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1. Introduction

The representation theory of vertex operator algebras is quiet different from that of 
classical algebras because of the appearance of twisted modules. Among all representa-
tions of a vertex operator algebra, admissible twisted modules are the most important 
ones. Recall that for a vertex operator algebra V and an automorphism g of V of finite 
order T , an admissible g-twisted V -module M is (1/T )Z+-graded: M =

⊕
i∈(1/T )Z+

Mi

(cf. [7]). Thus, in order to study M it is vital to determine all Hom(Mi, Mj) for 
i, j ∈ (1/T )Z+. In fact, a series of associative algebras Ag,n(V ) was introduced (see 
[7,8]) for which there is an algebra homomorphism from Ag,n(V ) to Hom(Mi, Mi) for 
any i ≤ n. And in generally, to study these Hom(Mi, Mj), a series of Ag,n(V )−Ag,m(V )-
bimodules Ag,n,m(V ) for m, n ∈ (1/T )Z+ was constructed by Dong and Jiang in [4], 
for which there is an Ag,n(V )−Ag,m(V )-bimodule homomorphism from Ag,n,m(V ) to 
Hom(Mm−l, Mn−l) for any 0 ≤ l ≤ min{m, n}. Thus, in this sense bimodules Ag,n,m(V )
are generalizations of these associative algebras Ag,n(V ) (see [4]).

There are several kinds of associative algebras associated to vertex operator (super)al-
gebras (see [2,6,9,14,18,20,22,23,28]); for the twisted case one can refer to [10,11,19,24,25].

From the construction, the bimodule Ag,n,m(V ) is the quotient of V by Og,n,m(V ). 
Thus, for better understanding how these Ag,n,m(V ) can be used to study admissible 
twisted modules, a key step is to study the subspace Og,n,m(V ). Intuitively, Og,n,m(V )
should be closely related to twisted modules. This is indeed the case when g = 1. It 
was proved in [15] that O1,n,m(V ) can also be defined from representations of V . This 
drives us to do so for general automorphisms. In fact we shall consider another sub-
space Og,n,m(V ) from the perspective of representation theory and define Ag,n,m(V ) as 
the quotient of V by Og,n,m(V ). In this way, we obtain a series of associative algebras 
Ag,n(V ). As a result, Ag,n,m(V ) becomes an Ag,n(V )−Ag,m(V )-bimodule (see Theo-
rem 3.5). And for any Ag,m(V )-module U , we use a different way from [15] to show 
that 

⊕
n∈(1/T )Z+

Ag,n,m(V ) ⊗Ag,m(V ) U is an admissible g-twisted modules with some 
universal property (see Theorem 3.7). Based on this universal property we can show 
that Ag,n,m(V ) is identical to Ag,n,m(V ) (see Theorem 5.2). Thus, all bimodules can be 
reconstructed from the perspective of representation theory. A generalization of twisted 
bimodules is constructed in [27] also from this perspective.

It is well known that the most powerful tool in the representation theory of Lie al-
gebras is the universal enveloping algebra. As for a vertex operator algebra V and an 
automorphism g, a weak version of such universal enveloping algebra U(V [g]) also exists: 
every weak g-twisted V -module is automatically a U(V [g])-module. In fact, these univer-
sal enveloping algebras have close connection with Ag,n(V ) and bimodules Ag,n,m(V ). 
Frenkel and Zhu [14] pointed out that Zhu’s algebra can be identified with some quotient 
of U(V [1]). It was proved in [17] that all Ag,n(V ) for n ∈ Z+ are some quotients of the 
universal enveloping algebra U(V [g]) for the case g = 1 and in [16] for the general finite 
automorphism g. Furthermore, the bimodule A1,n,m(V ) was also proved to be some quo-
tient of U(V [1]) (see [15]). In this present paper, we are going to consider the general g
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and show that the Ag,n(V )−Ag,m(V )-bimodule Ag,n,m(V ) is some quotient of U(V [g])
(see Theorem 5.2).

As mentioned above, the bimodule Ag,n,m(V ) is the quotient of V by Og,n,m(V ). For 
some technical reason, Og,n,m(V ) is defined as the sum of three subspaces O′

g,n,m(V ), 
O′′

g,n,m(V ) and O′′′
g,n,m(V ). But it was conjectured that Og,n,m(V ) = O′

g,n,m(V ) (see [3]), 
that is, O′′

g,n,m(V ) and O′′′
g,n,m(V ) are superfluous. In this present paper we shall approach 

to this conjecture. More precisely, we shall show that O′′′
g,n,m(V ) is superfluous and 

O′
g,n,m(V ) can be replaced by its subspace 

⊕
s �≡ m̄−n̄ mod T V s+Ln,m(V ), or equivalently,

Og,n,m(V ) =
⊕

s �≡ m̄−n̄ mod T

V s + Ln,m(V ) + O′′
g,n,m(V ) (see Theorem 6.8).

In this way, we can refine all these bimodules Ag,n,m(V ).
The paper is organized as follows: In Section 2, we recall the definition of 

Ag,n(V )−Ag,m(V )-bimodule Ag,n,m(V ) and the construction of the universal admissible 
g-twisted V -module M(U). In Section 3, we construct the associative algebras Ag,n(V ), 
the Ag,n(V )−Ag,m(V )-bimodules Ag,n,m(V ) and use these bimodules Ag,n,m(V ) to con-
struct admissible g-twisted V -modules M(U) which have some universal property. In 
Section 4, we first recall the definition of universal enveloping algebra U(V [g]) of a vertex 
operator algebra V with respect to a finite automorphism g. Then we obtain another 
Ag,n(V )−Ag,m(V )-bimodule U(V [g])n−m/U(V [g])−m−1/T

n−m and construct universal ad-
missible g-twisted V -modules M(U). In Section 5, we prove that Ag,n(V ) and Ag,n(V ) are 
identical as associative algebras; Ag,n,m(V ), Ag,n,m(V ) and U(V [g])n−m/U(V [g])−m−1/T

n−m

are isomorphic to each other as Ag,n(V )−Ag,m(V )-bimodules. The Section 6 is devoted 
to refining the definition of the bimodules Ag,n,m(V ).

We assume that the reader is familiar with the basic knowledge on the vertex operator 
algebra theory such as the definition of vertex operator algebra (cf. [1], [5], [12], [13], [21]) 
and the definitions of weak and admissible twisted modules (cf. [7,8]).

2. Ag,n(V )−Ag,m(V )-bimodule Ag,n,m(V )

Let V = ⊕n∈ZVn be a vertex operator algebra and g an automorphism of V of finite 
order T . Then we have the decomposition V =

⊕T−1
r=0 V r, where V r = {v ∈ V | gv =

e−2πri/T v} (here and only here i represents the imaginary unit). For any n, elements u
in Vn are called homogenous and we define wtu = n. So when wtu appears we always 
assume that u is homogenous.

Let M be a weak g-twisted V -module. Recall from [7] (see also [13]) that for u ∈ V r, 
v ∈ V and w ∈ M , the twisted Jacobi identity

z−1
0 δ

(
z1 − z2

z0

)
YM (u, z1)YM (v, z2) − z−1

0 δ

(
z2 − z1

−z0

)
YM (v, z2)YM (u, z1)

= z−1
2

(
z1 − z0

)−r/T

δ

(
z1 − z0

)
YM (Y (u, z0) v, z2)

(2.1)
z2 z2
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is equivalent to the weak associativity

(z0 + z2)l+
r
T YM (u, z0 + z2)YM (v, z2)w = (z2 + z0)l+

r
T YM (Y (u, z0) v, z2)w (2.2)

where l is a nonnegative integer, and the commutator formula

[YM (u, z1) , YM (v, z2)] = Resz0 z−1
2

(
z1 − z0

z2

)−r/T

δ

(
z1 − z0

z2

)
YM (Y (u, z0) v, z2) .

(2.3)
In fact, the twisted Jacobi identity can be replaced directly by the weak associativity 

(cf. [21,26]). The following theorem is stated in [26], the detailed proof of which is left 
in the appendix of the present paper.

Theorem 2.1. [26] Let (V, Y, 1) be a vertex algebra and T a positive integer. Let M be a 
vector space and let YM(·, x) be a linear map from V to (EndM)[[x 1

T , x− 1
T ]] such that 

YM (1, x) = idM and YM (v, x)w ∈ M((x 1
T )) for v ∈ V and w ∈ M . Set

V r =
{
v ∈ V | YM (v, x)w ∈ x− r

T M((x)) for any w ∈ M
}

for r ∈ Z. Then the twisted Jacobi identity (2.1) for u ∈ V r, v ∈ V and w ∈ M is 
equivalent to the weak associativity (2.2).

For any n ∈ (1/T )Z, define a linear map on(·) : V → EndM sending each element 
v ∈ V to vwt v−1+n and by [8] also define

Ωn(M) = {w ∈ M | vwt v−1+iw = 0 for all v ∈ V and n < i ∈ (1/T )Z}

= {w ∈ M | on+i(v)w = 0 for all v ∈ V and 0 < i ∈ (1/T )Z} .

