJ +mi+1 y2LnJ+mz+1

Y (u1,log(1 + y1))Y (u2,1og(1 + y2))us (by (3.3))

=u g (U2 o4, u3).

mi,ma2=0

Next, we verify that 1+Og,n(V) acts as the identity element. For any v € V, we compute:

[n]
& m ) )
1 O yn U= Z (—1) ( \_nJ > RGSI WY(].,Z’)U

m=0

Ln] et In In)
Z(—l)m< L J)Res MY(Llog(l-Fy))v

— LnJ Y yLnJ—i-m—i-l
= %( 1)”<m+LnJ>Res Aty
=2.( b TV =
= ] ylnlFm+1

On the other hand, by Lemma 3.2(4), we have:
veynl1=1e,,v—Res,Y(1,z)v=vmodO,,(V).

Therefore, 1 + O, (V) is indeed the identity element in A, ,(V), completing the
proof. O

Remark 3.5. For vertex operator algebra V' and n € N, the associative algebra fln(V)
constructed in [14] is isomorphic to the associative algebra Aiq, (V') in Theorem 3.4

under (27y/—1)%(0).

Proposition 3.6. The identity map on V induces a surjective homomorphism of associa-
tive algebras from Ay (V) to Ay 1,7 (V).

Proof. By Lemma 3.1, we know that O~g7n(V) C Og,n,l/T(V). Hence, the identity map
on V descends to a well-defined linear map between the quotient spaces. We only need
to show that ue, ,v=ue, , ;,7v mod Og,n—l/T(V) for any u,v € V. By the definition
of e;,, and e, , 1,7, we may assume without loss of generality that u € VO n€Z and
[n —1/T| =n — 1. Then we have
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USy ., U
n o (m +n e(n-ﬁ-l)x
= Z(—l) ( ) Resm mY(u,x)v
m=0 m (6 - ]‘)
- m+n e
= ™ Res, ———— Y (u,x)v
> (") Rese Y )
- m+n e
+ ™ Res, ————— Y (u,x)v
Z:o( ) ( m ) (e et )
il m-+n et
= -1)™ Res, ———— Y (u,x)v
S0 (7 e Y )
n—2 ne B
+ Z (-n)™ <m;; n) Res, ﬁ}/(u, z)v mod Oy 17 (V)
— (e —1)
_r ene v n—1 R ene v
= Res, W (u, z)v + mZ:l €Sy m (u, x)v

: ((—1)’" (m; ") + (—1ym <m;; " 1))
S

Thus, the identity map on V induces a well-defined, surjective homomorphism of asso-
ciative algebras from A, (V) to A, ,,_1,7(V), as claimed. O

4. g-rationality, g-regularity and twisted fusion rules

In this section, we demonstrate that for any vertex operator algebra, the properties
of g-rationality, g-regularity, and twisted fusion rules are independent of the choice of
conformal vector.

Lemma 4.1. Let (V,w) be a conformal vertex algebra with integer conformal weights, let
g be an automorphism of V' of order T, and let n € (1/T)N. Then we have

Agn(Viw) = Ag p(exp(V,w)).

Proof. Note that g is also an automorphism of exp(V,w). For any v € VY and v € V,
we compute:

L]
[n) +m (1+a)tn
(A *g,n V= Z()(—l)m< RGS;E WY ((1 + J})L(O)U’LL‘) v
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o(lnl+1)z

[n]
2 () R = Y (O 1)

[n

[

o) +m elln]+1)z
(-1) ( In] )ReSZWY[u,Z]U.

m=0

Similarly, for any v € V" and v € V, we have:

(1 + l,)(sﬁ,(r)—i- n|+r/T—1
2 [In]+87(r)+8a(T—r)+1

wog, v = Resy Y ((1 + x)L(O)uw) v
en(r)+In]+r/T)z

(ez _ 1)2 [n]+85(r)+6a (T —r)+1

= Res, Y (eZL(O)u, e’ — 1) v

(65 (r)+n]+7/T)>
(ez _ 1)2 [n]+87(r)+6a (T—r)+1

= Res, Yu, z]v.