For short, write on(·) as o(·) if n = 0. And in this paper, for any two formal variables 
x, y and any α ∈ R, we define

(x + y)α =
∑
i∈Z+

α(α− 1) · · · (α− i + 1)
i! yixα−i.

Then one can see that

(x + y)α(x + y)β = (x + y)α+β for any α, β ∈ R.

Proposition 2.2. Let W be a weak g-twisted V -module, u ∈ V r, v ∈ V s, p ∈ r/T + Z, q ∈
s/T + Z and w ∈ W . Let l ∈ Z+ be such that

unw = 0 for n ≥ l + r/T,
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and k ∈ Z+ such that

vnw = 0 for n > k + q.

And also let t ∈ Z be such that

unv = 0 for n > t.

Then

up(vqw) =
k∑

i=0

N∑
j=0

(
p− l − r/T

i

)(
l + r/T

j

)
(up−l−r/T−i+jv)q+l+r/T+i−j

w,

where N = max {t− p + l + r/T + k, 0}.

Proof. By (2.2), zp1z
q
2Y (u, z1)Y (v, z2)w ∈ W [[z1, z1

−1, z2, z2
−1]] and following the proof 

of [21, Proposition 4.5.7] we see that

up(vqw)

= Resz1 Resz2 z
p
1z

q
2Y (u, z1)Y (v, z2)w

= Resz0 Resz2(z0 + z2)pzq2Y (u, z0 + z2)Y (v, z2)w

= Resz0 Resz2(z0 + z2)p−l−r/T zq2
(
(z0 + z2)l+r/TY (u, z0 + z2)Y (v, z2)w

)
= Resz0 Resz2(z0 + z2)p−l−r/T zq2

(
(z2 + z0)l+r/TY (Y (u, z0)v, z2)w

)
= Resz0 Resz2

k∑
i=0

(
p− l − r/T

i

)
z
p−l−r/T−i
0 zi+q

2
(
(z2 + z0)l+r/TY (Y (u, z0)v, z2)w

)
,

which immediately gives the desired formula. �
As for these Ωm(M) we have:

Lemma 2.3. on(v)Ωm(M) ⊂ Ωm−n(M) for m, n ∈ (1/T )Z and v ∈ V .

Proof. Without loss of generality we may assume that v ∈ V s. Take any u ∈ V r. Then 
for 0 < i ∈ (1/T )Z and w ∈ Ωm(M), according to Proposition 2.2, we can choose proper 
k, l, N ∈ Z+ and obtain

om−n+i(u)on(v)w = uwtu+m−n+i−1(vwt v+n−1w)

=
k∑

p=0

N∑
q=0

(
wtu + m− n + i− 1 − l − r/T

p

)(
l + r/T

q

)
×(uwtu+m−n+i−1−l−r/T−p+qv) w
wt v+n−1+l+r/T+p−q
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=
k∑

p=0

N∑
q=0

(
wtu + m− n + i− l − r/T

p

)(
l + r/T

q

)
om+i(uwtu+t−n+i−1−l−r/T−p+qv)w

= 0,

proving the lemma. �
For any n ∈ (1/T )Z+, there exists an n̄ ∈ {0, 1, · · · , T − 1} such that n = 	n
 + n̄/T , 

where 	·
 is the floor function. For 0 ≤ r ≤ T − 1, define δi(r) = 1 if r ≤ i ≤ T − 1 and 
δi(r) = 0 if i < r; and set δi(T ) = 0.

Now for u ∈ V r, v ∈ V and m, n, p ∈ (1/T )Z, define the product ∗ng,m,p on V as 
follows:

u ∗ng,m,p v =
�p�∑
i=0

(−1)i
(
	m
 + 	n
 − 	p
 − 1 + δm̄(r) + δn̄(T − r) + i

i

)

· Resz
(1 + z)wtu−1+�m�+δm̄(r)+r/T

z�m�+�n�−�p�+δm̄(r)+δn̄(T−r)+i
Y (u, z)v,

if m, n, p ∈ (1/T )Z+ and p̄− n̄ ≡ r mod T ; and u ∗ng,m,p v = 0 otherwise. Denote ∗ng,m,p

by ∗̄ng,m if p = n and by ∗ng,m if p = m. In particular,

1∗̄ng,mu = u for u ∈ V. (2.4)

Note that if g = 1, ∗n1,m,p is the same as ∗nm,p defined in [3]. And ∗ng,n,n is, in fact, the 
product ∗g,n defined in [8]; in particular, ∗g,0 is the product ∗g defined in [7].

For m, n ∈ (1/T )Z+, let

O′
g,n,m(V ) = span{u ◦ng,m v | u, v ∈ V } + Ln,m(V ),

where Ln,m(V ) = span{(L(−1) + L(0) + m − n)u | u ∈ V } and for u ∈ V r, v ∈ V ,

u ◦ng,m v = Resz
(1 + z)wtu−1+δm̄(r)+�m�+r/T

z�m�+�n�+δm̄(r)+δn̄(T−r)+1 Y (u, z)v.

Again if m = n, then u◦ng,nv = u ◦g,n v has been defined in [8]. Then, O′
g,n,n(V ) =

Og,n(V ), Og,0(V ) = Og(V ), Ag,n(V ) = V/Og,n(V ) and Ag,0(V ) = Ag(V ) (cf. [7,8]).

Lemma 2.4. For any weak g-twisted V -module M , m, n ∈ (1/T )Z+ and a ∈ O′
g,n,m(V ), 

we have om−n(a) = 0 on Ωm(M).

Proof. It is trivial if a = L(−1)u + (L(0) +m − n)u for some u ∈ V . Assume that a has 
the form u ◦ng,m v for some u ∈ V r and v ∈ V . Then for any w ∈ Ωm(M), by the twisted 
Jacobi identity (2.1) we have
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om−n

(
u ◦ng,m v

)
w

=
∑
k≥0

(wtu+�m�+δn̄(T−r)+r/T−1
k

)
om−n

(
uk−�m�−�n�−δm̄(r)−δn̄(T−r)−1v

)
w

=
∑
k≥0

(−1)k
(−�m�−�n�−δm̄(r)−δn̄(T−r)−1

k

)
×

(
uwtu+r/T−�n�−δn̄(T−r)−2−kvwt v−1+m+k+1+δn̄(T−r)−r/T−n̄/T −

(−1)�m�+�n�+δm̄(r)+δn̄(T−r)+1

×vwt v+m̄/T−r/T−δm̄(r)−1−kuwtu−1+m+k+r/T+δm̄(r)−m̄/T

)
w.

But by the definition of Ωm(M),

vwt v−1+m+k+1+δn̄(T−r)−r/T−n̄/Tw = uwtu−1+m+k+r/T+δm̄(r)−m̄/Tw = 0 for all k ∈ Z+.

Thus, om−n

(
u ◦ng,m v

)
= 0 on Ωm(M), completing the proof. �

The following theorem is from [8, Theorem 2.4 and Theorem 3.3].

Theorem 2.5. (1) The product ∗̄ng,n = ∗g,n = ∗ng,n induces the structure of an associative 
algebra on Ag,n(V ) with identity 1 + Og,n(V ).

(2) Suppose that M is a weak g-twisted V -module. Then there is a representation of 
the associative algebra Ag,n(V ) on Ωn(M) induced by the map a �→ o(a) = awt a−1 for 
a ∈ V . Moreover, if M =

⊕
k∈(1/T )Z+

M(k) is an admissible g-twisted V -module, then ⊕
0≤k≤n M(k) ⊆ Ωn(M) and for each k ∈ (1/T )Z such that 0 ≤ k ≤ n, M(k) is an 

Ag,n(V )-module.

For any a, b, c, u ∈ V and any p1, p2, p3 ∈ (1/T )Z+, let O′′
g,n,m(V ) be the linear span 

of

u ∗ng,m,p3

(
(a ∗p3

g,p1,p2
b) ∗p3

g,m,p1
c− a ∗p3

g,m,p2
(b ∗p2

g,m,p1
c)
)
.

In particular, by (2.4) we have

(a ∗ng,p1,p2
b) ∗ng,m,p1

c− a ∗ng,m,p2
(b ∗p2

g,m,p1
c) ∈ O′′

g,n,m(V ). (2.5)

Let

O′′′
g,n,m(V ) =

∑
p1,p2∈(1/T )Z+

(
V ∗ng,p1,p2

O′
g,p2,p1

(V )
)
∗ng,m,p1

V

and
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Og,n,m(V ) = O′
g,n,m(V ) + O′′

g,n,m(V ) + O′′′
g,n,m(V ).

Set

Ag,n,m(V ) = V/Og,n,m(V ).

Theorem 2.6. [4] Let V be a vertex operator algebra and m, n ∈ (1/T )Z+. Then 
Ag,n,m(V ) is an Ag,n(V )−Ag,m(V )-bimodule such that the left and right actions of 
Ag,n(V ) and Ag,m(V ) are induced by ∗̄ng,m and ∗ng,m, respectively.

Let U be an Ag,m(V )-module. Set

M(U) =
⊕

n∈(1/T )Z+

Ag,n,m(V ) ⊗Ag,m(V ) U.

Then, M(U) is (1/T )Z+-graded such that M(U)(n) = Ag,n,m(V ) ⊗Ag,m(V ) U . For u ∈
V r, p ∈ r/T + Z and n ∈ (1/T )Z, define an operator up from M(U)(n) to M(U)(n +
wtu − p − 1) (with the convention that M(U)(i) = 0 if i < 0) by

up

(
(v + Og,n,m(V ) ⊗ w

)
=

{(
u ∗wtu−p−1+n

g,m,n v + Og,wtu−p−1+n,m(V )
)
⊗ w, if wtu− 1 − p + n ≥ 0,

0, if wtu− 1 − p + n < 0,

for v ∈ V and w ∈ U .

Theorem 2.7. [4] Let U be an Ag,m(V )-module. Then

M(U) =
⊕

n∈(1/T )Z+

Ag,n,m(V ) ⊗Ag,m(V ) U

is an admissible g-twisted V -module with M(U)(n) = Ag,n,m(V )⊗Ag,m(V ) U and has 
the following universal property: for any weak g-twisted V -module W and any Ag,m(V )-
homomorphism φ : U → Ωm(W ), there is a unique homomorphism φ̄ : M(U) → W

of weak g-twisted V -modules which extends φ. Moreover, if U cannot factor through 
Ag,m−1/T (V ), then M(U)(0) �= 0.

3. Associative algebras Ag,n(V ) and Ag,n(V )−Ag,m(V )-bimodules Ag,n,m(V )

In this section, we will construct a family of associative algebras Ag,n(V ) and a family 
of Ag,n(V )−Ag,m(V )-bimodules Ag,n,m(V ) from the perspective of representations, and 
show that they share the similar properties as for Ag,m(V ) and Ag,n,m(V ).

For any m, n ∈ (1/T )Z+, let

Og,n,m(V ) =
{
u ∈ V | om−n(u)|Ωm(M) = 0 for any weak g-twisted V -module M

}
.
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Set

Ag,n,m(V ) = V/Og,n,m(V ).

Write Og,n,m(V ) as Og,n(V ) and Ag,n,m(V ) as Ag,n(V ) if m = n. And when g = 1, 
these A1,n,m(V ) were studied in [15].

The following lemma is clear from the definition of Og,n,m(V ).

Lemma 3.1. Og,n,m(V ) ⊆ Og,n−l,m−l(V ) for (1/T )Z+ � l ≤ min{m, n}.

We have the following result from [4, Lemma 5.1].

Lemma 3.2. Let M be a weak g-twisted V -module. Then

om−n

(
u ∗ng,m,p v

)
= op−n(u)om−p(v) on Ωm(M) for u, v ∈ V and m,n, p ∈ (1/T )Z+.

In particular, u ∗ng,m 1 − u ∈ Og,n,m(V ).

By the definition of Og,n,m(V ), Lemma 2.3 and Lemma 3.2, it is not difficult to show 
the following statements.

Lemma 3.3. Let m, n ∈ (1/T )Z+. Then
(1) 

(
a ∗ng,p1,p2

b
)
∗ng,m,p1

c − a ∗ng,m,p2

(
b ∗p2

g,m,p1
c
)
∈ Og,n,m(V ) for a, b, c ∈ V and 

p1, p2 ∈ (1/T )Z+. In particular, 
(
a∗̄ng,mb

)
∗ng,m c ≡ a∗̄ng,m

(
b ∗ng,m c

)
mod Og,n,m(V ).

(2) V ∗ng,m,p Og,p,m(V ) ⊆ Og,n,m(V ) and Og,n,p(V ) ∗ng,m,p V ⊆ Og,n,m(V ) for 
p ∈ (1/T )Z+. In particular, V ∗̄ng,mOg,n,m(V ) ⊆ Og,n,m(V ) and Og,n,m(V ) ∗ng,m V ⊆
Og,n,m(V ); Og,n(V )∗̄ng,mV ⊆ Og,n,m(V ) and V ∗ng,m Og,m(V ) ⊆ Og,n,m(V ).

Remark 3.4. (1) It is clear by Lemma 2.4, Lemma 3.2 and Lemma 3.3 that Og,n,m(V ) =
O′

g,n,m(V ) + O′′
g,n,m(V ) + O′′′

g,n,m(V ) ⊆ Og,n,m(V ). In particular, Og,n(V ) ⊆ Og,n(V ).
(2) Since Ag,n(V ) is a quotient algebra of Ag,n(V ), every Ag,n(V )-module automati-

cally becomes an Ag,n(V )-module.

Theorem 3.5. Let m, n ∈ (1/T )Z+. Then

(1) Ag,n(V ) is an associative algebra under the multiplication ∗̄ng,n = ∗ng,n with the iden-
tity 1 + Og,n(V ).

(2) Ag,n,m(V ) is an Ag,n(V )−Ag,m(V )-bimodule with ∗̄ng,m the left action and ∗ng,m the 
right action.

(3) Suppose that M is a weak g-twisted V -module. Then there is a representation of 
Ag,n(V ) on Ωn(M) induced by the linear map u �→ o(u) for u ∈ V . Moreover, if 
M =

⊕
k∈(1/T )Z M(k) is an admissible g-twisted V -module, then
+
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⊕
0≤k≤n

M(k) ⊆ Ωn(M)

and each M(k) is an Ag,n(V )-module for 0 ≤ k ≤ n.

Proof. (1) By Lemma 3.3 (2), Og,n(V ) is a two-sided ideal of V under the multiplication 
∗̄ng,n = ∗ng,n. It follows from Lemma 3.3 (1) that this multiplication satisfies the associa-
tivity. Thus, Ag,n(V ) is an associative algebra. And by (2.4) and Lemma 3.2 we see that 
1 + Og,n(V ) is its identity.

(2) Note that the left action of Ag,n(V ) and the right action of Ag,m(V ) on Ag,n,m(V )
are well defined by Lemma 3.3 (2); and also that the two actions are compatible by 
Lemma 3.3 (1). Thus, Ag,n,m(V ) is an Ag,n(V )−Ag,m(V )-bimodule.

(3) It is clear from the definition of Og,n(V ) that the given representation is well 
defined. And this map is an algebra homomorphism by Lemma 3.2, proving the first 
statement. The second statement follows from that vwt v−1+iM(k) = 0 for any i > n and 
k ≤ n and that o(v)M(k) ⊆ M(k) for any k ∈ (1/T )Z+. �

The following corollary is an immediate consequence of Lemma 3.1 and Theo-
rem 3.5 (2).

Corollary 3.6. For any l, m, n ∈ (1/T )Z+ such that l ≤ min{m, n}, the identity 
map on V induces an epimorphism of Ag,n(V )−Ag,m(V )-bimodules from Ag,n,m(V ) to 
Ag,n−l,m−l(V ). In particular, the identity map on V induces an epimorphism of algebras 
from Ag,n(V ) to Ag,n−l(V ).

Let U be an Ag,m(V )-module. Set

M(U) =
⊕

n∈(1/T )Z+

Ag,n,m(V ) ⊗Ag,m(V ) U.

Then M(U) =
⊕

n∈(1/T )Z+
M(U)(n) is (1/T )Z+-graded with M(U)(n) = Ag,n,m(V )

⊗Ag,m(V ) U for n ∈ (1/T )Z+. Following the construction of M(U) (see Section 2), for 
u ∈ V r define the vertex operator YM(U)(u, z) =

∑
p∈r/T+Z upz

−p−1 with up being 
a linear map from M(U)(n) to M(U)(n + wtu − p − 1) for n ∈ (1/T )Z+ (decreeing 
M(U)(k) = 0 if k < 0) given by

up

(
(v + Og,n,m(V )) ⊗ w

)
=

(
u ∗n+wtu−p−1

g,m,n v + Og,m,n+wtu−p−1(V )
)
⊗ w

for v ∈ V and w ∈ U . This action is well defined, since for any v ∈ Ag,n,m(V ), a ∈
Ag,m(V ) and w ∈ U , we have u ∗n+wtu−p−1

g,m,n Og,n,m(V ) ⊆ Og,n+wtu−p−1,m(V ) by 
Lemma 3.3 (2), and
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up

(
(v ∗ng,m a) ⊗ w

)
=

(
u ∗n+wtu−p−1

g,m,n

(
v ∗ng,m a

))
⊗ w

=
(
(u ∗n+wtu−p−1

g,m,n v) ∗n+wtu−p−1
g,m a

)
⊗ w

=
(
u ∗n+wtu−p−1

g,m,n v
)
⊗ a · w = up(v ⊗ a · w)

by Lemma 3.3 (1). Note that U can also be viewed as an Ag,m(V )-module by Re-
mark 3.4 (2). Then we can define the linear map

ψn,m : Ag,n,m(V ) ⊗Ag,m(V ) U −→ Ag,n,m(V ) ⊗Ag,m(V ) U

sending (u + Og,n,m(V )) ⊗ w to (u + Og,n,m(V )) ⊗ w for u ∈ V and w ∈ U , which is 
well defined. Note that these ψn,m for n ∈ (1/T )Z+ induce the surjective linear map 
ψ : M(U) −→ M(U) such that ψ (upw) = upψ(w) for any p ∈ (1/T )Z, u ∈ V and 
w ∈ M(U). Thus, M(U) is a weak g-twisted V -module. Moreover, by definition of the 
action of up, M(U) is an admissible g-twisted V -module. Similarly, one can show that 
M(U) shares the same universal property as M(U). Then we arrive at the following 
result.