From Theorem 4.2.1 of [22], we also know that L[—1] = L(—1) 4+ L(0). Therefore, by the
definitions of A, ,,(V,w) and A, ,,(exp(V,w)), it follows that

Agn(V,w) = Agn(exp(V,w)).
This completes the proof. O

Theorem 4.2. Let (V,w) be a vertex operator algebra with an automorphism g of finite
order T, and let n € (1/T)N. Then the associative algebra A, ., (V,w) is isomorphic to
the associative algebra Ay, (V,w).

Proof. Let B; (for j € N) be rational numbers defined by the equation

0
log(1+y) = | exp Z BijHa_ Y.
JjEN Y

We denote the operator 3,y B;L(j) by L+ (B). By the change-of-variable formula in
[13], we have

Y(u,2]=Y (eZL(O)u, e” — 1) = e +By <6L+(B)u, z) eb+(B),

This shows that exp(V,w) is isomorphic to (V,w) as a vertex algebra. Consequently,
f:lg’n(V,w) is isomorphic to A, ,(exp(V,w)). By Lemma 4.1, we have Agn(Viw) =
Ay n(exp(V,w)). Therefore, it follows that A, ,(V,w) is isomorphic to Ay, (V,w), com-
pleting the proof. O



72 S. Xu / Journal of Algebra 709 (2027) 54—75

Lemma 4.3. Let (V,w) and (V,w') be two vertex operator algebra structures on the same
underlying vertex algebra V, and let g be an automorphism of both structures of order
T. For any n € (1/T)N, the associative algebra Ay, (V,w) is isomorphic to Ay, (V,w’).

Proof. Since (V,w) and (V,w’) are equal as vertex algebras, we have
Agn(V,w) = Ay (V, ).

Now, applying Theorem 4.2, it follows that A, ,,(V,w) is isomorphic to Ay ,(V,w’). This
completes the proof. O

From Lemma 4.3 and Theorem 2.9(4), we immediately obtain the following result.

Theorem 4.4. Let (V,w) and (V,w') be two vertex operator algebra structures on the
same underlying vertex algebra V', and let g be an automorphism of both structures of
finite order T'. Then (V,w) is g-rational if and only if (V,w') is g-rational. Moreover, the
g-rationality of a verter operator algebra is independent of the choice of the conformal
vector.

We now proceed to show that the g-regularity of a vertex operator algebra is also
independent of the choice of the conformal vector.

Theorem 4.5. Let (V,w) and (V,w') be two vertex operator algebra structures on the
same underlying vertex algebra V', and let g be an automorphism of both structures of
finite order T. Then (V,w) is g-regular if and only if (V,w’) is g-reqular. Moreover, the
g-regularity of a vertex operator algebra is independent of the choice of the conformal
vector.

Proof. Assume that (V,w) is g-regular. Then by Theorem 2.9, every irreducible weak
g-twisted (V,w)-module is an irreducible ordinary g-twisted (V,w)-module and (V,w) is
g-rational.

Furthermore, according to Theorem 2.9, there are only finitely many irreducible weak
g-twisted (V,w)-modules up to isomorphism. Let W7,..., W, be a complete set of repre-
sentatives of the isomorphism classes of irreducible weak g-twisted (V,w)-modules. Since
(V,w) is g-regular, each W; is in fact an irreducible ordinary g-twisted (V,w)-module.

By Zhu’s one-to-one correspondence for vertex operator algebras (see [4]), the asso-
ciative algebra Ay (V,w) has exactly r irreducible modules up to isomorphism. Applying
Lemma 4.3, it follows that A4(V,w’) also has exactly r irreducible modules up to iso-
morphism.