Theorem 3.7. Let U be an Ag,m(V )-module. Then

M(U) =
⊕

n∈(1/T )Z+

Ag,n,m(V ) ⊗Ag,m(V ) U

is an admissible g-twisted V -module with M(U)(n) = Ag,n,m(V )⊗Ag,m(V ) U satisfying 
the following universal property: for any weak g-twisted V -module W and any Ag,m(V )-
morphism φ : U → Ωm(W ), there is a unique homomorphism φ̄ : M(U) → W of weak 
g-twisted V -modules which extends φ. Moreover, M(U)(0) �= 0 if U cannot factor through 
Ag,m−1/T (V ).

4. The universal enveloping algebra U(V [g]) of V with respect to g

In this section, we shall first recall the construction of the universal enveloping algebra 
U(V [g]) of V with respect to g and then use U(V [g]) to construct admissible g-twisted 
V -modules with some universal property.

Recall from [7] (see also [1]) the Lie algebra

V̂ [g] = L(V, g)/DL(V, g),

where L(V, g) =
⊕T−1

r=0 V r ⊗Ct
r
T

[
t, t−1] and D = L(−1) ⊗ id + id⊗ d

dt . Denote by u(m)
the image of u ⊗ tm in V̂ [g]. Then the Lie bracket on V̂ [g] is given by

[
u(m + r

T
), v(n + s

T
)
]

=
∞∑(

m + r
T

i

)
(uiv)(m + n + r + s

T
− i)
i=0
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for u ∈ V r, v ∈ V s and m, n ∈ Z. If we define the degree of u(m) to be wtu −m −1, then 

V̂ [g] is a (1/T )Z-graded Lie algebra, i.e., V̂ [g] =
⊕

m∈(1/T )Z V̂ [g]m and 
[
V̂ [g]i, V̂ [g]j

]
⊆

V̂ [g]i+j for any i, j ∈ (1/T )Z.
Let U(V̂ [g]) be the universal enveloping algebra of the Lie algebra V̂ [g]. Then the 

(1/T )Z-grading on V̂ [g] induces a (1/T )Z-grading on U(V̂ [g]) =
⊕

m∈(1/T )Z U(V̂ [g])m. 
Set

U(V̂ [g])km =
∑

i≤k,i∈(1/T )Z

U(V̂ [g])m−iU(V̂ [g])i

for 0 > k ∈ (1/T )Z and U(V̂ [g])0m = U(V̂ [g])m. Then

U(V̂ [g])km ⊆ U(V̂ [g])k+1/T
m

and ⋂
k∈−(1/T )Z+

U(V̂ [g])km = 0,
⋃

k∈−(1/T )Z+

U(V̂ [g])km = U(V̂ [g])m.

Thus, 
{
U(V̂ [g])km | k ∈ −(1/T )Z+

}
forms a fundamental neighborhood system of 

U(V̂ [g])m. Let Ũ(V̂ [g])m be the completion of U(V̂ [g])m, then

Ũ(V̂ [g]) :=
⊕

m∈(1/T )Z

Ũ(V̂ [g])m

is a complete topological ring which allows infinite sums in it.
For each m ∈ (1/T )Z, define a linear map Jm(·) : V → V̂ [g] sending u ∈ V r to 

u(wtu + m − 1) if m ∈ r/T + Z and zero otherwise.

Definition 4.1. The universal enveloping algebra U(V [g]) of V with respect to g is the 
quotient of Ũ(V̂ [g]) by a two-sided ideal generated by the following relations:

1(i) = δi,−1 for i ∈ Z,

[ω(i + 1), ω(j + 1)] = (i− j)ω(i + j + 1) + δi+j,0
i3 − i

12 c for i, j ∈ Z,

and

∑
i≥0

(−1)i
(
l

i

)(
Js−i(u)Jt+i(v) − (−1)lJl+t−i(v)Js+i−l(u)

)
=
∑(

s + wtu− l − 1
i

)
Js+t (ul+iv) for u ∈ V r, v ∈ V r′ , l ∈ Z, s ∈ r

T
+ Z, t ∈ r′

T
+ Z.
i≥0
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It is clear that U(V [g]) =
⊕

m∈(1/T )Z U(V [g])m is a (1/T )Z-graded associative alge-
bra. Set

U(V [g])km =
∑

i≤k,i∈(1/T )Z

U(V [g])m−iU(V [g])i

for 0 > k ∈ (1/T )Z. Then, U(V [g])n−m/U(V [g])−m−1/T
n−m is a U(V [g])0/U(V [g])−n−1/T

0 −
U(V [g])0/U(V [g])−m−1/T

0 -bimodule.

Theorem 4.2. [16] The linear map ϕ : V → U(V [g])0 sending u to J0(u) induces an 
algebra isomorphism ϕn between Ag,n(V ) and U(V [g])0/U(V [g])−n−1/T

0 for each n ∈
(1/T )Z+.

Remark 4.3. (1) Suppose that M is a weak g-twisted V -module. Then by Theorem 4.2
and Theorem 2.5 (2), there is a representation of U(V [g])0/U(V [g])−n−1/T

0 on Ωn(M)
induced by the linear map a → o(a) = awt a−1 for a ∈ V .

(2) From the construction of U(V [g]), any weak g-twisted V -module is naturally a 
U(V [g])-module with the action induced by the map u(m) �→ um for any u ∈ V r and 
m ∈ r/T + Z.

Theorem 4.2 tells us that Ag,n(V ) can be realized as some quotient of U(V [g])0. And 
in Section 5 we are going to make use of the subspace U(V [g])n−m to realize the bimodule 
Ag,n,m(V ).

Let U be a U(V [g])0/U(V [g])−m−1/T
0 -module. Set

M(U) =
⊕

n∈(1/T )Z+

U(V [g])n−m/U(V [g])−m−1/T
n−m ⊗

U(V [g])0/U(V [g])−m−1/T
0

U.

Set M(U) =
⊕

n∈(1/T )Z+
M(U)(n) with

M(U)(n) = U(V [g])n−m/U(V [g])−m−1/T
n−m ⊗

U(V [g])0/U(V [g])−m−1/T
0

U

for n ∈ (1/T )Z+. Then, M(U)(m) ∼= U as Ag,m(V )-modules by Theorem 4.2.
Also following the construction of M(U), we equip M(U) with the vertex operator 

maps YM(U)(u, z) =
∑

p∈r/T+Z upz
−p−1 for u ∈ V r, where for n ∈ (1/T )Z+, the linear 

map up from M(U)(n) to M(U)(n + wtu − p − 1) is defined as follows:

up(v ⊗ w) =
{

u(p)v ⊗ w, if n + wtu− p− 1 ≥ 0,
0, if n + wtu− p− 1 < 0,

for v ∈ U(V [g])n−m/U(V [g])−m−1/T
n−m and w ∈ U . Then M(U) is an admissible g-twisted 

V -module, since the twisted Jacobi identity follows immediately from the construction 
of U(V [g]); and M(U) is generated by M(U)(m).
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Theorem 4.4. Let U be a U(V [g])0/U(V [g])−m−1/T
0 -module. Then the admissible g-

twisted V -module

M(U) =
⊕

n∈(1/T )Z+

U(V [g])n−m/U(V [g])−m−1/T
n−m ⊗

U(V [g])0/U(V [g])−m−1/T
0

U

has the following universal property: for any weak g-twisted V -module W and any 
Ag,m(V )-morphism φ : U → Ωm(W ), there is a unique homomorphism φ̄ : M(U) → W

of weak g-twisted V -modules which extends φ. Moreover, if U cannot factor through 
Ag,m−1/T (V ), then M(U)(0) �= 0.

Proof. Define φ̄ : M(U) → W by φ̄(u ⊗w) = uφ(w) for u ∈ U(V [g])n−m/U(V [g])−m−1/T
n−m

and w ∈ U . Note that the action of U(V [g])−m−1/T
n−m on Ωm(W ) is trivial by Re-

mark 4.3 (2) and also that

φ̄(u · v⊗w) = (u · v)φ(w) = uφ(v ·w) = φ̄(u⊗ v ·w) for v ∈ U(V [g])0/U(V [g])−m−1/T
0 .

Thus, φ̄ is well defined. It is clear that φ̄|U = φ by regarding

U = M(U)(m) = U(V [g])0/U(V [g])−m−1/T
0 ⊗

U(V [g])0/U(V [g])−m−1/T
0

U.

And for v ∈ V , again by Remark 4.3 (2), we have

φ̄ (vp(u⊗ w)) = φ̄(v(p)u⊗ v) = (v(p)u)φ(w) = v(p)(uφ(w)) = v(p)(φ̄(u⊗ w))

= vp(φ̄(u⊗ w)).

Thus, φ̄ is a homomorphism of weak g-twisted V -modules, whose uniqueness follows from 
the fact that M(U) is generated by U = M(U)(m). �
5. Isomorphisms

In this section we shall show Og,n,m(V ) = Og,n,m(V ) and realize Ag,n,m(V ) as some 
quotient of U(V [g])n−m.

Following from [4, Lemma 5.1], we have:

Lemma 5.1. Let u, v ∈ V and m, n, p ∈ (1/T )Z+. Then

Jm−n

(
u ∗ng,m,p v

)
≡ Jp−n(u)Jm−p(v) mod U(V [g])−m−1/T

n−m .

The main result of this section is as follows.

Theorem 5.2. (1) Ag,m(V ) = Ag,m(V ) = Ag,m,m(V ) and Ag,n,m(V ) = Ag,n,m(V ) for 
any m, n ∈ (1/T )Z+.
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(2) The Ag,n(V )−Ag,m(V )-bimodules Ag,n,m(V ) and U(V [g])n−m/U(V [g])−m−1/T
n−m

are isomorphic for any m, n ∈ (1/T )Z+.

Proof. Fix m ∈ (1/T )Z+ and take U = Ag,m(V ). By Theorem 4.2,

Ag,m(V ) ∼= M(U)(m) = U(V [g])0/U(V [g])−m−1/T
0 ⊗

U(V [g])0/U(V [g])−m−1/T
0

Ag,m(V ).

Now it follows from Theorem 3.5 (3) that the multiplication ∗̄mg,m = ∗mg,m on V induces 
an Ag,m(V )-module structure on Ag,m(V ). In particular, we have Og,m(V ) ⊆ Og,m(V ), 
which together with Remark 3.4 (1) gives Og,m(V ) = Og,m(V ), i.e., Ag,m(V ) = Ag,m(V ). 
Similarly, when replacing M(U) by M(U) we can obtain Ag,m,m(V ) = Ag,m(V ). That 
is, both M(U) and M(U) have the same generating set. Then M(U) = M(U), since 
these two modules have the same universal property by Theorems 2.7 and 3.7. Now by 
considering M(U)(n) and M(U)(n) we see that Ag,n,m(V ) = Ag,n,m(V ), proving (1).

For convenience, we would identify Ag,n,m(V ) ⊗Ag,m(V ) Ag,m(V ) with Ag,n,m(V ), and 

identify U(V [g])n−m/U(V [g])−m−1/T
n−m ⊗

U(V [g])0/U(V [g])−m−1/T
0

Ag,m(V ) with U(V [g])n−m/

U(V [g])−m−1/T
n−m . It follows from (1) and Theorem 4.2 that the linear map

ϕm,m : Ag,m,m(V ) → U(V [g])0/U(V [g])−m−1/T
0

u + Og,m,m(V ) �→ J0(u) + U(V [g])−m−1/T
0

is an isomorphism of Ag,m(V )-modules. Now by Theorem 2.7 and Theorem 4.4, this map 
can be extended to an isomorphism of admissible g-twisted V -modules from M(U) to 
M(U) such that for any n ∈ (1/T )Z+, the linear map

ϕn,m : Ag,n,m(V ) → U(V [g])n−m/U(V [g])−m−1/T
n−m

u + Og,n,m(V ) �→ Jm−n(u) + U(V [g])−m−1/T
n−m

gives an isomorphism of Ag,n(V )-modules. In fact, this is also a homomorphism of right 
Ag,m(V )-modules:

ϕn,m

(
(u + Og,n,m(V )) ∗mg,m (b + Og,m(V ))

)
= ϕn,m

(
u ∗ng,m b + Og,n,m(V )

)
=Jm−n

(
u ∗ng,m b

)
+ U(V [g])−m−1/T

n−m = Jm−n(u)J0(b) + U(V [g])−m−1/T
n−m

=
(
Jm−n(u) + U(V [g])−m−1/T

n−m

)
· (b + Og,m(V ))

=ϕn,m (u + Og,n,m(V )) · (b + Og,m(V )) ,

where the third equality follows from Lemma 5.1. Thus ϕn,m is an Ag,n(V )−Ag,m(V )-
bimodule isomorphism, proving (2). �

By Theorem 5.2 and Corollary 3.6, one can obtain the following result.
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Corollary 5.3. (1) The identity map on V induces an epimorphism of Ag,n(V ) −Ag,m(V )-
bimodules from Ag,n,m(V ) to Ag,n−l,m−l(V ) for l ∈ (1/T )Z+ such that l ≤ min{m, n}.

(2) Og,n,n(V ) = Og,n(V ) and

Og,n,m(V ) =
{
u ∈ V | Jm−n(u) ∈ U(V [g])−m−1/T

n−m

}
=

{
u ∈ V |om−n(u)|Ωm(M) = 0 for any weak g-twisted V -module M

}
Remark 5.4. The equality Ag,n,n(V ) = Ag,n(V ) and Corollary 5.3 (1) were first proved 
in [4].

6. Refining bimodules

In this section we shall refine the definition of the Ag,n(V )−Ag,m(V )-bimodule 
Ag,n,m(V ).

Notation 6.1. Until further notice we shall use the following conventions.

(1) For m ∈ (1/T )Z and i ∈ Z, 
(
m

i

)
= 1 if i = 0, and 0 if i < 0.

(2) For k, l ∈ (1/T )Z, define 
l∑

i=k

ai =
∑

i∈Zk,l
ai, where Zk,l =

{
Z ∩ [l, k] if l ≤ k,

Z ∩ [k, l] if l > k.

(3) For n ∈ (1/T )Z+, a ∈ V r and b ∈ V , denote fi(a, b) as follows:

fi(a, b) = (1 + z)wt a+q

zi
Y (a, z)b for i ∈ Z,

where q = −1 + 	n
 + δn̄(r) + r/T .

Lemma 6.2. Let n ∈ (1/T )Z and l ∈ Z. Then

n+1+l∑
j=0

(−1)j
(
l

j

) n+1+l−j∑
i=0

(−1)i
(
−l + i + j − 1

i

)
1

zi+j
= 1.

Proof. This formula follows from [15, Lemma 3.8] if n + 1 + l ≥ 0 and Notation 6.1 (2) 
if n + 1 + l < 0. �
Lemma 6.3. For k, n ∈ (1/T )Z+, a ∈ V r, b ∈ V and j, l ∈ Z, we have

a ∗kg,n,k+1+q+l−j b =
k+1+q+l−j∑

i=0
(−1)i

(
−l + i + j − 1

i

)
Resz fi+j−l(a, b),

where q = −1 + 	n
 + δn̄(r) + r/T .
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Proof. Note that 	k + 1 + q + l − j
 = 	n
 + 	k + r/T 
 + δn̄(r) + l − j and 	k
 − 	k +
r/T 
 + δk̄(T − r) = 0. Then this lemma follows from the definition of product ∗ng,m,p and 
Notation 6.1 (2)-(3). �

Set

M (m)
g =

⊕
n∈(1/T )Z+

V/O′′
g,n,m(V ),

which is clearly (1/T )Z+-graded with M (m)
g (n) = V/O′′

g,n,m(V ). For u ∈ V and p ∈
(1/T )Z, define the vertex operator map

up(v+O′′
g,n,m(V )) =

{
u ∗n+wtu−p−1

g,m,n v + O′′
g,n+wtu−p−1,m(V ), if n + wtu− p− 1 ≥ 0,

0, otherwise.

This action is well defined by the proof in [4, Lemma 3.8].

Lemma 6.4. Let m, n ∈ (1/T )Z+. Then

(1) for any u ∈ V r and p ∈ r/T + Z, up(M (m)
g (n)) = 0 if p > wtu + n − 1;

(2) Y
M

(m)
g

(1, z) = id;
(3) for any a ∈ V r and b ∈ V s, we have

(z2 + z0)wt a+q
Y
M

(m)
g

(Y (a, z0) b, z2)=(z0 + z2)wt a+q
Y
M

(m)
g

(a, z0 + z2)YM
(m)
g

(b, z2)

or equivalently, for any l ∈ Z,

Resz0 zl0 (z2 + z0)wt a+q
zwt b−q
2 Y

M
(m)
g

(Y (a, z0) b, z2)

=Resz0 zl0 (z0 + z2)wt a+q
zwt b−q
2 Y

M
(m)
g

(a, z0 + z2)YM
(m)
g

(b, z2)

on M (m)
g (n), where q = −1 + 	n
 + δn̄(r) + r/T .