Therefore, there exist exactly r irreducible admissible g-twisted (V,w’)-modules
My, ..., M, up to isomorphism. By Theorems 2.9 and 4.4, these modules are also
irreducible ordinary g-twisted (V,w’)-modules. In particular, they are nonisomorphic
irreducible weak g-twisted (V,w’)-modules.
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Moreover, since these modules are also irreducible weak g-twisted (V,w)-modules,
they form a complete set of isomorphism-equivalence class representatives of irreducible
weak g-twisted (V,w)-modules.

Hence, any weak g-twisted (V,w)-module is a direct sum of some of the M, ..., M,,
which implies that the same holds for weak g-twisted (V,w’)-modules. Therefore, (V,w’)
is g-regular, as desired. O

Definition 4.6. Let (V,w) be a conformal vertex algebra with integer conformal weights
and let g be an automorphism of (V,w) of order T. A weak g-twisted V-module W is
called a lowest weight weak g-twisted V-module if W = ®n€(1 JT)N Wirgn) for some
A € C, where

W()\_;,_n) = {’LU ew ‘ Ly (0)w=(\+ n)w}

Moreover, W,y is an irreducible Ay(V,w)-module and generates W as a weak g-twisted
V-module.

Finally, we prove that the twisted fusion rules of a vertex operator algebra are also
independent of the choice of the conformal vector.

Theorem 4.7. Let (V,w) and (V,w’) be two vertex operator algebra structures on the same
underlying vertex algebra V', and let g1, g2, g3 be mutually commuting automorphisms of
finite order of both structures. Let (Wi, Yw,) be a weak gp-twisted V-module for k =
2,3, and suppose W1 is a lowest weight weak g1-twisted (V,w)-module. Then there is a
canonical isomorphism between the spaces of intertwining operators:

W3 W3
I d Iy .
(Vi) (Wl Wz) and v <W1 W2>

Proof. Let a =w —w’ € V. Then
ap=wo—wy=L(-1)-L'(-1)=D-D=0 onV.

Let A denote the lowest L(0)-weight of W;. Then (W1)(y) is an irreducible Ay, (V,w)-
module and generates W, as a weak g;-twisted V-module. From the identity

[(aw,)o, Yw, (w, 2)] = Yw, (aow, 2) = 0,
where (aw,)o = Res, Yw, (a,z), we deduce that [(aw,)o, Lw, (0)] = 0, which implies

(aw,)o(W1)ny € (W1i)(n). Since Ay, (V,w) has countable dimension as a quotient of V,
it follows that (WW1)(,) also has countable dimension. For any v € V,

[(a‘Wl)O’YWI (U’Z)] =Yw, (aov,z) =0, (4'1)
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which implies that the action of (aw,)o on (Wi)(y) commutes with the action of
Ag, (V,w). Therefore, by Dixmier’s Lemma [19, page 11], (aw,)o acts on (Wi)(y) as
a scalar a € C. Since (W7)(y) generates Wy and (4.1), it follows that (aw,)o acts on all
of W7 as the scalar «, i.e.,

LW1(_1) - L%,Vl(—l) =«a on Wl.

Now, let Y(-,2) € I(V»w)(WYV%m)' Then for any w € Wi, we have Y(Lw, (—1)w,2) =

%y(w, z). Therefore,

e Y (L, (-Dw, 2) = e” Y (Lw, (-Lw, z) — ae”**Y(w, 2)

7ozzi . —az
=e dzy(w, z) — ae” ¥*Y(w, 2)
d

= (e=**V(w,z)) .

This shows that e=**Y(-, 2) € Iy, (WYV%/2) Similarly, for any Y'(-, z) € Ly, (WYV%/VQ)v

+az

we have e**)'(-,z) € I(V,w)( Ws ) Hence, multiplication by e defines mutually

W1 Wg
inverse linear maps between the spaces of intertwining operators, yielding a canonical

I W Nop (V3
(V,w) W1 W2 = L(Vw’) W1 W2 .

This completes the proof. 0O

isomorphism:
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