Proof. (1) follows immediately from the definition of up. And for (2), it is sufficient to 
show 1p = δp,−1 id on M (m)

g (n) for any n ∈ (1/T )Z+. By (1), 1p = 0 on M (m)
g (n) if 

p > n − 1. Now considering Z � p ≤ n − 1, then for any v ∈ V , we have

1p(v + O′′
g,n,m(V )) = 1 ∗n−p−1

g,m,n v + O′′
g,n−p−1,m(V )

=
�n�∑
i=0

(−1)i
(
	m
 + 	n− p− 1
 − 	n
 + i

i

)

·Resz
(1 + z)�m�

Y (1, z)v + O′′
g,n−p−1,m(V )
z�m�+�n−p−1�−�n�+i+1
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=
�n�∑
i=0

(−1)i
(
	m
 + 	n− p− 1
 − 	n
 + i

i

)

·
(

	m

	m
 + 	n− p− 1
 − 	n
 + i

)
v + O′′

g,n−p−1,m(V )

=
�n�∑
i=0

(−1)i
(
	m
 − p + i−1

i

)(
	m


	m
 − p + i−1

)
v + O′′

g,n−p−1,m(V )

=
�n�∑
i=0

(−1)i
(
	m

p + 1

)(
p + 1
i

)
v + O′′

g,n−p−1,m(V )

= δp,−1v + O′′
g,n−p−1,m(V ) (by Notation 6.1 (1))

= δp,−1(v + O′′
g,n,m(V )).

Thus, (2) holds.
The idea of the proof of the third statement comes essentially from [4, Lemma 5.10]

(see also [15, Lemma 3.10]). For v + O′′
g,n,m(V ) ∈ M

(m)
g (n), q = −1 + 	n
 + δn̄(r) + r/T

and let α ∈ {0, . . . , T − 1} be such that α ≡ n̄− r − s mod T , we have

Resz0 zl0 (z2 + z0)wt a+q
zwt b−q
2 Y

M
(m)
g

(Y (a, z0) b, z2) (v + O′′
g,n,m(V ))

=
∑
j∈Z+

(
wt a + q

j

)
zwt a+wt b−j
2 Y

M
(m)
g

(aj+lb, z2) (v + O′′
g,n,m(V ))

=
∑
j∈Z+

(
wt a + q

j

) ∑
k∈ α

T +Z+

zl+k−n+1
2 (aj+lb)wt a+wt b−j−l−2−k+n (v + O′′

g,n,m(V ))

=
∑

k∈ α
T +Z+

zl+k−n+1
2

∑
j∈Z+

(
wt a + q

j

)
(aj+lb) ∗kg,m,n v + O′′

g,k,m(V )

=
∑

k∈ α
T +Z+

zl+k−n+1
2

(
Resz

(1 + z)wt a+q

z−l
Y (a, z)b

)
∗kg,m,n v + O′′

g,k,m(V )

=
∑

k∈ α
T +Z+

zl+k−n+1
2 Resz

(
f−l(a, b) ∗kg,m,n v

)
+ O′′

g,k,m(V ) (by Notation 6.1(3))

=
∑

k∈ α
T +Z+

zl+k−n+1
2

k+1+q+l∑
j=0

(−1)j
(
l

j

) k+1+q+l−j∑
i=0

(−1)i
(
−l + i + j − 1

i

)
× Resz

(
fi+j−l(a, b) ∗kg,m,n v

)
+ O′′

g,k,m(V ) (by Notation 6.1 (2)-(3) and Lemma 6.2)

=
∑

k∈ α
T +Z+

zl+k−n+1
2

k+1+q+l∑
j=0

(−1)j
(
l

j

)((
a ∗kg,n,k+1+q+l−j b

)
∗kg,m,n v

)
+ O′′

g,k,m(V )

(by Lemma 6.3)
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=
∑

k∈ α
T +Z+

k+1+l+q≥0

zl+k−n+1
2

∑
j∈Z+

(−1)j
(
l

j

)
a ∗kg,m,k+1+q+l−j

(
b ∗k+1+q+l−j

g,m,n v
)

+ O′′
g,k,m(V )

(by (2.5) and Notation 6.1 (1)-(2))

=
∑
j∈Z+

∑
−n≤i∈−s/T+Z
−l+i+j≥1+q−n

(
l

j

)
(−1)jzi+j−q

2 a ∗−l+i+j−1−q+n
g,m,n+i

(
b ∗n+i

g,m,n v
)

+ O′′
g,−l+i+j−1−q+n,m(V )

=
∑
j∈Z+

(
l

j

)
(−1)jawt a+q+l−j

∑
−n≤i∈−s/T+Z

zi+j−q
2 bwt b−1−i(v + O′′

g,n,m(V ))

=
∑
j∈Z+

(
l

j

)
(−1)jawt a+q+l−jz

wt b+j−q
2 Y

M
(m)
g

(b, z2) (v + O′′
g,n,m(V ))

= Resz0 zl0 (z0 + z2)wt a+q
zwt b−q
2 Y

M
(m)
g

(a, z0 + z2)YM
(m)
g

(b, z2) (v + O′′
g,n,m(V )),

proving (3). �
As an immediate consequence of Lemma 6.4 and Theorem 2.1 we have:

Proposition 6.5. For any m ∈ (1/T )Z+, M (m)
g is an admissible g-twisted V -module.

Recall from Section 2 that

Ln,m(V ) = span {(L(−1) + L(0) + m− n)u | u ∈ V } .

From [4, Lemma 3.1] and the definition of O′
g,n,m(V ), we know:

Lemma 6.6. For any m, n ∈ (1/T )Z+,⊕
s �≡ m̄−n̄ mod T

V s + Ln,m(V ) ⊆ O′
g,n,m(V ).

For any u, v ∈ V , it follows from [28] (see also [4]) that

Y (v, z)u ≡ (1 + z)−wtu−wt v−m+nY

(
u,

−z

1 + z

)
v mod Ln,m(V ).

Then the following result, in fact, was proved already in [4, Lemma 3.4 and Corollary 
3.5].

Lemma 6.7. For u ∈ V r and v ∈ V s, if p̄− n̄ ≡ r mod T, m̄−p̄ ≡ s mod T and m +n −p ≥
0, then
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u ∗ng,m,p v − v ∗ng,m,m+n−p u− Resz(1 + z)wtu−1+p−nY (u, z)v ∈ Ln,m(V ).

In particular, taking p = m and v = 1 we have

u ∗ng,m 1 − u ∈ Ln,m(V ).

Theorem 6.8. For any m, n ∈ (1/T )Z+,

Og,n,m(V ) =
⊕

s �≡ m̄−n̄ mod T

V s + Ln,m(V ) + O′′
g,n,m(V ).

In particular, O1,n,m(V ) = Ln,m(V ) + O′′
1,n,m(V ).

Proof. By Proposition 6.5 and Theorem 3.5 (3), V/O′′
g,m,m(V ) ⊆ Ωm(M (m)

g ). Note by 

the definition of Og,n,m(V ) that Og,n,m(V ) =
⊕T−1

r=0 (Og,n,m(V ) ∩ V r). For any u ∈
Og,n,m(V ) ∩V r = Og,n,m(V ) ∩V r (see Theorem 5.2), then by the definition of Og,n,m(V ),

0 = om−n(u)(1 + O′′
g,m,m(V )) = u ∗ng,m 1 + O′′

g,n,m(V ),

i.e.,

u ∗ng,m 1 ∈ O′′
g,n,m(V ).

If m̄− n̄ ≡ r mod T , then by Lemma 6.7

u = u− u ∗ng,m 1 + u ∗ng,m 1 ∈ Ln,m(V ) + O′′
g,n,m(V );

otherwise, u ∈
⊕

s �≡ m̄−n̄ mod T V s. Thus by Lemma 6.6,

Og,n,m(V ) =
⊕

s �≡ m̄−n̄ mod T

V s + Ln,m(V ) + O′′
g,n,m(V ).

And when g = 1, it is clear that O1,n,m(V ) = Ln,m(V ) + O′′
1,n,m(V ). �

7. Appendix

A detailed proof of Theorem 2.1 is given in this appendix.

Proposition 7.1. The twisted Jacobi identity (2.1) for u ∈ V r, v ∈ V s and w ∈ M is 
equivalent to: for any w′ ∈ M∗ = Hom(M, C), there exist l ∈ Z+, f(z1, z2) ∈ C((z1, z2))
and g(z0, z2) ∈ C((z0, z2)) such that
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〈
w′, z

r
T
1 z

s
T
2 YM (u, z1)YM (v, z2)w

〉
= f (z1, z2) (z1 − z2)−l

, (D1)〈
w′, z

r
T
1 z

s
T
2 YM (v, z2)YM (u, z1)w

〉
= f (z1, z2) (−z2 + z1)−l

, (D2)〈
w′, (z2 + z0)

r
T z

s
T
2 YM (Y (u, z0) v, z2)w

〉
= g (z0, z2) (z2 + z0)−l

, (D3)〈
w′, (z0 + z2)

r
T z

s
T
2 YM (u, z0 + z2)YM (v, z2)w

〉
= g (z0, z2) (z0 + z2)−l

, (D4)

f (z2 + z0, z2) z−l
0 = g (z0, z2) (z2 + z0)−l

. (D5)

Proof. Assume that there exist l ∈ Z+, f(z1, z2) and g(z0, z2) such that (D1)-(D5) hold. 
Recall from [5,13] that

z−1
1

(
z2 + z0

z1

)γ

δ

(
z2 + z0

z1

)
= z−1

2

(
z1 − z0

z2

)−γ

δ

(
z1 − z0

z2

)
(7.1)

for γ ∈ C. Thus, (2.1) is equivalent to: for any w′ ∈ M∗,

z−1
0 δ

(
z1 − z2

z0

)〈
w′, z

r
T
1 z

s
T
2 YM (u, z1)YM (v, z2)w

〉
−z−1

0 δ

(
−z2 + z1

z0

)〈
w′, z

r
T
1 z

s
T
2 YM (v, z2)YM (u, z1)w

〉
= z−1

1 δ

(
z2 + z0

z1

)〈
w′, (z2 + z0)

r
T z

s
T
2 YM (Y (u, z0) v, z2)w

〉
,

which can be rewritten as

z−1
0 δ

(
z1 − z2

z0

)
f (z1, z2) (z1 − z2)−l − z−1

0 δ

(
−z2 + z1

z0

)
f (z1, z2) (−z2 + z1)−l

= z−1
1 δ

(
z2 + z0

z1

)
f (z2 + z0, z2) z−l

0

according to (D1)−(D3) and (D5). But this follows immediately from multiplying

z−1
0 δ

(
z1 − z2

z0

)
− z−1

0 δ

(
−z2 + z1

z0

)
= z−1

1 δ

(
z2 + z0

z1

)

by f (z1, z2) z−l
0 . Therefore, we get (2.1).

Conversely, assume that the commutator formula (2.3) and the weak associativity 
(2.2) hold. Moreover, we may choose l large enough such that zl+ r

T YM (u, z)w involves 
only nonnegative integral powers of z. Then, it follows from (2.3) and (7.1) that

[YM (u, z1) , YM (v, z2)] = Resz0 YM

(
z−1
2 δ

(
z1 − z0

)
Y (u, z0) v, z2

)(
z1 − z0

)− r
T

z2 z2
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= Regz0 YM

((
z−1
0 δ

(
z1 − z2

z0

)
− z−1

0 δ

(
−z2 + z1

z0

))
Y (u, z0) v, z2

)(
z1 − z0

z2

)− r
T

= Resz0 YM

(
z−1
0 δ

(
z1 − z2

z0

)
Y (u, z1 − z2) v

−z−1
0 δ

(
−z2 + z1

z0

)
Y (u,−z2 + z1) v, z2

)(
z1 − z0

z2

)− r
T

= z
r
T
2 z

− r
T

1

∑
n≥0

Resz0 YM

(
z−1
0 δ

(
z1 − z2

z0

)
Y (u, z1 − z2) v

−z−1
0 δ

(
−z2 + z1

z0

)
Y (u,−z2 + z1) v, z2

)(
−r/T

n

)(
−z0

z1

)n

= z
r
T
2 z

− r
T

1

N∑
n=0

(−1)n
(
−r/T

n

)
z−n
1 YM

((
Y (u, z1 − z2)(z1 − z2)n

− Y (u,−z2 + z1)(−z2 + z1)n
)
v, z2

)
,

where N is a nonnegative integer such that zN+1Y (u, z)v ∈ V [[z]]. Thus, there exists 
l ∈ Z+ such that

(z1 − z2)l [YM (u, z1) , YM (v, z2)] = 0.

Then for any w ∈ M ,

(z1 − z2)l
〈
w′, z

r
T
1 z

s
T
2 YM (u, z1)YM (v, z2)w

〉
= (−z2 + z1)l

〈
w′, z

r
T
1 z

s
T
2 YM (v, z2)YM (u, z1)w

〉
,

which is denoted by f(z1, z2). Note that both sides of the above formula involve only 
finitely many negative powers of z2 and z1. Thus, f(z1, z2) ∈ C((z1, z2)), proving (D1)
and (D2).

Set g (z0, z2) = (z0 + z2)l f (z0 + z2, z2) z−l
0 . Since zl+

r
T YM (u, z)w ∈ M [[z]], zl1f(z1,

z2) ∈ C[[z1, z2, z
−1
2 ]], we obtain g (z0, z2) ∈ C ((z0, z2)). Then,〈
w′, (z0 + z2)

r
T z

s
T
2 YM (u, z0 + z2)YM (v, z2)w

〉
=

〈
w′, z

r
T
1 z

s
T
2 YM (u, z1)YM (v, z2)w

〉∣∣∣
z1=z0+z2

= f (z1, z2) (z1 − z2)−l
∣∣∣
z1=z0+z2

= f (z0 + z2, z2) z−l
0

= (z0 + z2)l f (z0 + z2, z2) z−l
0 (z0 + z2)−l = g (z0, z2) (z0 + z2)−l

,

that is, (D4). Now by (2.2),
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(z0 + z2)l
〈
w′, (z0 + z2)

r
T z

s
T
2 YM (u, z0 + z2)YM (v, z2)w

〉
= (z2 + z0)l

〈
w′, (z2 + z0)

r
T z

s
T
2 YM (Y (u, z0) v, z2)w

〉
= g (z0, z2) ,

from which one can deduce (D3) and (D5). �
Taking v = 1 in (2.2) we have

(z2 + z0)k+ r
T YM

(
ez0Du, z2

)
w = (z0 + z2)k+ r

T YM (u, z0 + z2)w, (7.2)

where D is a linear operator on V defined by D(v) = v−21 for v ∈ V . Note that we can 
choose l large enough such that zl+ r

T YM (u, z)w ∈ M [[z]]. It follows that (7.2) can also 
be written as

(z2 + z0)l+
r
T YM

(
ez0Du, z2

)
w = (z2 + z0)l+

r
T YM (u, z2 + z0)w.

Multiplying both sides by (z2 + z0)−l− r
T gives

YM

(
ez0Du, z2

)
w = YM (u, z2 + z0)w. (7.3)

Now we are ready to present the proof of Theorem 2.1.

Proof. By Proposition 7.1, it is sufficient to deduce from the weak associativity that 
there exist f(z1, z2) ∈ C((z1, z2)) and g(z0, z2) ∈ C((z0, z2)) such that (D1)−(D5) hold. 
By (2.2) we have

(z0 + z2)l
〈
w′, (z0 + z2)

r
T z

s
T
2 YM (u, z0 + z2)YM (v, z2)w

〉
=(z2 + z0)l

〈
w′, (z2 + z0)

r
T z

s
T
2 YM (Y (u, z0) v, z2)w

〉
,

which is denoted by g (z0, z2). Clearly, g (z0, z2) ∈ C ((z0, z2)). Then it is easy to see 
that (D3) and (D4) hold. Choose l to be sufficiently large such that zl0g(z0, z2) ∈
C[[z0, z2, z

−1
2 ]]. Set f (z1, z2) = (z1 − z2)l g (z1 − z2, z2) z−l

1 , which lies in C((z1, z2)). 
Then, f (z2 + z0, z2) z−l

0 = g (z0, z2) (z2 + z0)−l, proving (D5); and

〈
w′, z

r
T
1 z

s
T
2 YM (u, z1)YM (v, z2)w

〉
=

〈
w′, (z0 + z2)

r
T z

s
T
2 YM (u, z0 + z2)YM (v, z2)w

〉∣∣∣
z0=z1−z2

= g (z0, z2) (z0 + z2)−l
∣∣∣
z0=z1−z2

= g (z1 − z2, z2) z−l
1 = f(z1, z2)(z1 − z2)−l,

proving (D1).
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By (D1), there exists F (z1, z2) ∈ C ((z1, z2)) such that 
〈
w′, z

r
T
1 z

s
T
2 YM (v, z2)YM (u,

z1)w
〉

= F (z1, z2) (−z2 + z1)−l and zl2F (z1, z2) ∈ C[[z1, z
−1
1 , z2]]. Then,

〈
w′, z

r
T
1 (−z0 + z1)

s
T YM (v,−z0 + z1)YM (u, z1)w

〉
=

〈
w′, z

r
T
1 z

s
T
2 YM (v, z2)YM (u, z1)w

〉∣∣∣
z2=−z0+z1

= F (z1,−z0 + z1) z−l
0 .

Thus,〈
w′, z

r
T
1 (z1 − z0)

s
T YM (Y (v,−z0)u, z1)w

〉
=(−z0 + z1)l F (z1,−z0 + z1) z−l

0 (z1 − z0)−l

by the weak associativity. Then,

f (z2 + z0, z2) z−l
0 = g (z0, z2) (z2 + z0)−l

=
〈
w′, (z2 + z0)

r
T z

s
T
2 YM (Y (u, z0) v, z2)w

〉
(by (D3))

=
〈
w′, (z2 + z0)

r
T z

s
T
2 YM

(
ez0DY (v,−z0)u, z2)w

〉
=

〈
w′, z

s
T
2 (z2 + z0)

r
T YM (Y (v,−z0)u, z2 + z0)w

〉
(by (7.3))

=
〈
w′, z

r
T
1 (z1 − z0)

s
T YM (Y (v,−z0)u, z1)w

〉∣∣∣
z1=z2+z0

= ((−z0 + z1)l F (z1,−z0 + z1) z−l
0 ) (z1 − z0)−l

∣∣∣
z1=z2+z0

= F (z2 + z0, z2) z−l
0 .

Thus, F (z2 + z0, z2) = f (z2 + z0, z2) and then F (z1, z2) = f (z1, z2), that is, (D2). This 
completes the proof. �
Acknowledgment

J. Han is supported by the National Natural Science Foundation of China (No. 
12271406). Y. Xiao is supported by the National Natural Science Foundation of 
China (No. 12401034) and the Natural Science Foundation of Shandong Province (No. 
ZR2023QA066).

Data availability

No data was used for the research described in the article.



J. Han et al. / Journal of Algebra 664 (2025) 1–25 25
References

[1] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the monster, Proc. Natl. Acad. Sci. USA 
83 (1986) 3068–3071.

[2] C. Dong, J. Han, Some finite properties for vertex operator superalgebras, Pac. J. Math. 258 (2012) 
269–290.

[3] C. Dong, C. Jiang, Bimodules associated to vertex operator algebras, Math. Z. 259 (2008) 799–826.
[4] C. Dong, C. Jiang, Bimodules and g-rationality of vertex operator algebras, Trans. Am. Math. Soc. 

360 (2008) 4235–4262.
[5] C. Dong, J. Lepowsky, Generalized Vertex Algebras and Relative Vertex Operators, Progr. Math., 

vol. 112, Birkhäuser Boston, Inc., Boston, MA, 1993.
[6] C. Dong, H. Li, G. Mason, Vertex operator algebras and associative algebras, J. Algebra 206 (1998) 

67–96.
[7] C. Dong, H. Li, G. Mason, Twisted representations of vertex operator algebras, Math. Ann. 310 

(1998) 571–600.
[8] C. Dong, H. Li, G. Mason, Twisted representations of vertex operator algebras and associative 

algebras, Int. Math. Res. Not. 8 (1998) 389–397.
[9] C. Dong, L. Ren, Representations of vertex operator algebras and bimodules, J. Algebra 384 (2013) 

212–226.
[10] C. Dong, C. Yang, G-twisted associative algebras of vertex operator superalgebras, J. Algebra 606 

(2022) 323–340.
[11] C. Dong, Z. Zhao, Twisted representations of vertex operator superalgebras, Commun. Contemp. 

Math. 8 (2006) 101–122.
[12] I. Frenkel, Y. Huang, J. Lepowsky, On axiomatic approaches to vertex operator algebras and mod-

ules, Mem. Am. Math. Soc. 104 (1993) 1–64.
[13] I. Frenkel, J. Lepowsky, A. Meurman, Vertex Operator Algebras and the Monster, Pure Appl. Math., 

vol. 134, Academic Press, Boston, 1988.
[14] I. Frenkel, Y. Zhu, Vertex operator algebras associated to representations of affine and Virasoro 

algebras, Duke Math. J. 66 (1992) 123–168.
[15] J. Han, Bimodules and universal enveloping algebras associated to VOAs, Isr. J. Math. 247 (2022) 

905–922.
[16] J. Han, Y. Xiao, Associative algebras and universal enveloping algebras associated to VOAs, J. 

Algebra 564 (2020) 489–498.
[17] X. He, Higher level Zhu algebras are subquotients of universal enveloping algebras, J. Algebra 491 

(2017) 265–279.
[18] Y. Huang, J. Yang, Logarithmic intertwining operators and associative algebras, J. Pure Appl. 

Algebra 216 (2012) 1467–1492.
[19] Y. Huang, J. Yang, Associative algebras for (logarithmic) twisted modules for a vertex operator 

algebra, Trans. Am. Math. Soc. 371 (2019) 3747–3786.
[20] V. Kac, W. Wang, Vertex operator superalgebras and representations, Contemp. Math. 175 (1994) 

161–191.
[21] J. Lepowsky, H. Li, Introduction to Vertex Operator Algebras and Their Representation, Progr. 

Math., vol. 227, Birkhäuser Boston, Inc., Boston, MA, 2004.
[22] H. Li, Determining fusion rules by A(V )-modules and bimodules, J. Algebra 212 (1999) 515–556.
[23] H. Li, Regular representations and An(V )-Am(V ) bimodules, J. Pure Appl. Algebra 227 (2023) 

25pp.
[24] M. Miyamoto, K. Tanabe, Uniform product of Ag,n(V ) for an orbifold model V and G-twisted Zhu 

algebra, J. Algebra 274 (2004) 80–96.
[25] C. Yang, M. Yang, Associative algebras of Z-graded vertex operator superalgebras and their appli-

cations, J. Algebra 633 (2023) 20–42.
[26] J. Yang, On associative algebras, modules and twisted modules for vertex operator algebras, J. 

Algebra 440 (2015) 354–378.
[27] Y. Zhu, Bimodules over twisted Zhu algebras and a construction of tensor product of twisted modules 

for vertex operator algebras, preprint, arXiv :2409 .08995 [math . QA], 2024.
[28] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Am. Math. Soc. 9 (1996) 

237–302.

http://refhub.elsevier.com/S0021-8693(24)00579-9/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibFF7A7D0EA68CF95F3D4B14E3F2A30767s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibFF7A7D0EA68CF95F3D4B14E3F2A30767s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib27A5773A603825CC6999E48CC2B1B270s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibD538B8D988A3D3F1CA229AC1871281EBs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibD538B8D988A3D3F1CA229AC1871281EBs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib50D9EE88A5BC05E08B03F855529C79CBs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib50D9EE88A5BC05E08B03F855529C79CBs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib37E49FBF967ADCB6E45583CB4184868Es1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib37E49FBF967ADCB6E45583CB4184868Es1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib5C1FE4172693EAFECA87D4AB6C5B0B85s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib5C1FE4172693EAFECA87D4AB6C5B0B85s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib3183A1A7737ED78CEB4C5BAED3012234s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib3183A1A7737ED78CEB4C5BAED3012234s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib8E33631037901075C85616C9B60441E4s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib8E33631037901075C85616C9B60441E4s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib709EF8A6497A1CE62DFFF90E4AA9FE70s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib709EF8A6497A1CE62DFFF90E4AA9FE70s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib4F2F567C4B479861B9B9DBD4AFF72783s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib4F2F567C4B479861B9B9DBD4AFF72783s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib4FCDA4936F6574FDEA3CE2CFED919234s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibC1D9F50F86825A1A2302EC2449C17196s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibC1D9F50F86825A1A2302EC2449C17196s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib59D29956E76C503A57B1C552BED1C743s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib59D29956E76C503A57B1C552BED1C743s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibA64CF5823262686E1A28B2245BE34CE0s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibA64CF5823262686E1A28B2245BE34CE0s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibA172E75D812CEA8BE65D3E1513C6C0B9s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibA172E75D812CEA8BE65D3E1513C6C0B9s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibE9F65D63410371F79284D20B08A67410s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibE9F65D63410371F79284D20B08A67410s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibCD37B867BC72DE7092BE76FFDD85630Cs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibCD37B867BC72DE7092BE76FFDD85630Cs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib67824ECF84F5816F07B74FA956BDBCD2s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib67824ECF84F5816F07B74FA956BDBCD2s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bibD20CAEC3B48A1EEF164CB4CA81BA2587s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib7E6AA2D53F6EE2B1A34B017FA403CB76s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib7E6AA2D53F6EE2B1A34B017FA403CB76s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib08AD08F6491037714D09263A79BEBFBAs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib08AD08F6491037714D09263A79BEBFBAs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib0867F43E27585E019C13F7F4B7C4AB6Bs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib0867F43E27585E019C13F7F4B7C4AB6Bs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib2422F0F0806E2D3DAFF5FCD971BE38F1s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib2422F0F0806E2D3DAFF5FCD971BE38F1s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib9F2CBDA85D2D948171B31A090A087DFDs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib9F2CBDA85D2D948171B31A090A087DFDs1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib21C2E59531C8710156D34A3C30AC81D5s1
http://refhub.elsevier.com/S0021-8693(24)00579-9/bib21C2E59531C8710156D34A3C30AC81D5s1

	Twisted bimodules and universal enveloping algebras associated to VOAs
	1 Introduction
	2 Ag,n(V)−Ag,m(V)-bimodule Ag,n,m(V)
	3 Associative algebras Ag,n(V) and Ag,n(V)−Ag,m(V)-bimodules Ag,n,m(V)
	4 The universal enveloping algebra U(V[g]) of V with respect to g
	5 Isomorphisms
	6 Refining bimodules
	7 Appendix
	Acknowledgment
	Data availability
	References


